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Introduction
This book is a course in Stone-Priestley duality theory, with applications to
logic and theoretical computer science. Our target audience are graduate
students and researchers in mathematics and computer science. The main
aim of the book is to equip the reader with the theoretical background
necessary for reading and understanding current research in duality and its
applications. We aim to be didactic rather than exhaustive, while we do
give technical details whenever they are necessary to understand what the
field is about.
Distributive lattice structures are fundamental to logic, and thus appear
throughout mathematics and computer science. The reason for this is that
the notion of a distributive lattice is extremely basic: it captures a language
containing as its only primitives the logical operators ‘or’, ‘and’, ‘true’ and
‘false’. Distributive lattices are to the study of logic what rings and vector
spaces are to the study of classical algebra.
A mathematical kernel that makes duality theory tick is the fact that the
structure of a lattice can be viewed in three equivalent ways. A distributive
lattice is all of the following:
a. a partially ordered set satisfying certain properties regarding upper
and lower bounds of finite sets;
b. an algebraic structure with two idempotent monoid operations that
interact well with each other;
c. a basis of open sets for a particular kind of order-topological space.
The first part of the book will define precisely the vague notions in this list
(‘certain properties’, ‘interact well’, ‘a particular kind of’), and will prove
that these are indeed three equivalent ways of looking at distributive lattices.
3
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The correspondence between algebraic and topological structure in the last
two items of the list can be cast in a precise categorical form, and is then
called a dual equivalence or simply duality. A duality identifies an exciting,
almost magical, and often highly useful intersection point of algebra and
topology.
Historically, Stone showed in the 1930s that distributive lattices are in
a duality with spectral spaces: a certain class of topological spaces with a
non-trivial specialization order, which are also the Zariski spectra of rings.
Stone’s duality for distributive lattices is especially well-known in the more
restrictive setting of Boolean algebras, obtained by adding an operator ‘not’
to the lattice signature, which satisfies the usual rules of logic: de Morgan’s
laws and excluded middle. The restriction of Stone’s duality to Boolean
algebras shows that they are in a duality with compact Hausdorff zerodimensional spaces. While the spaces associated to Boolean algebras are
more well known than the slightly more general ones associated to distributive lattices, the latter are vastly more versatile, having, among other all
compact Hausdorff spaces, including connected spaces such as the unit interval of the reals, as retracts.
Nevertheless, Stone’s duality for distributive lattices was for at least
thirty years seen by many as a lesser sibling of his duality for Boolean
algebras, at least partly due to the fact that the spaces that figure are not
Hausdorff, and the appropriate functions between the spaces are not all the
continuous ones. Priestley’s seminal work in the 1970s lifted this obstacle,
by giving a first-class role to the specialization order that figures in Stone’s
spectral spaces. Priestley showed that distributive lattices are in a duality
with certain order-topological spaces, now called Priestley spaces. The first
goalpost in this book is to build up the necessary mathematics to prove
Priestley’s duality theorem, which we do in Chapter 3; we also show there
how it easily specializes to the case of Boolean algebras. Building up to this
first main result, Chapters 1 and 2 will teach the foundations of order theory
and topology, and the finite case of duality theory, that we rely on in the
rest of the book.
A unique feature of this book is that, in addition to developing general
duality theory for distributive lattices, we also show how it applies in a
number of areas within the foundations of computer science, namely, modal
and intuitionistic logics, domain theory and automata theory. The use
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of duality theory in these areas brings to the forefront how much their
underlying mathematical theories have in common. It also prompts us to
upgrade our treatment of duality theory with various enhancements that
are now commonly used in the state-of-the-art research in the field. Most
of these enhancements make use of operators on a distributive lattice: maps
between lattices that only preserve part of the lattice structure.
The simplest kind of operator is a map between lattices that respects the
structure of ‘and’ and ‘true’, but not necessarily ‘or’ and ‘false’. If this notion
is understood as analogous to a linear mapping in linear algebra, then it is
natural to also consider more general binary, ternary, and n-ary operators on
lattices, which respect the structure of ‘and’ and ‘true’ in each coordinate,
as long as the remaining coordinates are fixed. The theory of lattices with
operators, and dualities for them, was developed in the second half of the
20th century, roughly in two main chunks. First, in the 1950s, by Jónsson
and Tarski, in the case of Boolean algebras, with immediate applications
to relation algebra, and the same theory was used heavily a little later and
very successfully for modal logic in the form of Kripke’s semantics. Second,
starting from the 1980s with work by Goldblatt, and also by Jónsson and this
book’s first author, duality for operators on distributive lattices came into
a mature, usable form. This theory is developed in Chapter 4, which also
contains the first applications of duality theory, to free distributive lattices,
quotients and subspaces, implication operators, with a focus on Heyting
algebras in the last section.
In the development of the first four chapters of this book, we keep the use
of category theory to a minimum. In Chapter 5, we then set the results of
the earlier chapters in the more abstract and general framework of category
theory. This development then also allows us to show how Priestley’s duality
fits well inside a more general framework for the interaction of topology and
order, which historically had shortly before been developed by Nachbin.
In Chapter 6, we show how the various classes of topological spaces with
and without order, introduced by Stone, Priestley and others, all relate to
each other, and how they are in duality with distributive lattices and their
infinitary variant, frames.
Chapter 7 and 8 contain two more modern applications of duality theory
to theoretical computer science, namely to domain theory and to automata
theory, respectively. The domain theory that we develop in Chapter 7
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is organised around three separate results: Hoffmann-Lawson duality; the
characterisation of those dcpos and domains, respectively, that fall under
Stone duality; and Samson Abramsky’s celebrated 1991 Domain Theory in
Logical Form paper.
The automata theory that we develop in Chapter 8 is organised around
four separate results: finite syntactic semigroups as dual spaces and the
ensuing decidability of regularity for formal languages; the free profinite
monoid as the dual of the Boolean algebra of regular languages expanded
with residuation operations and, more generally, topological algebras on
Boolean spaces as duals of certain BAs extended by residual operations;
equational characterisation results for classes of monoids using this duality;
and a characterisation of those profinite monoids for which the multiplication
is open.
Perhaps the most important omission of this book is the theory of canonical extensions, which was central to the already-mentioned work of Jónsson
and others, in addition to duality. While this theory is very close to both
of this book’s authors’ hearts, and closely related to duality theory, this
book is not about that. Canonical extensions do not play a big role in this
book, at least not explicitly; although we will occasionally make references
to canonical extensions where appropriate. One of our hopes with this book
is, however, that it will entice some readers to learn about canonical extensions. We believe the technique of canonical extensions to be complementary
to, and at least as important as, duality, but so far less well-established in
the literature.

How to use this book
This is a textbook on spectral spaces and Stone and Priestley dualities as
they have developed and are applied in various areas at the intersection of
algebra, logic, and theoretical computer science. Our aim is to get in a
fairly full palette of duality tools as directly and quickly as possible, then
to illustrate and further elaborate these tools within the setting of three
emblematic applications: semantics of propositional logics, domain theory
in logical form, and the theory of profinite monoids for the study of regular
languages and automata. The text is based on lecture notes from a 50-hour
course in the Master Logique et Fondements de l’Informatique at Paris 7,
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which ran in the winters of 2013 and 2014. The fact that it is based on notes
from a course means that it reaches its goals while staying as brief and to the
point as possible. The other consequence of its origin is that, while it is fully
a mathematics course, the applications we aim at are in theoretical computer
science. The text has been expanded a bit beyond what was actually said
in the course, reaching research monograph level by the very end of the last
two chapters 7 and 8. Nevertheless, we have focused on keeping the spirit
of a lean and lively textbook throughout, including only what we need for
the applications, and often deferring more advanced general theory to the
application chapter where it becomes useful and relevant.
While the original course on which the book is based covered the majority
of all the chapters of the book, there are several other options for its use. In
particular, a basic undergraduate course on lattices and duality could treat
just chapters 1 through 3 and possibly selected parts of 4, 5, and/or 6. The
applications in the second part are fairly independent and can be included
as wanted, although the domain theory material in Chapter 7 requires at
least skeletal versions of Chapter 5, and Chapter 6 in its entirety.
The first part, Chapters 1 through 6, is a graduate level ‘crash course’
in duality theory as it is practiced now. Chapter 1 introduces orders and
lattices, and in particular the distributive lattices that we will be concentrating on. Chapter 2 introduces the topological side of the dualities. In
this chapter, we elaborate the interaction between order and topology, which
is so central to the study of spaces coming from algebraic structures. For
this purpose we have bent our philosophy of minimum content somewhat
by introducing the class of stably compact spaces and Nachbin’s equivalent
class of compact ordered spaces. We believe that this setting provides the
right level of generality for understanding the connection between Stone’s
original duality for spectral spaces and Priestley duality. The class of stably compact spaces, being the closure of spectral spaces under continuous
retracts, is also a more robust setting than spectral spaces for a number of
further applications that we do not cover in this book, such as continuous
domain theory and duality for sheaf representations of algebras. The basic
mathematical content of Priestley duality is given in Chapter 3. Chapter 4
introduces the most important general methods of modern duality theory:
duality for additional operations and sub-quotient duality, which then allows
us to immediately give first applications to propositional logics. Chapter 5
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then introduces categorical concepts such as adjunctions, dualities, filtered
colimits, and cofiltered limits, which play a fundamental role in duality theory. This allows us to give a full categorical account of Priestley duality
by the end of the chapter. Chapter 6 treats the Omega-Point duality and
Stone’s original duality for distributive lattices and makes the relationship
between these dualities and Priestley’s version.
The duality theory developed in the first six chapters of the book is applied to two different parts of theoretical computer science in the last two
chapters, which provide an entry into research-level material on these topics.
These two chapters are independent from each other, and have indeed traditionally been somewhat separate in the literature, but our treatment here
shows how both topics in fact can be understood using the same dualitytheoretic techniques that we develop in the first part of the book. When using this book for a course, a lecturer can freely choose material from either or
both of these chapters, according to interest. Chapter 7, on domain theory,
contains a duality-theoretic exposition of the solutions to domain equations,
a classical result in the semantics of programming languages. Chapter 8
develops a duality theory for algebraic automata theory, and shows in particular how finite and profinite monoids can be viewed as instances of dual
spaces of lattices with operators that we study in this book.

Comparison to existing literature and innovative aspects
The first part of this book’s course, Chapters 1 through 6, covers quite
classical material and may be compared to existing textbooks. The closest
are probably Balbes and Dwinger’s Distributive Lattices [9], and Davey
and Priestley’s Introduction to lattices and Order [23]. Another classical
gentle introduction to the field, but focusing more on point-free topologies
and frame theory than we do here, is Vickers’ Topology via Logic [90]. Of
these, Balbes and Dwinger’s book [9] is probably the closest in spirit to our
treatment, as it gets to the duality quickly and then applies it. However, that
book’s applications to algebras of propositional logic focus on varieties that
are less central today. Davey and Priestley’s textbook [23] has been very
successful and has in particular managed to attract a theoretical computer
science readership to these topics. However, it focuses more on the lattices
and order per se and the duality is covered only as one of the final crowning
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chapters. Davey and Priestley’s book is therefore an excellent way in to ours
and we recommend it as supplemental reading in case students are needing
additional details or to build up mathematical maturity.
Here we aim to get the dualities in place as soon as possible and then
use them. Where we differ the most from the existing books within this
first part is with our emphasis on the interaction between order and topology in Chapter 2, and in placing Priestley duality within the wider context
of category theory (Chapter 5) and Omega-point duality (Chapter 6). We
provide a textbook-level didactic account of the interaction between topology and order culminating with the equivalence between Nachbin’s compact
ordered spaces and stably compact spaces. In Chapter 4 we develop duality theory methods for analyzing the structure of distributive lattices and
operators on them. All of these topics have become central in research in
recent decades but are so far difficult to access without delving in to the
specialized literature.
Many research monographs include similar material to the first part of
this book, but are not explicitly targeted at readers who are first learning
about the field, while this is explicitly a primary aim of our book. Classical
such monographs in the field are Johnstone’s book Stone spaces [46] and
the A compendium of continuous lattices of Gierz et al. [36], first published
in 1980 and re-edited in 2003 as Continuous lattices and domains [37], are
closest in content to the first part of this book. More recently, Dickmann,
Schwartz and Tressl’s monograph Spectral spaces [24] studies the same class
of spaces as we do in this book, but coming from a more topological perspective and emphasizing less the order-theoretic aspects. Goubault-Larrecq’s
monograph Non-Hausdorff Topology and Domain Theory [39], especially in
its treatment of stably compact spaces, is close in spirit to our treatment
in Chapter 2, and also addresses a theoretical computer science audience,
but is focused on non-Hausdorff topologies and therefore does not treat the
(Hausdorff) patch topology as central, as we do here. Related to our Chapter 6 is Picado and Pultr’s monograph Frames and Locales [69] focused on
frames and point-free topology, and Chapter 6 of this book can be used as
a preparation for jumping into that work.
The applications to domain theory and automata theory are treated in
Chapters 7 and 8, respectively. These two applications, and in particular the
fact that we treat them in one place, as applications of a common theory, are
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perhaps the most innovative and special aspects of this book. Domain theory
is the most celebrated application of duality in theoretical computer science
and our treatment is entirely new. Automata theory is a new application
area for duality theory and has never been presented in textbook format
before. More importantly, both topics are at the forefront of active research
seeking to unify semantic methods with more algorithmic topics in finite
model theory. While previous treatments remained focused on the point of
view of domains/profinite algebra, with duality theory staying peripheral, a
shared innovative aspect of the presentations of these topics in this book is
that both are presented squarely as applications of duality.
Finally, a completely original contribution of this book, which emerged
during its writing, precisely thanks to our treatment of the two topics as an
application of a common theory, is the fact that a notion of join-preserving
at primes turns out to be central in both the chapter on domain theory and
in that on automata theory. This notion was introduced by the first-named
author in 2016 in the context of automata theory and topological algebra
[29]; its application to domain theory is new to this book. We believe this
points to be an exciting new direction for future research in the field that
we hope a reader of this book will be inspired to take up.

Chapter 1

Order and lattices
In this chapter we first introduce basic notions from order theory: preorders,
partial orders, and lattices. We then zoom in on distributive lattices. In
the finite case, we prove from first principles a duality theorem, which is a
blueprint for the more advanced duality theorems that follow later in this
text.1∗

1.1

Preorders, partial orders, suprema and infima

A binary relation ⪯ on a set P is called
• reflexive if p ⪯ p for all p ∈ P ,
• transitive if p ⪯ q ⪯ r implies p ⪯ r for all p, q, r ∈ P ,
• anti-symmetric if p ⪯ q and q ⪯ p imply p = q for all p, q ∈ P ,
• a preorder if it is reflexive and transitive,
• a partial order if it is reflexive, transitive and anti-symmetric.
A preordered set is a tuple (P, ⪯) with ⪯ a preorder on the set P . A poset
(short for partially ordered set) is a pair (P, ≤) with ≤ a partial order on
the set P .
Two elements p and q are comparable in a preorder ⪯ if at least one of
p ⪯ q and q ⪯ p holds, and incomparable otherwise. The adjective ‘partial’
∗

The numbered notes can be found at the end of each chapter.
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CHAPTER 1. ORDER AND LATTICES
d

c

b
a

Figure 1.1: The ‘diamond’ poset (D, ≤)
in ‘partial order’ refers to the fact that not all elements in a partial order
are comparable.
A preorder is called total or linear if any two of its elements are comparable. A total order or linear order or chain is a total preorder which
is moreover anti-symmetric. A poset is called an anti-chain if no distinct
elements are comparable.
The strict part of a partial order is the relation < defined by p < q if,
and only if, p ≤ q and p ̸= q. Notice that, if we have access to equality,
then to specify a partial order ≤, it suffices to specify its strict part <, from
which we can then define p ≤ q if, and only if, p < q or p = q.
Example 1.1. In Figure 1.1, we draw the so-called Hasse diagram of the
‘diamond’ poset D = {a, b, c, d}, with partial order ≤ whose strict part is
{(a, b), (a, c), (a, d), (b, d), (c, d)}. This partial order is not linear, because we
have neither b ≤ c nor c ≤ b.
Notice that, in the above example, even though a ≤ d, we did not draw
an edge between a and d in the Hasse diagram. This is due to the fact that
a ≤ d can be inferred by transitivity from the order relations a ≤ b and
b ≤ d, which are depicted in the diagram. Thus, we only need to draw the
‘covering’ relations in the diagram.
We now give the general definition of Hasse diagram. For elements p, q
of a poset P , we say that q covers p if p < q and there is no r such that
p < r < q. The elements of a poset are represented in the Hasse diagram
as nodes, with the convention that moving up along an edge in the diagram
corresponds to moving up in the order, while points drawn at the same height
are incomparable. An edge is drawn from a node p to a node q whenever q
covers p. All finite lattices are represented by their Hasse diagrams, as well
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as some infinite ones. But most infinite lattices are not, e.g. the usual order
on the unit interval has an empty covering relation.
There are several interesting classes of maps between preordered sets.
Let (P, ⪯P ) and (Q, ⪯Q ) be preordered sets and f : P → Q a function. The
function f is called
• order preserving if p ⪯P p′ implies f (p) ⪯Q f (p′ ) for all p, p′ ∈ P ,
• order reflecting if f (p) ⪯Q f (p′ ) implies p ⪯ p′ for all p, p′ ∈ P ,
• an order-embedding if it is both order preserving and order reflecting,
• an order-isomorphism if it is order preserving and has an order preserving inverse.
Note that order-embeddings between posets are always injective, but not all
injective order-preserving maps between posets are order-embeddings! (Exercise 1.4a.) A function f between preordered sets is an order-isomorphism
if and only if f is a surjective order-embedding (Exercise 1.4b).
An elementary but important operation on preorders is that of ‘turning
upside down’. If P is a preorder, we denote by P op the opposite of P , i.e., the
preorder with the same underlying set as P , but with preorder ⪯′ defined
by p ⪯′ q if, and only if, q ⪯ p, where ⪯ denotes the original preorder on P .
Example 1.2. For any natural number n, the finite set n := {0, 1, . . . , n−1}
is totally ordered by the usual ordering of natural numbers.
Example 1.3. The sets of natural numbers N, integers Z, rational numbers
Q, and real numbers R, with the usual orders, are total orders.
Example 1.4. On the set of natural numbers N, define a relation ⪯ by
p ⪯ q ⇐⇒ p = 0 or (p ̸= 0 and q ̸= 0).
Note that ⪯ is a preorder, but not a partial order. We define the poset
reflection of this preorder as follows (see Exercise 1.5 for the general picture).
Consider the quotient of N by the equivalence relation that identifies all nonzero numbers; denote this quotient by P , and equip it with the least preorder
such that the quotient map N → P is order-preserving. Then P is a poset,
and any other monotone map from N to a poset (Q, ≤) factors through it.
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Example 1.5. Let F be a set of formulas in some logic with a relation of
derivability ⊢ between formulas of F . More concretely, F can be the set of
sentences in a first-order signature and ⊢ derivability with respect to some
first-order theory. The proof rules ‘identity’ and ‘cut’ state precisely that
⊢ is a preorder on F . The relation ⊢ is rarely a partial order, as there are
usually many syntactically different formulas which are inter-derivable in
the logic. The poset reflection (Exercise 1.5) consists of the ⊢-equivalence
classes of formulas in F .
Example 1.6. Denote by 2∗ the set of finite sequences over the two-element
set 2 = {0, 1}.
a. For p, q ∈ 2∗ , define
p ≤P q ⇐⇒ there exists r ∈ 2∗ such that pr = q.
Note that ≤P is a partial order on 2∗ , see Exercise 1.2 below. The
poset (2∗ , ≤P ) is called the full infinite binary tree. The partial order
≤P on 2∗ is called the prefix order.
b. For p = (p1 , . . . , pn ) and q = (q1 , . . . , qn ) ∈ 2∗ , define p ≤L q if, and
only if, p ≤P q, or p and q have the same length and pi ≤ qi , where
1 ≤ i ≤ n is the least index such that pi ̸= qi . Note that ≤L is a
partial order on 2∗ (see Exercise 1.3 below). The partial order ≤L is
called the lexicographic or dictionary order on 2∗ .
We define the fundamental notions of supremum and infimum.
Definition 1.7. Let (P, ⪯) be a preorder. Let S ⊆ P .
• an element s0 of P is called a lower bound of S if s0 ⪯ s for all s ∈ S;
• an element s1 of P is called an upper bound of S if s ⪯ s1 for all s ∈ S;
• a lower bound s0 of S is called an infimum or greatest lower bound of
S if, for any lower bound s′ of S, s′ ⪯ s0 ;
• an upper bound s1 of S is called a supremum or least upper bound of
S if, for any upper bound s′ of S, s1 ⪯ s′ .
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In the special case where S = ∅, an element s0 which is a supremum of S
is called a bottom or minimum element of P , and an element s1 which is an
infimum of S is called a top or maximum element of P .
In a poset, any set has at most one infimum and at most one supremum
(Exercise 1.6). If a unique infimum of a subset S exists, it is denoted by
V
S and is also known as the meet of S. The supremum of S, if it exists
W
uniquely, is denoted by S and is known as the join of S. In the case where
S = {a, b}, we also write a ∧ b and a ∨ b, and if S = {a1 , . . . , an } we write
a1 ∨ · · · ∨ an and a1 ∧ · · · ∧ an . The bottom element, if it exists, is denoted
by ⊥ or 0, and the top element by ⊤ or 1. If S is a subset of a poset P , we
denote the set of maximal elements in S by max(S); that is,
max(S) := {s ∈ S | for all s′ , if s ≤ s′ and s′ ∈ S, then s′ = s}.
Similarly, the set of minimal elements in S is denoted by min(S). In contrast
to maximal elements of a set, the supremum of a set does not need to belong
to the set itself. Note that non-empty subsets of a poset may not have any
minimal or maximal elements; see the examples below. Also, postulating
the existence of maximal or minimal elements in certain posets is related to
choice principles; also see our discussion of Zorn’s Lemma, Lemma 2.1, in
the next chapter.
Remark 1.8. There are subtle but important differences between the words
‘maximum’, ‘maximal’ and ‘supremum’. An element is maximal in a subset
S of a poset if there is no other element in S that lies strictly above it,
while it is a maximum element in S if all other elements of S lie below it.
Note that in a totally ordered set, the concepts maximal and maximum are
equivalent, but not in general. Finally, an important distinction between
these two concepts and that of supremum is that for an element to be a
supremum, it is not needed that it lies in the set itself, while this is part of
the definition for maximal and maximum elements. See Exercise 1.7.
Infima and suprema may fail to exist. There are three reasons why this
can happen: a set can either have no lower (or upper) bounds at all, or
its set of lower (or upper) bounds has incomparable maximal (or minimal)
elements, or for infinite sets,there can be upper bounds but no least one (or
lower bounds but no greatest one) .
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We illustrate the above ideas with three examples.
Example 1.9. In the poset (P, ≤) whose Hasse diagram is depicted below,
the set S = {a, b} does not have an infimum, because c and d are incomparable maximal lower bounds of S, and hence neither is a maximum lower
bound.
a

b

c

d

Figure 1.2: The ‘butterfly’ poset (P, ≤)
Example 1.10. In the set N of natural numbers with its usual total order,
any subset has an infimum, which is in fact a minimum, but the only
subsets having a supremum are the finite subsets. For any finite subset,
the supremum is in fact a maximum.
Example 1.11. In the set Q of rational numbers with its usual total order,
the subset { n1 | n ∈ N≥1 } has an infimum, 0, but it does not have a minimum.
√
Furthermore {q ∈ Q | q ≤ 2} has upper bounds but no least one.
We end this section by introducing the important concepts of adjunction
and Galois connection between preordered sets.
Definition 1.12. Let (P, ⪯P ) and (Q, ⪯Q ) be preordered sets, and let
f : P → Q and g : Q → P be functions. The pair (f, g) is called an adjunction, with f the left or lower adjoint and g the right or upper adjoint,
provided that f and g are both order-preserving, and for every p ∈ P and
q ∈ Q,
f (p) ⪯Q q if, and only if, p ⪯P g(q).
An adjunction between P op and Q is called a Galois connection or contravariant adjunction.
The notion of adjunction between preorders is a special case of the
concept of adjunction between categories that we will encounter later, see
Chapter 5, Definition 5.15. The concept of a (contravariant) adjunction
between preorders will already play a role earlier, in Section 4.2, when we
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study connections between sublattices and quotient spaces, analogous to the
original connection studied by Galois, which was between subgroups and
field extensions. Exercises 1.8 and 1.23 below collect some basic important
facts about adjunctions between pre-orders, which will be used throughout
the book.
Example 1.13. Let f : Z ,→ Q be the order-embedding which sends each
integer x ∈ Z to itself, regarded as a rational number. The map f has a
right adjoint, g, which sends each rational y ∈ Q to its floor, i.e., g(y) is the
largest integer below y. The map f also has a left adjoint, which sends a
rational y ∈ Q to its ceiling, i.e., the smallest integer above y.
Example 1.14. Fix a relation R ⊆ X ×Y between two sets. For any a ⊆ X
and b ⊆ Y , define the sets u(a) ⊆ Y and ℓ(b) ⊆ X by
u(a) := {y ∈ Y : for all x ∈ a, xRy},
ℓ(b) := {x ∈ X : for all y ∈ b, xRy}
The pair of functions u : P(X) ⇆ P(Y ) : ℓ is a Galois connection between
the posets (P(X), ⊆) and (P(Y ), ⊆), i.e., for any a ⊆ X and b ⊆ Y , we have
b ⊆ u(a) if, and only if, a ⊆ ℓ(b).
We mention two well-known special cases of the Galois connection of
Example 1.14.
First, in the special case when R is a pre-order on a set X, u(a) is the
set of common upper bounds for the elements of a, and ℓ(b) is the set of
common lower bounds for the elements of b.
Second, the Galois connection between theories and model classes from
logic is also a special case of the Galois connection (u, ℓ), as follows. Suppose
that S is a set of structures, F is a set of logical formulas, and suppose we
are given a relation of ‘interpretation’, |= from S to F , where, for M ∈ S
and φ ∈ F , the relation M |= φ is read as “φ holds in M ”. Then in the
above Galois connection, u sends a set of models a to its theory, i.e., the set
of formulas that hold in every model of a, and ℓ sends a set of formulas b
to its class of models, i.e., the set of models in which every formula from b
holds.
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Exercises for Section 1.1
Exercise 1.1. Sketch the Hasse diagrams for the preorders described in
Example 1.2, Example 1.4 and Example 1.6(a).
Exercise 1.2. For any set A, let A∗ denote the set of finite sequences of
elements of A. Prove that the relation ≤P on A∗ defined by
u ≤P v ⇐⇒ there exists w such that uw = v
is a partial order.
Remark. This is a special case of the opposite of the so-called Green
pre-order ≤R , which exists on any monoid.
Exercise 1.3. Consider the relation ≤L on 2∗ defined in Example 1.6b.
a. Prove that ≤L is a partial order which is not total.
b. Sketch the Hasse diagram of (2∗ , ≤L ).
Exercise 1.4.
a. Give an example of an injective order-preserving map
between posets which is not an order-embedding.
b. Prove that a surjective order-embedding between posets is an orderisomorphism.
c. Give an example of an order-embedding between lattices that preserves
binary joins, but not the bottom element.
Exercise 1.5. If (P, ⪯) is a preordered set, define
p ≡ q ⇐⇒ p ⪯ q and q ⪯ p.
If p ≡ q, we say p and q are equivalent.
a. Prove that ≡ is an equivalence relation on P .
b. Prove that there is a well-defined smallest partial order ≤ on the
quotient set P/≡ such that the quotient map f : P → P/≡ is order
preserving.
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c. Prove that, for any order-preserving g : P → Q with Q partially ordered, there exists a unique order-preserving g : P/≡ → Q such that
g ◦ f = g.
The partial order P/≡ defined in this exercise is called the poset reflection
of the preorder P .
Exercise 1.6. Let (P, ⪯) be a preorder and S ⊆ P .
a. Prove that if s0 and s′0 are both infima of S, then s0 ⪯ s′0 and s′0 ⪯ s0 .
b. Conclude that in a partial order, any set has at most one supremum
and at most one infimum.
Exercise 1.7. Draw a graph with three nodes labelled ‘maximum’, ‘maximal’, and ‘supremum’, and directed edges denoting that the existence of one
implies the existence of the other. Do any more implications hold in finite
posets? In totally ordered sets? In finite totally ordered sets?
Exercise 1.8. Let (P, ⪯P ) and (Q, ⪯Q ) be preordered sets and f : P ⇆ Q : g
a pair of order-preserving maps between them.
a. Prove that (f, g) is an adjunction if, and only if, for every p ∈ P ,
p ⪯P gf (p), and for every q ∈ Q, f g(q) ⪯Q q.
For the rest of this exercise, assume that (f, g) is an adjunction.
b. Prove that f gf (p) ≡ f (p) and gf g(q) ≡ g(q) for every p ∈ P and
q ∈ Q.
c. Conclude that, in particular, if P and Q are posets, then f gf = f and
gf g = g.
d. Prove that, if P is a poset, then for any p ∈ P , gf (p) = min(im(g)∩↑p),
i.e., gf (p) is the minimum element above p that lies in the image of g.
e. Formulate and prove a similar statement to the previous item about
f g(q), for q ∈ Q.
f. Prove that, for any subset S ⊆ P , if the supremum of S exists, then
W
f ( S) is the supremum of f (S).
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g. Prove that, for any subset T ⊆ Q, if the infimum of T exists, then
V
g ( T ) is the infimum of g(T ).
In words, the last two items say that lower adjoints preserve existing suprema
and upper adjoints preserve existing infima. In Exercise 1.23 of the next
section we will see that a converse to this statement holds in the context of
complete lattices.
Exercise 1.9. Let f : P ⇆ Q : g be an adjunction between posets. Show
that f is injective if, and only if, g is surjective, and that f is surjective if,
and only if, g is injective. Hint. Part (c) of Exercise 1.8 can be useful here.

1.2

Lattices

A (bounded) lattice is a partially ordered set L in which every finite subset
has a supremum and an infimum. In fact, to be a lattice, it is sufficient
that the empty set and all two-element sets have suprema and infima, see
Exercise 1.10. A complete lattice C is a partially ordered set in which every
subset has a supremum and an infimum. In fact, for a partially ordered set
to be a complete lattice, it is sufficent that every subset has a supremum,
see Exercise 1.11.2
An interesting equivalent definition of lattices is the following. A lattice
is a tuple (L, ∨, ∧, ⊥, ⊤), where ∨ and ∧ are binary operations on L (i.e.,
functions L×L → L), and ⊥ and ⊤ are elements of L such that the following
axioms hold:
a. the operations ∨ and ∧ are commutative, i.e., a ∨ b = b ∨ a and
a ∧ b = b ∧ a for all a, b ∈ L;
b. the operations ∨ and ∧ are associative, i.e., (a ∨ b) ∨ c = a ∨ (b ∨ c)
and (a ∧ b) ∧ c = a ∧ (b ∧ c) for all a, b, c ∈ L;
c. the operations ∨ and ∧ are idempotent, i.e., a ∨ a = a and a ∧ a = a
for all a ∈ L;
d. the absorption laws a ∧ (a ∨ b) = a and a ∨ (a ∧ b) = a hold for all
a, b ∈ L;
e. the element ⊥ is absorbing for ∧ and the element ⊤ is absorbing for ∨,
i.e., ⊥ ∧ a = ⊥ and ⊤ ∨ a = ⊤ for all a ∈ L.
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Given a lattice (L, ∨, ∧, ⊥, ⊤) according to this algebraic definition, define
a ≤L b ⇐⇒ a ∧ b = a.
Then ≤L defines a partial order on the set L which makes L into a lattice
according to the order-theoretic definition. Conversely, given a lattice (L, ≤)
according to the order-theoretic definition, it is easy to check that the operations of binary join (∨), binary meet (∧), and the elements ⊤ and ⊥
make L into a lattice according to the algebraic definition. (The somewhat
tedious but instructive Exercise 1.13 asks to verify the claims made in this
paragraph.)

Homomorphisms, products, sublattices, quotients
We briefly recall a few basic algebraic notions that we will need. For detailed
proofs of these statements, we refer the reader to a textbook on universal
algebra, e.g., [17]. A function f : L → M between lattices is called a lattice
homomorphism if it preserves all the lattice operations; i.e., f (⊥L ) = ⊥M ,
f (⊤L ) = ⊤M , and f (a ∨L b) = f (a) ∨M f (b), f (a ∧L b) = f (a) ∧M f (b) for all
a, b ∈ L. Lattice homomorphisms are always order-preserving, and injective
lattice homomorphisms are always order-embeddings, see Exercise 1.16. We
also call an injective homomorphism between lattices a lattice embedding.
The Cartesian product of an indexed family (Li )i∈I of lattices is the
Q
lattice structure on the product set L := i∈I Li given by pointwise operations; e.g., (⊥L )i = ⊥Li and (⊤L )i = ⊤Li for every i ∈ I, and if
a = (ai )i∈I , b = (bi )i∈I ∈ L then (a ∨ b)i = ai ∨Li bi and (a ∧ b)i = ai ∧Li bi .
In this way, L becomes a lattice, whose partial order is also the product
order, i.e., a ≤L b ⇐⇒ ai ≤Li bi for every i ∈ I, and each projection map
πi : L ↠ Li is a surjective homomorphism (see Exercise 1.18).
A sublattice of a lattice M is a subset M ′ such that, ⊥ and ⊤ are in M ′
and for every a, b ∈ M ′ , both a ∨ b and a ∧ b are in M ′ . In this case, M ′
is a (bounded) lattice in its own right, and the inclusion map i : M ′ ,→ M
is a lattice homomorphism. Also, the direct image, f (L), of any lattice
homomorphism f : L → M is a sublattice of the codomain, and if f is
moreover an order embedding, then the domain lattice L is isomorphic to
this image. An unbounded sublattice of a lattice M is a subset M ′ such that,
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for any a, b ∈ M ′ , both a ∨ b and a ∧ b in M ′ . Note that an unbounded
sublattice may or may not have a top and bottom element, and even if it
does, these need not coincide with the top and bottom elements of M .3
A subset L′ of a lattice L may fail to be a sublattice of L, even if it is a
bounded lattice when equipped with the partial order inherited from L: the
value of a join or meet may change when moving to a sublattice. This is an
important distinction. Exercise 1.14 asks you to provide an example.
A congruence on a lattice L is an equivalence relation ϑ ⊆ L × L such
that, for any two pairs (a, a′ ) ∈ ϑ and (b, b′ ) ∈ ϑ, the pairs (a ∨ b, a′ ∨ b′ )
and (a ∧ b, a′ ∧ b′ ) are both also in ϑ. If ϑ is a congruence on a lattice L,
then the quotient set L/ϑ carries a unique lattice structure which makes
the quotient map p : L → L/ϑ into a lattice homomorphism. Indeed, the
operations [a]ϑ ∨ [b]ϑ := [a ∨ b]ϑ and [a]ϑ ∧ [b]ϑ := [a ∧ b]ϑ give a well-defined
lattice structure on the set L/ϑ, with bottom element [⊥]ϑ and top element
[⊤]ϑ . If f : L → M is any lattice homomorphism, the kernel of f is the
equivalence relation defined by
ker f := {(a, a′ ) ∈ L × L | f (a) = f (a′ )},
which is a congruence on L with the property that the quotient lattice
L/ker f is isomorphic to the direct image of f . In particular, if f : L →
M is a surjective homomorphism, then the codomain M is isomorphic to
L/ker f . These facts together are known as the first isomorphism theorem
for lattices: any lattice homomorphism f : L → M can be factored as
a surjective homomorphism followed by an embedding. Indeed, f = e ◦
p, where p : L → L/ker f is the quotient, and e : L/ ker f → M is the
embedding of the direct image of f .

Distributivity
A lattice L is called distributive if
for all a, b, c ∈ L,

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c),

(1.1)

or, equivalently (see Exercise 1.17),
for all a, b, c ∈ L,

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c).

(1.2)
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In particular, a lattice L is distributive if, and only if, its opposite Lop is.
Also, sublattices of distributive lattices are again distributive.
An easy inductive argument shows that in a distributive lattice L, we
have:
for any a ∈ L and F ⊆ L finite, a ∧

_

F =

_

(a ∧ b),

b∈F

and, again, equivalently,
for any a ∈ L and F ⊆ L finite, a ∨

^

F =

^

(a ∨ b).

b∈F

If L is a complete lattice, we say that the join infinite distributive law
(JID) holds in L if
for any a ∈ L and S ⊆ L, a ∧

_

S=

_

(a ∧ b).

(1.3)

b∈S

A complete lattice in which the join infinite distributive law holds is called
a frame. We will encounter frames in Chapter 6 and the chapters following
it. Note that a distributive lattice may be complete, but fail to be a frame
(see Exercise 1.15.b).
A frame is the same thing as a complete Heyting algebra; we will encounter Heyting algebras in Section 4.6 in Chapter 4. Note however that
the natural structure-preserving maps between frames and complete Heyting algebras may differ: a frame homomorphism is required to preserve all
suprema and finite infima, while a Heyting homomorphism is required to
preserve finite suprema, finite infima, and the Heyting implication; see Exercise 4.36 in Section 4.6.
There are two ‘minimal’ counterexamples to distributivity, namely the
non-distributive lattices M3 and N5 , depicted in Figure 1.3. Indeed, the
following proposition, which you will be asked to prove in Exercise 1.19,
characterizes distributive lattices in terms of ‘forbidden substructures’.
Proposition 1.15. Let L be a lattice. Then L is distributive if, and only
if, L does not contain an unbounded sublattice which is isomorphic to M3
or N5 .
Note that Proposition 1.15 does not require the existence of a sublattice
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M3

N5

Figure 1.3: The lattices M3 and N5 .
(with top and bottom) isomorphic to M3 or N5 . Stated more explicitly,
‘L has an unbounded sublattice isomorphic to M3 ’ means: there are five
distinct elements a, b, c, d, e in L such that a = b ∧ c = b ∧ d = c ∧ d,
e = b ∨ c = b ∨ d = c ∨ d and b, c, d are mutually incomparable, but a need
not be the bottom element of L, and e need not be the top element of L.
We leave it to the reader to similarly spell out the definition of ‘L has an
unbounded sublattice isomorphic to N5 ’.

Directed and filtering sets
Let P be a poset. A subset D ⊆ P is called directed if it is non-empty, and for
any p, q ∈ D, there exists r ∈ D such that r ≥ p and r ≥ q. Equivalently, D
is directed if any finite subset of D has an upper bound in D (Exercise 1.21).
A directed join is the supremum of a directed set. Order-dually, a subset
F ⊆ P is called filtering if it is non-empty, and for any p, q ∈ F , there exists
r ∈ F such that r ≤ p and r ≤ q. Again, equivalently, F is filtering if any
finite subset of F has a lower bound in F . We will sometimes use the word
up-directed as a synonym for ‘directed’, and down-directed as a synonym for
‘filtering’.
In lattice theory, directed and filtering subsets of a lattice often appear,
and indeed, certain filtering sets called prime filters are central to the duality
theory in Chapter 3, also see Exercise 3.2. Directed and filtering sets are also
important in topology and domain theory, as we will see in Chapters 2, 6, and
7. In particular, we will often encounter the notion of a filtering collection
of subsets of a set X, which is just a filtering subset of the poset (P(X), ⊆).
More explicitly, a non-empty collection F of subsets of a set X is filtering
if, for any S, T ∈ F, there exists R ∈ F such that R ⊆ S ∩ T .
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A poset P is directedly complete if any directed subset of P has a supremum in P . Directedly complete posets are called dcpo’s, for short. Directed
joins are what is needed to ‘complete’ a lattice into a complete lattice, see
Exercise 1.21. A categorified version of this result will be proved in Proposition 5.35.

Complements and Boolean algebras
If a is an element in a lattice, an element b is called a complement of a if
a ∧ b = ⊥ and a ∨ b = ⊤. A Boolean algebra is a distributive lattice in which
each element has a complement. This complement is unique if it exists,
see Exercise 1.20.a. If L is a Boolean algebra, we denote by ¬a the unique
complement of an element a.
The definition of Boolean algebras that we gave above is order-theoretic;
there exist several equivalent equational definitions. The simplest equational
definition, and most useful for our purposes, is that a Boolean algebra is a
tuple (B, ∧, ∨, ⊥, ⊤, ¬) such that (B, ∧, ∨, ⊥, ⊤) is a distributive lattice, and
for all a ∈ B, a∧¬a = ⊥ and a∨¬a = ⊤. The terminology ‘Boolean algebra’
comes from another (the original) equational definition: a Boolean algebra
is the same thing as a commutative ring with unit in which all elements are
idempotent, see Exercise 1.22 below.
Regarding maps between Boolean algebras, for any lattice homomorphism f : L → M , where L and M are Boolean algebras, the function f
must also preserve the operation ¬, i.e., f (¬a) = ¬f (a) for all a ∈ L, see
Exercise 1.20.b. We thus have an unambiguously defined notion of homomorphism between Boolean algebras.
As a subclass of distributive lattices, Boolean algebras take up a very
special position: every distributive lattice has a “minimal” Boolean algebra
sitting around it, called its Boolean envelope or free Boolean extension 4 .
In categorical terms, Boolean algebras form a full reflective subcategory of
distributive lattices; see Chapter 5. We end this section by defining what
this means in elementary terms.
Definition 1.16. Let L be a distributive lattice. A Boolean algebra B,
together with an injective homomorphism e : L ,→ B, is called a Boolean
envelope of L if, for every lattice homomorphism h : L → A, with A a
Boolean algebra, there exists a unique homomorphism h̄ : A → B such that
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h̄ ◦ e = h, , i.e., such that the following diagram commutes:
B
e

h̄

A

h
L

In Proposition 1.24 below, we will construct the Boolean envelope in the
finite case, as a small application of the finite duality that we prove there.
In fact, any distributive lattice has a Boolean envelope, and it is unique up
to isomorphism; see Propositions 3.28 and 3.30 in Chapter 3.

Exercises for Section 1.2
Exercise 1.10. Prove that, for a poset (P, ≤) to be a lattice, it is sufficient
that suprema and infima exist for the empty set and for all two-element
subsets.
Exercise 1.11. Prove that, for a poset (P, ≤) to be a complete lattice, it
is sufficient that every subset has a supremum. By order-duality, it is also
sufficient that every subset has an infimum.
Exercise 1.12. Let L be a lattice. Prove that ⊥ is an identity element for
∨, i.e., a ∨ ⊥ = a for all a ∈ L. By order-duality, ⊤ is an identity element
for ∧.
Exercise 1.13.
a. Prove that the relation ≤L defined from a lattice according to the algebraic definition is a partial order in which all finite
subsets have suprema and infima. Hint. Use the result of Exercise 1.10.
b. Prove that, if (L, ≤) is a lattice according to the order-theoretic definition, then (L, ∨, ∧, ⊥, ⊤) is a lattice according to the algebraic definition, where the operations denote the binary and empty suprema
and infima with respect to the partial order ≤.
Exercise 1.14. Find at least one example of each of the following:
a. a partial order which is not a total order;
b. a supremum which is not a maximum;
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c. a poset in which finite joins exist but which is not a lattice;
d. a lattice which is not a complete lattice;
e. a subset of a lattice which is not a sublattice, even though it is a lattice
in the inherited partial order;
Exercise 1.15. This exercise shows that there are some subtleties with the
notion of completeness in lattices.
a. Prove that a complete lattice L may contain a bounded sublattice S
which is also a complete lattice, but which contains a subset E such
that the supremum of E in S is different from the supremum of E in
L.
Hint. Consider the sublattice of P(N) that consists of N itself and the
finite sets of natural numbers.
b. Show that a complete distributive lattice may fail to be a frame.
Hint. Use the same example as in the previous item.
Exercise 1.16. Let f : L → M be a function between lattices. Prove that
a. if f is injective and preserves ∨ or ∧, then f is an order-embedding;
b. if f is bijective and preserves ∨ or ∧, then f is a lattice isomorphism.
Exercise 1.17. Let L be a lattice. Prove that (1.1) and (1.2) are equivalent.
Hint. You need to use the absorption laws twice.
Exercise 1.18. Let (Li )i∈I be an indexed family of lattices.
a. Prove that

Q

i∈I

Li , as defined in the text, is indeed a lattice.

b. Prove that the partial order on i∈I Li is given by the pointwise
product of the partial orders on the Li .
Q

c. Prove that
every i ∈ I.

Q

i∈I

Li is distributive if, and only if, Li is distributive for

Exercise 1.19. Prove Proposition 1.15.
Exercise 1.20.
a. Prove that, in a distributive lattice, any element has
at most one complement.
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b. Prove that any lattice homomorphism between Boolean algebras preserves the operation ¬.
c. Prove that any function between Boolean algebras that preserves ¬,
⊥ and ∨ is a lattice homomorphism.
Exercise 1.21.
a. Let P be a poset. Prove that, for any subset D ⊆ P ,
D is directed if, and only if, any finite subset of D has an upper bound
in D. (Note that the empty set is always a subset of D, and that any
element of D will be an upper bound for it.)
b. Let L be a bounded lattice. Prove that L is a complete lattice if, and
only if, L is a dcpo.
c. Give an example of a dcpo that is not a lattice.
Exercise 1.22. Let (B, +, ·, 0, 1) be a commutative ring with unit in which
a2 = a for all a ∈ B. Define a ≤ b if, and only if, a · b = a. Prove that
≤ is a distributive lattice order on B, and that every element of B has a
complement with respect to ≤. Hint: first show that a + a = 0 for all a ∈ B.
Conversely, let (B, ∧, ∨, ⊥, ⊤, ¬) be a Boolean algebra. Define, for any
a, b ∈ B, a + b := (a ∧ ¬b) ∨ (¬a ∧ b), a · b := a ∧ b, 0 := ⊥ and 1 := ⊤. Prove
that (B, +, ·, 0, 1) is a commutative ring with unit in which a2 = a for all
a ∈ B.
Exercise 1.23. This exercise guides you through a proof of the ‘adjoint
functor theorem for complete lattices’. Let C, D be complete lattices and
f : C → D a function.
a. Suppose that f preserves arbitrary suprema. For each d ∈ D, define
W
g(d) := {c ∈ C | f (c) ≤ d}. Prove that g is upper adjoint to f .
b. Conclude from the previous item and Exercise 1.8.f that a function f
between complete lattices possesses an upper adjoint if, and only if, f
preserves arbitrary suprema.
c. Conclude from the previous item, applied to C op and Dop , that a
function f between complete lattices possesses a lower adjoint if, and
only if, f preserves arbitrary infima.
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Exercise 1.24. Let f : C ⇆ D : g be an adjunction between complete
lattices, with f left adjoint to g.
a. Show that the image of g in C is closed under arbitrary meets.
b. Show that the image of g is isomorphic to the image of f in D.
c. Give an example showing that the image of g, despite being a complete
lattice in its own right, need not be a sublattice of C.
Exercise 1.25.
a. Prove that the collection of congruences on a lattice
L is a complete lattice under the inclusion order.
b. Prove that this lattice of congruences is always distributive, even if L
is not.

1.3

Duality for finite distributive lattices

Lattices were introduced as abstract structures in the previous section. In
this section we show that finite distributive lattices can be represented in a
more concrete way, namely, as certain collections of subsets of a given set.5
This representation gives rise to our first example of a duality. From it, we
also immediately deduce a duality for finite Boolean algebras.6
For any set S, we denote by P(S) the power set of S, that is, the
collection of all subsets of S. The inclusion order of subsets gives a partial
order on P(S), which is in fact a distributive lattice. (Indeed, P(S) is even
a Boolean algebra.) Any sublattice of P(S) is a distributive lattice, too.
Conversely, any distributive lattice is a sublattice of a power set lattice, as
we will see in Chapter 3. In this section, we will prove a stronger result for
finite distributive lattices (Proposition 1.18).
Let (P, ⪯) be a preorder. An up-set is a subset U ⊆ P such that whenever
p ∈ U and p ⪯ q, we have q ∈ U . A down-set is a subset D ⊆ P such that
whenever p ∈ D and q ⪯ p, we have q ∈ D. For p ∈ P , the principal
up-set generated by p, ↑p, is the set of elements above p, and the principal
down-set generated by p, ↓p, is the set of elements below p. By a convex set
we mean a set that is an intersection of an up-set and a down-set, also see
Exercise 1.27.
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The preorder ⪯ specifies two sublattices of P(P ), namely, the sublattice
U(P, ⪯) of up-sets with respect to ⪯, and the sublattice D(P, ⪯) of downsets with respect to ⪯. (Exercise 1.26 asks the reader to verify that these
are indeed sublattices.) Notice that, if U is an up-set, then its complement,
P \ U , is a down-set, and vice versa; therefore, U(P, ⪯) is isomorphic to
D(P, ⪯)op , or, said otherwise, U(P, ⪯) and D(P, ⪯) are dually isomorphic.
Notation. Throughout this book, when U is a subset of a set P , we often
use the notation U c instead of P \ U for the complement of a subset U . Note
that this abbreviated notation U c assumes that the ‘ambient’ set P is clear
from the context.
Let j be an element of a lattice L. Then j is called (finitely) joinW
irreducible if, whenever j = S for a finite S ⊆ L, we have j ∈ S. Notice
W
that ⊥ is never a join-irreducible element, because ⊥ = ∅. We denote
by J (L) the poset of join-irreducible elements of L, where the order is the
restriction of the order on L. Similarly, m ∈ L is (finitely) meet-irreducible
V
if m = S implies m ∈ S for any finite S ⊆ L, ⊤ is never meet-irreducible,
and M(L) denotes the poset of meet-irreducible elements of L.
An important and useful fact about finite lattices is that there are
‘enough’ join-irreducibles to separate elements, in the following sense.
Lemma 1.17. Let L be a finite lattice. For any a, b ∈ L, if a ≰ b, then
there exists j ∈ J (L) such that j ≤ a and j ≰ b.
Proof. The set T := (↓a) \ (↓b) of elements that are below a but not below b
is non-empty, as it contains a. Since L is finite, pick a minimal element j of
W
T . This element j must be join-irreducible. Indeed, suppose that j = S
W
for some finite S ⊆ L. Then, since S ≰ b, pick c ∈ S such that c ≰ b. Since
c ≤ j ≤ a, we have c ∈ T , so the minimality of j implies that j = c.
For any finite lattice L, consider the function
d : L → D(J (L))
(−)
b := {j ∈ J (L) | j ≤L a},
a 7→ a

which sends every element of the lattice to the down-set of join-irreducibles
d is obviously order-preserving, and Lemma 1.17
below it. This function (−)
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d is an order-embedding. When is (−)
d surjective, and
says precisely that (−)
hence an order isomorphism? We give the answer in the next proposition.
An element j in a lattice L is join-prime if, for every finite S ⊆ L,
W
j ≤ S implies j ≤ a for some a ∈ S. Note that any join-prime element in
a lattice is in particular join-irreducible. Meet-prime elements are defined
in an order-dual way.

Proposition 1.18. Let L be a finite lattice. The following are equivalent:
(i) the lattice L is distributive;
(ii) every join-irreducible element of L is join-prime;
d is an order-isomorphism.
(iii) the function (−)

Proof. (i) ⇒ (ii). Let j be join-irreducible. If j ≤
then
_ 
_
(j ∧ a),
j=j∧
S =

W

S for some finite S,

a∈S

where we use the distributive law in the last step. Since j is join-irreducible,
j = j ∧ a for some a ∈ S, which means that j ≤ a.
W
(ii) ⇒ (iii). If D ∈ D(J (L)) and j ∈ J (L), then j ≤ D if, and only if,
W
d is surjective.
j ∈ D. Thus, d
D = D, showing that (−)
(iii) ⇒ (i) is clear, because D(J (L)) is distributive.
Note that the proof of implication (i) ⇒ (i) in Proposition 1.18 did
not use the assumption that L is finite. Therefore, this proposition also
implies that in any distributive lattice L, join-prime and join-irreducible
are synonymous.
If L is a finite distributive lattice, we call J (L) the dual poset of L. If
P is a finite poset, we call D(P ) the dual distributive lattice of P . With
this terminology, Proposition 1.18 implies that any finite distributive lattice
is isomorphic to its double dual. To turn this representation result into a
duality, we now consider maps. If f : P → Q is an order-preserving function
between preorders, then the inverse image map
D(f ) : D(Q) → D(P )
D 7→ f −1 (D)
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is a lattice homomorphism. We will prove in Proposition 1.20 below that, in
the special case where P and Q are finite posets, every lattice homomorphism
D(Q) → D(P ) arises in this way. Before we can do so, we need a general
lemma about adjunctions between finite lattices.
Lemma 1.19. Let g : D ⇆ E : h be an adjunction between finite lattices,
and further suppose that h preserves suprema. Then, for any join-prime
element j in D, the element g(j) is join-prime in E.
Proof. Let S ⊆ E be an arbitrary subset such that g(j) ≤ S. Then, since
W
W
h is upper adjoint to g, j ≤ h( S) = h(S), where we use that h preserves
suprema. Since j is join-prime, pick s ∈ S such that j ≤ h(s). Since g is
lower adjoint to h, g(j) ≤ s. Thus, g(j) is join-prime.
W

Proposition 1.20. Let P and Q be finite posets. For any lattice homomorphism h : D(Q) → D(P ), there exists a unique order-preserving f : P → Q
such that h = D(f ).
Proof. Since h preserves all infima, it has a lower adjoint, g, by Exercise 1.23(c). By Lemma 1.19, since h also preserves all suprema, g sends
join-prime elements to join-prime elements. Now, if p ∈ P , then ↓p is joinprime (Exercise 1.31), and thus g(↓p) is join-prime. Again by Exercise 1.31,
pick the unique f (p) ∈ Q such that g(↓p) = ↓f (p). Notice that the function
f : P → Q thus defined is order-preserving, because g is order-preserving,
so p ≤ p′ implies f (p) ∈ ↓f (p) = g(↓p) ⊆ g(↓p′ ) = ↓f (p′ ).
Moreover, for any E ∈ D(Q) and p ∈ P , we have, using the adjunction
and the definition of f , that
p ∈ h(E) ⇐⇒ ↓p ⊆ h(E) ⇐⇒ g(↓p) ⊆ E ⇐⇒ ↓f (p) ⊆ E ⇐⇒ f (p) ∈ E,
so that h(E) = f −1 (E), as required. The uniqueness of f is left as Exercise 1.32.
Summing up, we have associated to every finite distributive lattice L a
finite poset J (L), that we called the dual poset of L, and, conversely, to
every finite poset P , a finite distributive lattice D(P ) that we called the
dual distributive lattice of P . We have proved that:
(1) every finite distributive lattice is isomorphic to its double dual (Proposition 1.18),
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(2) homomorphisms between finite distributive lattices are in one-to-one
correspondence with order-preserving functions between their dual
posets (Proposition 1.20).
The reversal of direction of arrows when moving to ‘the other side’, i.e., a
function from P to Q gives a function from D(Q) to D(P ), is what makes the
correspondence in (2) ‘dual’. What all this means, in practice, is that finite
distributive lattices with homomorphisms between them are essentially the
same thing as finite posets with order-preserving functions between them.
In fancier terms, we have proved the following theorem.
Theorem 1.21. The functors D and J constitute a duality between the
category DLf of finite distributive lattices with homomorphisms and the
category Posf of finite posets with order-preserving functions.
We will define the precise meaning of the terms (‘category’, ‘functor’,
‘duality’) used in this theorem in Section 5.2 in Chapter 5, but the reader
who is not yet familiar with these terms can rest assured that the mathematical content of the theorem consists precisely of items (1) and (2) above.
For a precise explanation of why what we have proved here shows that the
functors form a duality, see Example 5.14 on p. 172.

Duality for finite Boolean algebras
We end this section by describing how Theorem 1.21 specializes to finite
Boolean algebras. An atom of a lattice L is a minimal non-bottom element,
i.e., an element j ∈ L such that j ̸= ⊥ and ⊥ ≤ a ≤ j implies a = ⊥ or
a = j for any a ∈ L.
Proposition 1.22. Let L be a finite distributive lattice. The following are
equivalent:
(i) the distributive lattice L is a Boolean algebra;
(ii) every join-irreducible element of L is an atom;
(iii) the order on J (L) is trivial, i.e., distinct elements are incomparable;
(iv) the distributive lattice L is isomorphic to P(J (L)).
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Proof. (i) ⇒ (ii). Let j ∈ J (L). Suppose that ⊥ ≤ a ≤ j. Since a ∨ ¬a = ⊤,
we have j ≤ a ∨ ¬a. Since L is distributive, by Proposition 1.18 j is joinprime, so j ≤ a or j ≤ ¬a. If j ≤ a, then a = j, and we are done. If j ≤ ¬a,
then a ≤ j ≤ ¬a, so a = a ∧ ¬a = ⊥.
(ii) ⇒ (iii). Clear from the definition of atom.
(iii) ⇒ (iv). By Proposition 1.18, L is isomorphic to D(J (L)). By (3),
any subset of J (L) is a down-set.
(iv) ⇒ (i). Clear because P(J (L)) is a Boolean algebra.
Proposition 1.22 shows in particular that every finite Boolean algebra L
is of the form P(S), where S is the finite set of atoms (= join-irreducibles)
of L.
Note also from (3) in Proposition 1.22 that, if L is a finite Boolean algebra
and M is a finite distributive lattice, then any function f : J (L) → J (M )
is order-preserving. Thus, the lattice homomorphisms M → L are exactly
the inverse images of functions J (L) → J (M ). In particular, if both L
and M are both finite Boolean algebras, then homomorphisms from L to M
correspond to functions J (M ) → J (L). We conclude:
Theorem 1.23. The functors P and J constitute a duality between the category BAf of finite Boolean algebras with homomorphisms and the category
Setf of finite sets with functions.
As promised at the end of the previous section, we end this first chapter
by using the dualities to give a simple concrete description of the Boolean
envelope of a distributive lattice, defined in the previous section.
Proposition 1.24. Let L be a finite distributive lattice. Then the finite
d : L → L− , is a
Boolean algebra L− := P(J (L)), with the embedding (−)
Boolean envelope of L.
Proof. Let h : L → A be a lattice homomorphism, with A a Boolean algebra.
By the results in this section, we may assume, up to isomorphism, that
L = D(P ) for a poset P , A = P(X) for a set X, and h = f −1 for a
function f : X → P . The function h̄, defined by sending any u ∈ P(P )
to f −1 (u), is clearly a homomorphism extending h. The uniqueness is
left as Exercise 1.34; or see the more general proof of Proposition 3.30 in
Chapter 3.
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This intimate connection between distributive lattices and Boolean algebras, and the various dualities for them, will be made more precise in
Section 3.2 in Chapter 3, and further in Section 6.1 in Chapter 6.

Exercises for Section 1.3
Exercise 1.26. Let P be a poset. Prove that D(P ) is a sublattice of P(P ).
Use order-duality to deduce that U(P ) is also a sublattice of P(P ).
Exercise 1.27. Prove that a subset C of P is convex if, and only if, for any
p, q ∈ C, if p ≤ r ≤ q, then r ∈ C.
Exercise 1.28. Prove that an element j in a lattice L is join-irreducible if,
and only if, j ̸= ⊥ and for any x, y ∈ L, if j = x ∨ y, then j = x or j = y.
Exercise 1.29.
a. Formulate a lemma which says that any finite lattice
has enough meet-irreducibles, and prove it (you may use Lemma 1.17).
b. Give an example of a lattice which does not have enough join-irreducibles.
c. Give an example of a complete lattice which has enough join-irreducibles,
but not enough meet-irreducibles.
d. Can you find an example as in (c) with the additional requirement
that the complete lattice is a frame? That it is a Boolean algebra? If
not, formulate and prove a result about this.
Exercise 1.30.
irreducible.

a. Prove that any join-prime element in a lattice is join-

b. Give an example of a lattice and a join-irreducible element in it that
is not join-prime.
Exercise 1.31. Let P be a finite poset and D ∈ D(P ). Prove that:
a. D is join-irreducible if, and only if, D is a principal down-set, i.e.,
D = ↓p for some p ∈ P .
b. D is meet-irreducible if, and only if, D is the complement of a principal
up-set, i.e,. D = P \ (↑p) for some p ∈ P .
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Conclude from the first part of this exercise that J (D(P )) is a poset isomorphic to P .
Exercise 1.32. Complete the uniqueness part of the proof of Proposition 1.20 by showing that, if f, f ′ : P → Q are order-preserving and D(f ) =
D(f ′ ), then f = f ′ .
Exercise 1.33. Let L be a finite distributive lattice.
a. Prove that, for any j ∈ J (L), the set
L \ (↑j) = {a ∈ L | j ≰ a}
has a maximum. We denote this maximum by κ(j).
b. Prove that, for any j ∈ J (L) and a ∈ L, j ≰ a if, and only if, a ≤ κ(j).
c. Prove that κ(j) is meet-irreducible for any j ∈ J (L).
d. Prove that κ : J (L) → M(L) is an order-isomorphism.
Exercise 1.34. Prove that the function h̄ defined in the proof of Proposition 1.24 is unique. Hint. It suffices (why?) to prove that the sublattices
D(P ) and U(P ) together generate P(P ). For this, note first that any singleton {p} can be obtained as the intersection of the down-set ↓p and the
up-set ↑p; then use that any u ∈ P(P ) can be written as a (finite) union of
singletons.

Notes
1. We recommend [23] for a more detailed introduction to order and lattice theory. In
addition, the classic [9] remains a good resource for the basics of lattice theory, although
it is somewhat outdated when it comes to the more advanced theory.
2. Lattices, according to our definition, in particular always have a top and a bottom
element. Some authors use a different definition, and define a lattice to be a poset in which
suprema and infima of non-empty finite subsets exist. These authors then say a lattice is
bounded if it moreover has a top and bottom. Since almost all lattices we consider have
top and bottom elements, we include this in the definition, and we take care to say so
explicitly if top and bottom elements fail to exist.
3. What we call sublattice here is sometimes called bounded sublattice, and the term
sublattice then more generally refers to a subset closed under binary, but not necessarily
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empty joins and meets. We mostly consider sublattices with bounds in this book, unless
noted explicitly otherwise.
4. In some literature, this object is also called the Booleanization, but this term has also
been used with other meanings, so we will avoid it.
5. The results in this section are essentially due to Birkhoff [13] and are also consequences
of the more general results of Stone [89], which we will present later in this text.
6. There exist similar, but more involved results for (finite) lattices that are not necessarily distributive. In this text, however, we will limit ourselves to distributive lattices.
More information and references on general lattices can be found, e.g., in [23] and also in
the introduction of our paper [30].

Chapter 2

Topology and order
In this chapter we present some material at the interface of topology and
order theory. The culminating results of the chapter provide an equivalence
between certain compact Hausdorff topological spaces equipped with orders,
which were first introduced by Nachbin, and certain non-Hausdorff spaces
known as stably compact spaces. Nachbin’s thesis of the same title as this
chapter was first published in Portuguese in 1950 and later translated to
English [67]. It is a nice text and we recommend it as supplemental reading.1

2.1

Topological spaces

We expect readers to be familiar with the basic definitions and notions of
topology. Nevertheless, we give them here in order to fix notation and
nomenclature. For readers who need further introduction to topology and
for general topology references beyond what we have been able to include
here, we recommend a classical book on General Topology such as [25].
A topological space is a pair (X, τ ) where X is a non-empty set and τ is
a bounded sublattice of P(X) which is closed under arbitrary unions. The
elements of τ are called open sets while their complements are said to be
closed sets. We will often simply write X for a topological space (if the
collection of opens is clear). The collection of opens may then be denoted
by ΩX. The collection of closed subsets of X is denoted CX. A subset
K ⊆ X is called clopen if it is both closed and open. The collection of
clopen subsets of a space is denoted Clp(X).
38
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A map f : X → Y between topological spaces is continuous provided the
preimage map f −1 : P(Y ) → P(X) maps opens of Y to opens of X. That
is, there is a restriction of f −1 to Ω(Y ) which makes the following diagram
commute:
f −1
P(Y )
P(X)

Ω(Y )

Ω(X)

Example 2.1. Let X be a set, then τ = P(X) is a topology on X. This
topology is known as the discrete topology on X. Notice that any mapping
from a discrete space to any topological space is continuous.
Example 2.2. Let X be a set, then τ = {∅, X} is a topology on X. This
topology is known as the indiscrete topology on X. Notice that all mappings
to an indiscrete space from any topological space are continuous.
Example 2.3. Let R be the set of real numbers. The usual topology on R
consists of those sets U ⊆ R so that, for each x ∈ U , there exists ε > 0 so
that the interval
(x − ε, x + ε) = {y ∈ R | x − ε < y < x + ε}
is entirely contained in U . It is not hard to see that a function f : R → R is
continuous with respect to this topology if and only if it satisfies the usual
epsilon-delta definition of continuity (see Exercise 2.1).
A continuous map f : X → Y between topological spaces is said to be
an open mapping provided f [U ] = {f (x) | x ∈ U } is open in Y for any
open U ⊆ X. Similarly, f : X → Y is said to be a closed mapping provided
f [C] = {f (x) | x ∈ C} is closed in Y for any closed C ⊆ X. Further, f is
said to be an embedding provided it is injective and f −1 : im(f ) → X is also
continuous. Finally, f is a homeomorphism provided it is a bijection and
both f and f −1 are continuous.
Since open sets are closed under unions, for any subset S of a topological
space (X, τ ), there is a largest open set, int(S), that is contained in S. The
set int(S) is called the interior of S; in a formula,
int(S) =

[

{U ⊆ X | U ⊆ S and U ∈ τ }.
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We note that int is the upper adjoint to the inclusion map Ω(X) ,→ P(X),
see Exercise 2.3. The interior of a set S is sometimes also denoted by S ◦ .
Symmetrically, since closed sets are closed under arbitrary intersections,
any subset S has a closure, cl(S), which is defined as the smallest closed set
containing S; in a formula,
cl(S) =

{C ⊆ X | S ⊆ C and C is τ -closed}.

\

The map cl is the lower adjoint to the inclusion map C(X) ,→ P(X). The
closure of a set S is sometimes also denoted by S.
A subspace of a topological space (X, τ ) is given by a subset Y ⊆ X and
is equipped with the topology
τ ↾ Y = {U ∩ Y | U ∈ τ }.
Notice that arbitrary intersections of topologies on a fixed set X are
again topologies. Accordingly, for any collection S of subsets of X, there is
a least topology containing S. We call this the topology generated by S. We
denote it by ⟨S⟩ and refer to S as a subbasis for that topology.
A basis for a topology τ on X is a subcollection B ⊆ τ so that for each
U ∈ τ and x ∈ U , there exists V ∈ B with x ∈ V ⊆ U . The topology
generated by a basis B is obtained simply by closing it under arbitrary
unions (see Exercise 2.5).
Let (Xi )i∈I be a collection of topological spaces indexed by a set I. The
Q
product space i∈I Xi is the Cartesian product of the Xi equipped with the
topology generated by the subbasis consisting of the sets
πi−1 (V ), where i ∈ I and V ⊆ Xi is open in Xi .
Let X be a topological space. We recall the five separation axioms that
may hold for X.
• X is T0 (or Kolmogorov) provided, for all x, y ∈ X with x ̸= y there
is an open U ⊆ X which contains exactly one of x and y;
• X is T1 (or Fréchet) provided, for all x, y ∈ X with x ̸= y there is an
open U ⊆ X with x ∈ U and y ̸∈ U ;
• X is T2 (or Hausdorff) provided, for all x, y ∈ X with x ̸= y there are
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opens U, V ⊆ X with x ∈ U and y ∈ V and U ∩ V = ∅;
• X is T3 (or regular) provided X is T1 and, for all x ∈ X and C ⊆ X
closed with x ̸∈ C there are opens U, V ⊆ X with x ∈ U and C ⊆ V
and U ∩ V = ∅;
• X is T4 (or normal) provided X is T1 and, for all C, D ⊆ X closed
and disjoint there are opens U, V ⊆ X with C ⊆ U and D ⊆ V and
U ∩ V = ∅.
Let S ⊆ X where X is a topological space. An open cover C of S is a
S
collection of open sets C ⊆ ΩX so that S ⊆ C. A subset K ⊆ X is compact
provided every open cover C of K contains a finite subcover, that is, a finite
C ′ ⊆ C which is also a cover of K. We now recall a result, which requires a
non-constructive principle, and is often useful for proving compactness.
Alexander Subbase Theorem. Let X be a topological space and S a
subbasis for the topology on X. If every cover C ⊆ S of X has a finite
subcover, then X is compact.
Any proof of the Alexander Subbase Theorem must use a non-constructive principle, such as Zorn’s Lemma. We will not enter into many settheoretic considerations in this book, but we do cite the statement of Zorn’s
Lemma, which will also be crucially used in Chapter 3 in the proof of the
Stone representation theorem (Theorem 3.11).2
Zorn’s Lemma. Let S be a non-empty partially ordered set such that if
C ⊆ S is totally ordered, then there exists an upper bound c of C in S.
Then S has a maximal element, i.e., there exists s ∈ S such that for any
s′ ∈ S, if s′ ≥ s, then s′ = s.
An earlier, equivalent, variation of this lemma was the Hausdorff maximality principle, which says that, for any totally ordered subset C of a
partially ordered set P , there is a totally ordered subset C ′ ⊇ C which is
maximal among totally ordered subsets of P , with respect to subset inclusion.
Proof that Zorn’s Lemma implies Alexander Subbase Theorem. We ask the
reader to fill in the gaps of this proof sketch in Exercise 2.6. We prove the
contrapositive statement. Suppose that X is not compact. Zorn’s Lemma

CHAPTER 2. TOPOLOGY AND ORDER

42

guarantees that there exists a maximal open cover C of X which does not
have a finite subcover. The subcollection C ∩ S of C can be shown to still be
a cover of X, using the maximality of C. Now C ∩ S is a cover by elements
from the subbasis, which can not have a finite subcover.
Example 2.4. The subspace [0, 1] = {x ∈ R | 0 ≤ x ≤ 1} of R with the
usual topology is compact (see Exercise 2.10).
A topological space X is locally compact provided that, for each x ∈ X
and each U ∈ ΩX with x ∈ U , there are V ∈ ΩX and K ⊆ X compact so
that
x ∈ V ⊆ K ⊆ U.
Note that, if X is Hausdorff, then compactness implies local compactness,
while this is not the case in general (see Exercise 2.13).
Proposition 2.5. Let X and Y be topological spaces and πY : X × Y → Y
the projection onto the second coordinate. If X is compact, then πY is a
closed mapping.
Proof. Let C ⊆ X × Y be closed and suppose y ̸∈ πY [C]. That is, for each
x ∈ X, we have (x, y) ̸∈ C. Thus, as C is closed, for each x ∈ X, there are
Ux open in X and Vx open in Y with (x, y) ∈ Ux × Vx and
C ∩ (Ux × Vx ) = ∅.
Since x ∈ Ux for each x ∈ X, the collection {Ux | x ∈ X} is an open
cover of X. Also, as X is compact, there is a finite subset M ⊆ X so that
T
{Ux | x ∈ M } covers X. Now letting V = {Vx | x ∈ M } we have y ∈ V ,
V ⊆ Y open, and V ∩ πY [C] = ∅.

Exercises for Section 2.1
Exercise 2.1. Consider R equipped with the collection of subsets U ⊆ R
with the property that, for each x ∈ U , there exists ε > 0 so that the interval
(x − ε, x + ε) is entirely contained in U .
a. Show that (R, τ ) is a topological space;
b. Show that the collection of intervals (r, s), where both r and s are
rational forms a basis for R.
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c. Show that f : R → R is continuous if and only if, for every x ∈ R and
every ε > 0, there exists δ > 0 so that, for all y ∈ R with |x − y| < δ
we have |f (x) − f (y)| < ε.
Exercise 2.2. Give examples of continuous maps which are:
a. neither open nor closed,
b. open but not closed,
c. closed but not open.
Exercise 2.3. Let X be a topological space. Prove that the interior map
int : P(X) → Ω(X) is an upper adjoint to the inclusion map ι : Ω(X) ,→
P(X). State and prove the analogous statement for the closure map cl : P(X) →
C(X).
Exercise 2.4. Let X and Y be topological spaces, and f : X → Y a continuous injection.
a. Show that f need not be an embedding;
b. Show that f is an embedding if and only if f co-restricted to im(f ) is
a homeomorphism. Here, the co-restriction of f : X → Y to S ⊆ Y ,
where im(f ) ⊆ S, is the function with domain X, codomain S, and
the same action as f .
c. Show that if the continuous map f is a bijection, then it is a homeomorphism if and only if it is open and if and only if it is closed.
d. Show that if X ⊆ Y and f is the set inclusion, then X is a subspace
of Y if and only if f is an embedding.
Exercise 2.5. Let (X, τ ) be a topological space, and B and S be, respectively, a basis and a subbasis for τ .
a. Show that B is a subbasis for τ .
b. Show that ⟨B⟩ = { C | C ⊆ B}.
S

c. Let T be the closure of S under finite intersections. Show that T is a
basis for τ .
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d. Give an example of a basis for a topology which is not closed under
binary intersections.
e. Let Y be a topological space. Show that f : Y → X is continuous if
and only if f −1 (U ) is open in Y for each U ∈ S.
Exercise 2.6. This exercise (based on [25, Exercise 3.12.2, p. 221]) asks
you to fill in the details of the proof of the Alexander Subbase Theorem.
Let X be a topological space and S a subbasis for the topology on X.
a. Prove that, in the following sub-poset of (P(Ω(X)), ⊆),
C := {C ⊆ Ω(X) : C is a cover of X and C has no finite subcover},
any totally ordered subset (Ci )i∈I of C has an upper bound in C. Hint.
S
Show that i∈I Ci is in C..
By Zorn’s Lemma, if X is not compact, pick a maximal element C of
the poset C.
b. Prove that, for any open sets U, V , if V ∈ C and U ⊆ V , then U ∈ C.
c. Prove that, for any finite number of open sets U1 , . . . Un , if Ui ̸∈ C
T
for every 1 ≤ i ≤ n, then ni=1 Ui ̸∈ C. Hint. Use the maximality
of C to get finite subcovers Fi of C ∪ {Ui } for every i, and show that
T
F := { ni=1 Fi : (Fi )ni=1 ∈ F1 × · · · × Fn } is then a finite subcover of
T
C ∪ { ni=1 Ui }.
d. Conclude that C∩S is a cover of X that does not have a finite subcover.
Exercise 2.7. Show that T4 implies T3 , which implies T2 , which implies T1 ,
which implies T0 . Further, show that all these implications are strict.
Exercise 2.8. Show that a topological space X is Hausdorff if and only if
the diagonal
∆X = {(x, x) | x ∈ X}
is closed in the product topology on X × X.
Exercise 2.9. Suppose X is a compact topological space.
a. Let C ⊆ X be closed. Show that C is compact.
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b. Find a compact space X with a compact subset K which is not closed.
c. Show that if X is Hausdorff and K ⊆ X is compact, then K is closed.
Exercise 2.10. Show that the subspace [0, 1] = {x ∈ R | 0 ≤ x ≤ 1} of R
with the usual topology is compact.
Exercise 2.11. Show that any compact Hausdorff space is normal. Hint.
Show first that it is regular.
Exercise 2.12. (Tychonoff’s Theorem) Look up a proof (e.g. [25, Theorem
3.2.4, p.138]) or show that the product of compact spaces is again compact.
Exercise 2.13.
a. Show that any compact Hausdorff space is locally
compact. Hint. Use that compact Hausdorff spaces are regular, as
proved in Exercise 2.11.
b. Find a topological space which is compact but not locally compact.
Exercise 2.14 (Quotient space). Let X be a topological space and ≡ an
equivalence relation on X. The quotient space of X by ≡ is the space based
on X/ ≡ whose open sets are those U ⊆ X/ ≡ such that
q −1 (U ) =

{[x]≡ | [x]≡ ∈ U } = {x ∈ X | [x]≡ ∈ U }

[

is open in X, where q : X → X/ ≡, x 7→ [x]≡ is the canonical quotient map.
a. Show that the topology on X/ ≡ is the finest topology on X/ ≡ making
q : X → X/ ≡ continuous.
b. Show that X/ ≡ is a T1 space if and only if every equivalence class of
≡ is closed in X.
c. Show that if X/ ≡ is a Hausdorff space, then ≡ is necessarily a closed
as a subset of the product space X × X.
d. Shoe that if the quotient map is open, then X/ ≡ is a Hausdorff if and
only if ≡ is a closed in X × X.
e. Show that if f : X ↠ Y is a continuous surjection, then f factors
through the canonical quotient map q : X → X/ ker(f ) by a unique
continuous bijection f˜: X/ ker(f ) → Y .
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f. Give an example in which f˜ is not a homeomorphism.
g. Show that if f is open or closed then f˜ is a homeomorphism. But
show by giving an example that this condition is not necessary.

2.2

Topology and order

Let X be a topological space. The specialization order on X is given by
x ≤ y ⇐⇒ ∀ U ∈ ΩX ( x ∈ U =⇒ y ∈ U ).
This relation is clearly reflexive and transitive and thus, for any topological
space, the specialization order is a preorder on X. It is not hard to see
that it is a partial order if and only if X is T0 . Moreover, for any y ∈ X,
the principal down-set, ↓y, of y in the specialization order is the closure of
the singleton set {y}. In particular, T1 spaces can be characterized as those
spaces having a trivial specialization order. The reader is asked to prove
these statements in Exercise 2.17.
A subset of a topological space X is said to be saturated provided it
is an up-set in the specialization order. Note that a subset K ⊆ X is
compact if and only if its saturation ↑K is compact. We denote by KSX
the collection of compact-saturated subsets of X (i.e., subsets of X that are
both compact and saturated). As we will see later on, beyond the Hausdorff
setting, but in the presence of compactness, KSX is in many aspects the
right generalization of the closed subsets. The following fact is often useful
and illustrates the consequence of compactness in terms of the specialization
order.
Proposition 2.6. Let X be a T0 and K ⊆ X compact, then K ⊆ ↑ min(K).
In particular, if K compact saturated then K = ↑ min(K).
Proof. Let D be a down-directed set in X equipped with its specialization
order. Then {(↓x)c | x ∈ D} is a directed collection of open subsets and if K
contains no lower bounds of D, then {(↓x)c | x ∈ D} is an open cover of K.
In this case, by compactness, it follows that there is x ∈ D with K ⊆ (↓x)c .
In particular, x ̸∈ K and thus D ̸⊆ K. By contraposition we have proved
that if D ⊆ K is down-directed, then there is a lower bound of D in K.
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Now let x ∈ K and, by the Hausdorff Maximality Principle, let C be a
maximal chain in K containing x. Then, by the above argument, C has a
lower bound x′ ∈ K. Now by maximality of C, it follows that x′ ∈ min(K)
and thus K ⊆ ↑ min(K).

The lattice of all topologies on a set
Let X be a set. Note that the collection
Top(X) := {τ ∈ P(P(X)) | τ is a topology}.
is closed under arbitrary intersections and thus (see Exercise 1.11 in Chapter 1) it is a complete lattice in the inclusion order. Infima are given by intersections, while suprema are given by the topologies generated by unions.
The least topology on X is the indiscrete topology, while the largest is the
discrete topology. We will often make use of the binary join of topologies
on a given set X.
The interaction of compactness and the Hausdorff separation axiom is illuminated by looking at Top(X) as a complete lattice. Indeed, by inspecting
the definitions (see Exercise 2.15), note that
T2 (X) := {τ ∈ Top(X) | τ is T2 }
is an up-set in Top(X), while
TComp (X) := {τ ∈ Top(X) | (X, τ ) is compact}
is a down-set in Top(X). It follows that the set of compact-Hausdorff
topologies on a set X form a convex subset of Top(X). The following very
useful result tells us that it is in fact an anti-chain.
Proposition 2.7. Let X be a set and σ and τ topologies on X with σ ⊆ τ .
If σ is Hausdorff and τ is compact, then σ = τ .
Proof. Since T2 (X) is an up-set and TopComp (X) is a down-set, the hypotheses on σ and τ imply that both are simultaneously compact and Hausdorff.
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Now we have the following string of (bi)implications for any subset U ⊆ X:
U ∈ τ ⇐⇒ U c ∈ C(X, τ )
⇐⇒ U c ∈ KS(X, τ )
=⇒ U c ∈ KS(X, σ)
⇐⇒ U c ∈ C(X, σ) ⇐⇒ U ∈ σ.
Here the second and third bi-implications hold because in compact-Hausdorff
spaces being closed is equivalent to being compact-saturated (see Exercise 2.21), and the implication in between holds as any set which is compact
in a bigger topology remains so in the smaller topology, while saturation is
vacuous in T1 spaces.

Order-topologies
From topology we get order, but it is also possible to go the other way.
Especially in computer science applications where second-order structure
such as a topology is difficult to motivate, topologies induced by orders play
an important role; see also the applications to domain theory in Chapter 7.
As we have seen, for any topological space, the closures of points are
equal to their principal down-sets for the specialization order. Thus, if a
topological space X has specialization order ≤, then at least each set of the
form (↓x)c , for x ∈ X, must be open. We now proceed in the converse
direction. Let (P, ≤) be a partially ordered set. We define several topologies
on P for which the specialization order coincides with ≤.
• The upper topology on P is defined as the least topology in which ↓p
is closed for every p ∈ P . That is, the upper topology is given by
ι↑ (P ) = ⟨(↓p)c | p ∈ P ⟩.
• The Scott topology on P consists of those up-sets which are inaccessible
by directed suprema. That is, an up-set U ⊆ P is Scott open if and
W
only if D ∈ U implies U ∩ D ̸= ∅ for all directed subsets D ⊆ P . We
denote the Scott topology on P by σ(P ).
• The Alexandrov topology on P is the largest topology on P yielding ≤
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as its specialization order. That is,
α(P ) = {U ⊆ P | U is an up-set}.
The upper, the Scott, and the Alexandrov topologies all have the original
order ≤ as their specialization order. In fact, if we denote by Top(P, ≤) the
complete lattice of topologies on X yielding ≤ as their specialization order,
it is not hard to see that this is precisely the closed interval [ι↑ (P ), α(P )] in
Top(P ).
Clearly, there are order-dual definitions for each of these topologies,
which have the reverse of ≤ as their specialization order. For example,
the lower topology on P is defined by
ι↓ (P ) = ⟨(↑p)c | p ∈ P ⟩.
The dual Alexandrov topology has all down-sets as open sets. One can also
consider the order-dual of the Scott topology but this is not so common, as
the motivation for having closed sets which are stable under directed joins
comes from a model of computing in which a computation is considered as
the directed join of all its partial computations or finite approximations;
more on this in Chapter 7.
Using the above ‘one-sided’ topologies as building blocks, we now also
define a number of ‘two-sided’ topologies on a partially ordered set (P, ≤).
These two-sided topologies are all T1 and thus have trivial specialization
order.
• The interval topology on P is the join of the upper and lower topologies.
That is,
ι(P ) := ι↑ (P ) ∨ ι↓ (P ).
The usual topology on the reals is in fact the interval topology given
by the usual order on the reals.
• The Lawson topology on P is the join of the Scott and the lower
topologies. That is,
λ(P ) := σ(P ) ∨ ι↓ (P ).
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• Note that the join of the Alexandrov and dual Alexandrov topologies
is the discrete topology on P .

Exercises for Section 2.2
Exercise 2.15. Prove that T2 (X) is an up-set in Top(X), and that TComp (X)
is a down-set in Top(X).
Exercise 2.16. Let X be a compact space, Y a Hausdorff space, and
f : X → Y be a continuous map.
a. Show that f is closed. Hint. Use Proposition 2.7.
b. Show that if f is a bijection, then it is a homeomorphism.
c. Show that the co-restriction of f to its image X ↠ im(f ), x 7→ f (x)
is a quotient map. In particular, as soon as f is surjective, it is a
quotient map, cf. Exercise 2.14.
Exercise 2.17. Let X be a topological space.
a. Show that the specialization order on X is a preorder;
b. Show that X is T0 if and only if the specialization order on X is an
order;
c. Show that X is T1 if and only if the specialization order on X is trivial.
That is, x ≤ y if and only if x = y;
d. Show that x ≤ y in the specialization order if and only if x ∈ {y}.
That is, {y} = ↓y;
e. Show that a subset S ⊆ X is an intersection of open sets if and only
if it is an up-set in the specialization order.
Exercise 2.18. Let X be a set and ≤ an order on X. Show that a topology
τ on X has ≤ as its specialization order if and only if
ι↑ (X, ≤) ⊆ τ ⊆ α(X, ≤).

CHAPTER 2. TOPOLOGY AND ORDER

51

Exercise 2.19. Show that if a function f : X → Y between topological
spaces is continuous then it is order preserving with respect to the specialization orders on X and Y . Give an example to show that the converse is
false.
Exercise 2.20. Show that if P is a finite ordered set then ι↑ (P ) = α(P ).
Conclude that, in a finite T0 space, any up-set is open. Further show that,
for any two ordered sets P and Q, a map F : P → Q is order preserving if
and only if it is continuous with respect to the Alexandrov topologies on P
and Q.
Remark. Using terminology that we will introduce in Chapter 5, Definition 5.20, this exercise shows that the category of finite partially ordered
sets is isomorphic to the category of finite T0 topological spaces, for further
details see Example 5.21 in that chapter.
Exercise 2.21. Let X be a compact Hausdorff space and K ⊆ X. Show
that K is closed if and only if it is compact if and only if it is compact
saturated.

2.3

Compact ordered spaces

In this section we show that there is an isomorphism between certain compact spaces equipped with an order, first introduced by Nachbin, and certain
T0 spaces known as stably compact spaces. These spaces provide a wellbehaved generalization of compact Hausdorff spaces and contain the spaces
dual to distributive lattices, which are the main object of study of this book.
Definition 2.8. An ordered space is a triple (X, τ, ≤) such that
• (X, τ ) is a topological space;
• (X, ≤) is an ordered set;
• ≤ ⊆ X × X is closed in the product topology.
An ordered space is said to be a compact ordered space provided the underlying topological space is compact.
A morphism from an ordered space (X, τX , ≤X ) to an ordered space
(Y, τY , ≤Y ) is a function f : X → Y that is both continuous as a map from
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the space (X, τX ) to (Y, τY ) and order-preserving as a map from the poset
(X, ≤X ) to (Y, ≤X ). An order-homeomorphism between ordered spaces is a
morphism that is both a homeomorphism and an order-isomorphism. For
an equivalent definition of order-homeomorphism, see Exercise 2.23.
Proposition 2.9. Let X be an ordered space. Then the underlying topological space is Hausdorff.
Proof. Since X is an ordered space, ≤ closed in X × X equipped with the
product topology. Thus ≥ is also closed in X ×X with the product topology
and it follows that ∆X = ≤ ∩ ≥ is closed in X×X with the product topology.
But this is equivalent to X being Hausdorff, see Exercise 2.8.
The following proposition is an important technical tool in the study of
compact ordered spaces.
Proposition 2.10. Let X be a compact ordered space and C ⊆ X a closed
subset of X. Then ↑C and ↓C are also closed. In particular, ↑x and ↓x are
closed for all x ∈ X.
Proof. If C ⊆ X is closed in X, then C × X is closed in X × X equipped
with the product topology. Now, as X is an ordered space it follows that ≤
is closed and thus (C × X) ∩ ≤ is closed in X × X. By Proposition 2.5 it
follows that
π2 [(C × X) ∩ ≤] = ↑C,
where π2 : X ×X → X is the projection on the second coordinate, is closed in
X. Projecting (C ×X) ∩ ≥ on the second coordinate shows that ↓C is closed.
Finally, as X is Hausdorff, it is in particular T1 and thus the singletons x
are all closed. It follows that ↑x and ↓x are closed for all x ∈ X.
We can now derive the following very useful order-separation property
for compact ordered spaces.
Proposition 2.11. Let X be a compact ordered space. For all x, y ∈ X,
if x ≰ y, then there are disjoint sets U, V ⊆ X with U an open up-set
containing x and V an open down-set containing y.
Proof. Let x, y ∈ X with x ≰ y. Then ↑x and ↓y are disjoint. Also, by
Proposition 2.10, the sets ↑x and ↓y are closed. Now, since X is compact ordered, it is compact Hausdorff and therefore also normal (see Exercise 2.11).
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Thus there are open disjoint sets U, V ⊆ X with ↑x ⊆ U and ↓y ⊆ V . Now
let U ′ = (↓U c )c and V ′ = (↑V c )c , then one may verify that U ′ is an open
up-set, V ′ is an open down-set, and we have
x ∈ U ′ and y ∈ V ′ and U ′ ∩ V ′ = ∅.
To any compact ordered space, we now associate two T0 spaces. These
spaces will usually not be T1 , as long as the order on X is non-trivial. To
be specific, if (X, τ, ≤) is a compact ordered space, then we define
τ ↑ = τ ∩ U(X, ≤)
and
τ ↓ = τ ∩ D(X, ≤).
In other words, τ ↑ is the intersection of the topology τ and the Alexandrov
topology on (X, ≤) and τ ↓ is the intersection of the topology τ and the
dual Alexandrov topology on (X, ≤). Accordingly, τ ↑ and τ ↓ are indeed
topologies on X. We will often denote the topological space underlying the
original ordered space (X, τ, ≤) simply by X, the space (X, τ ↑ ) by X ↑ , and
the space (X, τ ↓ ) by X ↓ .
Note that if (X, τ, ≤) is a compact ordered space, then so is (X, τ, ≥).
Thus any property of the spaces X ↑ and their relation to ≤ implies that the
order-dual property is true for the spaces X ↓ and we will not always state
both.
Proposition 2.12. Let (X, τ, ≤) be a compact ordered space. Then the
specialization order of X ↑ is ≤ and in particular X ↑ is a T0 space.
Proof. For each x ∈ X, ↓x is closed in (X, τ ) and it is a down-set. Thus ↓x
is closed in X ↑ . Thus ι↑ (X, ≤) ⊆ τ ↑ . Also, clearly τ ↑ ⊆ U(X, ≤) = α(X, ≤)
and thus the specialization order of X ↑ is ≤ (see Exercise 2.18).
A crucial fact, given in the following proposition, which will enable us to
come back to a compact ordered space X from X ↑ , is the fact that X ↑ and
X ↓ are inter-definable by purely topological means without using the data
of the original compact ordered space.
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Proposition 2.13. Let (X, τ, ≤) be a compact ordered space. Then
V ∈ τ↓

⇐⇒

V c ∈ KS(X ↑ ).

Proof. Note that C(X ↓ ) = C(X, τ ) ∩ U(X, ≤). Also, by definition, KS(X ↑ )
consists of those subsets of X that are both compact with respect to τ ↑ and
belong to U(X, ≤). Thus we need to show that if S ∈ U(X, ≤) then S is
closed relative to τ if and only if it is compact relative to τ ↑ .
Let S ∈ U(X, ≤). If S is closed relative to τ , then S is compact relative
to τ (see Exercise 2.9). But then it is also compact relative to the smaller
topology τ ↑ as required. For the converse, suppose now that S is compact
relative to τ ↑ and let y ̸∈ S. For each x ∈ S, since x ≰ y, by Proposition 2.11,
there are disjoint sets Ux , Vx ⊆ X with Ux an open up-set containing x and
Vx an open down-set containing y. It follows that the (Ux )x∈S is an open
cover of S relative to τ ↑ . Thus by compactness, there is a finite subset F ⊆ S
so that (Ux )x∈F covers S. Let
V =

\

{Vx | x ∈ F }

then V is disjoint from the union of the (Ux )x∈F and thus from S. Also, V
is open relative to τ ↓ and y ∈ V . That is, we have shown that S is closed
relative to τ ↓ .
We are now ready to introduce a class of (unordered) topological spaces
called stably compact spaces. Stably compact spaces have a fairly complex
definition but, as we will see, they are in fact none other than those spaces
which occur as X ↑ for X a compact ordered space.
Before we give the definition (Definition 2.14), we need to identify two
more properties of spaces, both related to the interaction of compactness
and intersection. First, we call a compact space coherent provided the
intersection of any two compact-saturated subsets is again compact. A
space is called well-filtered provided for any filtering collection F of compactsaturated sets and any open U we have
\

F ⊆U

=⇒

∃K ∈ F

K ⊆ U.

One can show that if X is well-filtered, then the collection of compactsaturated subsets of X is closed under filtering intersections (see Exer-
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cise 2.30). Notice that if a space is both coherent and well-filtered then
the collection of compact saturated sets is actually closed under arbitrary
intersections. Also notice that compact Hausdorff spaces have both these
properties since the compact-saturated sets are just the closed sets.
Definition 2.14. A stably compact space is a topological space which is T0 ,
compact, locally compact, coherent, and well-filtered.
Example 2.15. Note that any finite T0 space is stably compact. A particularly important stably compact space is the Sierpinski space
2↑ = ({0, 1}, {∅, {1}, {0, 1}}).
We also denote this space by S.
Using Proposition 2.13 it is not hard to see that X ↑ is stably compact
whenever X is a compact ordered space. We will now show that this is in
fact one direction of a one-to-one correspondence between compact ordered
spaces and stably compact spaces. To this end we need the notion of the
co-compact dual of a topology.
Let τ be a topology on a set X. The co-compact dual of τ , denoted
τ ∂ , is the topology generated by the complements of elements of compactsaturated subsets of (X, τ ). That is,
τ ∂ = ⟨K c | K ∈ KS(X, τ )⟩.
The compact-saturated sets are always closed under finite unions, so the
collection of their complements is closed under finite intersection and is thus
a basis for τ ∂ . In the case of a stably compact space, the compact-saturated
sets are also closed under arbitrary intersections (see Exercise 2.30), so the
collection of their complements is already a topology and we have
τ ∂ = {K c | K ∈ KS(X, τ )}.
Further we may define the patch topology obtained from τ to be
τp = τ ∨ τ∂.
We can now identify how to get back the topology of a compact ordered
space X from the topology of X ↑ .
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Proposition 2.16. Let (X, τ, ≤) be a compact ordered space. Then (τ ↑ )∂ =
τ ↓ and (τ ↑ )p = τ .
Proof. The first equality is a just a restatement of Proposition 2.13 in terms
of the co-compact dual topology and once we have this, we may observe
that Proposition 2.11 tells us, among other things, that τ ↑ ∨ (τ ↑ )∂ = τ ↑ ∨ τ ↓
is a Hausdorff topology which is contained in τ . But, by Proposition 2.7,
if a Hausdorff topology is below a compact topology, then in fact they are
equal, so (τ ↑ )p = τ as desired.
Theorem 2.17. The assignments
(X, τ, ≤) 7→ (X, τ ↑ )
and
(X, σ)

7→ (X, σ p , ≤σ )

establish a one-to-one correspondence between compact ordered spaces and
stably compact spaces.3
Proof. It is left as Exercise 2.33 to show that if (X, τ, ≤) is a compact ordered
space, then X ↑ is stably compact. Here, we show that if (X, σ) is a stably
compact space then (X, σ p , ≤σ ) is compact ordered.
As a first step, we show that ≤σ is closed relative to the product topology
induced by the patch topology. Let x, y ∈ X with x ≰σ y. Then, by
definition of the specialization order, there is an open set U ∈ σ with x ∈ U
and y ̸∈ U . By local compactness of σ there is V ∈ σ and K ⊆ X which
is compact such that x ∈ V ⊆ K ⊆ U . Since ↑K is also compact and
K ⊆ ↑K ⊆ U since U is an upset in the specialisation order, we may assume,
without loss of generality, that K ∈ KS(X, σ). It follows that V, K c ∈ σ p ,
x ∈ V , y ∈ K c , and, because V is an up-set and V ∩ K c = ∅, we have
(V × K c ) ∩ ≤ = ∅.
Thus we have shown that an arbitrary element (x, y) of the complement of
≤σ lies in a basic open of the product topology which is disjoint from ≤σ as
required.
Next we show that (X, σ p ) is compact. By the Alexander Subbase Theorem, it suffices to show that covers by subbasic opens have finite subcovers.
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We use the subbasis for σ p given by
S = {K c | K ∈ KS(X, σ)} ∪ σ.
Now let C ⊆ S be a cover of X. Define
CK = {K ∈ KS(X, σ) | K c ∈ C}
and
Cσ = C ∩ σ.
Then the fact that C covers X implies that
\

Notice that U =

S

CK ⊆

[

Cσ .

Cσ is open in (X, σ) and that
′
CK
={

\

L | L ⊆ CK is finite}

is, by coherence, a collection of compact-saturated subsets of (X, σ), which
is moreover filtering. Thus, by well-filteredness, it follows that there is a
finite L ⊆ CK with
\
[
L ⊆ Cσ .
Now, this means that Cσ is an open cover of the compact-saturated set
T
T
L. By compactness there is a finite subcover Cσ′ of L. This in turn is
equivalent to saying that
C ′ = {K c | K ∈ L} ∪ Cσ′
is a finite subcover of the original cover C as required.
Thus it follows that (X, σ p , ≤σ ) is indeed a compact ordered space whenever (X, σ) is a stably compact space.
Further, the combination of Proposition 2.12 and Proposition 2.16 implies that the composition of the two assignments gives the identity on
compact ordered spaces. It remains to show that the reverse composition
yields the identity of stably compact spaces. To this end, let (X, τ ) be a
stably compact space. Since σ ⊆ σ p and σ ⊆ U(X, ≤σ ), it follows that
σ ⊆ σ p ∩ U(X, ≤σ ). The fact that σ p ∩ U(X, ≤σ ) ⊆ σ follows from Exer-
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cise 2.36.
While the correspondence of the above theorem provides an isomorphism
for objects, the natural classes of maps for compact ordered spaces and stably
compact spaces are not the same. A natural notion of morphism for stably
compact spaces is that of a continuous function. For compact ordered spaces
the natural notion of structure preserving map is that of a function which
is simultaneously continuous and order preserving.
It is not hard to see that every continuous and order preserving map
between compact ordered spaces is continuous for the corresponding stably
compact spaces. However, the converse is not true in general. In fact,
the continuous and order preserving maps between compact ordered spaces
correspond to the so-called proper maps between stably compact spaces
(see Exercise 2.38). We will show in Example 5.22 of Chapter 5 that this
correspondence formally yields an isomorphism of categories.
We finish this section by recording a useful ‘translation’ between various
properties of subsets of a compact ordered space and its corresponding stably
compact space. The proof is left as an instructive exercise in applying
Theorem 2.17.
Proposition 2.18. Let (X, τ, ≤) be a compact ordered space, with (X, τ ↓ )
and (X, τ ↑ ) the stably compact spaces of τ -open up-sets and τ -open downsets, respectively. For any subset S of X,
a. S is saturated in (X, τ ↑ ) iff S is an up-set in (X, τ, ≤) iff the complement of S is saturated in (X, τ ↓ );
b. S is closed in (X, τ ↑ ) iff S is a closed down-set in (X, τ, ≤) iff S is
compact and saturated in (X, τ ↓ );
c. S is compact and open in (X, τ ↑ ) iff S is a clopen up-set in (X, τ, ≤)
iff the complement of S is compact and open in (X, τ ↓ ).

Exercises for Section 2.3
Exercise 2.22. Let (X, τ, ≤) be a triple such that (X, τ ) is a topological
space and (X, ≤) is a poset. Prove that the following are equivalent:
(i) The order ≤ is closed in (X, τ ) × (X, τ ).
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(ii) for every x, y ∈ X, if x ≰ y, then there exist open subsets U and V of
(X, τ ) such that x ∈ U , y ∈ V , and ↑U ∩ ↓V = ∅.
Exercise 2.23. Let f : X → Y be a morphism between ordered spaces.
Prove that f is an order-homeomorphism if, and only if, there exists a
morphism g : Y → X such that g ◦ f = idX and f ◦ g = idY .
Exercise 2.24. Ordered variants of regularity and normality also hold for
compact ordered spaces. In particular, if C and D are closed subspaces of
a compact ordered space with
↑C ∩ ↓D = ∅
then there are disjoint sets U, V ⊆ X with U an open up-set containing C
and V an open down-set containing D.
Exercise 2.25. Let X be a set.
a. Show that the set 2X of functions from X to 2 is bijective with P(X).
b. Show that the product topology on 2X , where 2 is equipped with the
Sierpinski topology, translates to the topology on P(X) given by the
subbasis {ηx | x ∈ X}, where ηx = {S ⊆ X | x ∈ S}, and by the basis
{ηF | F ⊆ X is finite}, where ηF = {S ⊆ X | F ⊆ S}.
c. Show that the product topology on 2X , where 2 is equipped with the
discrete topology, translates to the topology on P(X) given by the
subbasis {ηx , µx | x ∈ X}, where µx = {S ⊆ X | x ̸∈ S}, and by the
basis {ηF ∩ µG | F, G ⊆ X are finite}, where µG = {S ⊆ X | G ∩ S =
∅}.
Exercise 2.26. Show that R with its usual order and topology is an ordered
space. Show that the unit interval [0, 1] is a compact ordered space.
Exercise 2.27. Show that 2 = {0, 1} with the discrete topology and the
usual order is a compact ordered space. We will denote this space by 2 to
differentiate it from the two-element lattice (or Boolean algebra).
Also show that compact ordered spaces are closed under arbitrary Cartesian product (where the product is equipped with the product topology and
the coordinate-wise order). Conclude that for any set X, the space 2X is a
compact ordered space.
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Exercise 2.28. Let (X, τ, ≤) be a compact ordered space.

a. Show that the inclusion U(X, ≤) ,→ P(X) has a lower adjoint given
by ↑( ) : P(X) ↠ U(X, ≤) and an upper adjoint given by S 7→ (↓S c )c .
b. Conclude that Proposition 2.13 implies that the inclusion KS(X ↑ ) ,→
KS(X) = C(X) has a lower adjoint given by C 7→ ↑C and that the
inclusion τ ↑ ,→ τ has an upper adjoint given by U 7→ (↓U c )c .4
Exercise 2.29.
a. Show that the finite union of compact sets is compact;
b. Give an example to show that the intersection of two compact sets
need not be compact;
Exercise 2.30.
a. Show that if X is well-filtered then the intersection
of any filtering collection of compact-saturated sets is again compactsaturated.
b. Show that, if a collection F of subsets of P(X) is filtering and closed
T
under finite intersections (i.e., for any finite S ⊆ F, S ∈ F), then F
is closed under arbitrary intersections.
c. Conclude that if X is well-filtered, compact, and coherent, then any
intersection of compact-saturated sets is again compact-saturated.
Exercise 2.31. Show that if X is a compact Hausdorff space, then X is
stably compact.
Exercise 2.32. Deduce Proposition 2.18 from Proposition 2.16 and Theorem 2.17.
Exercise 2.33. Show that if X is a compact ordered space, then X ↑ is
stably compact.
Exercise 2.34. Let X be a topological space. Show that all of the following
statements are equivalent:
(i) ∀R ⊆ ΩX (

S

R = X =⇒ ∃R′ ⊆ R finite such that

(ii) ∀D ⊆ ΩX directed (

S

D = X =⇒ X ∈ D);

S

R′ = X);
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(iii) ∀S ⊆ CX (

T

S = ∅ =⇒ ∃S ′ ⊆ S finite such that

(iv) ∀F ⊆ CX filtering (

T

T ′
S = ∅);

F = ∅ =⇒ ∅ ∈ F);

(v) ∀R ⊆ ΩX ∀S ⊆ CX ( S ⊆ R =⇒ ∃ R′ ⊆ R ∃ S ′ ⊆ S both
T
S
finite such that S ′ ⊆ R′ );
T

S

(vi) ∀D ⊆ ΩX directed ∀F ⊆ C(X) filtering ( F ⊆
∃ U ∈ D such that F ⊆ U ).
T

S

D =⇒ ∃ F ∈ F

Exercise 2.35. Let (X, τ ) be a T0 space. Show that ≤τ ∂ = ≥τ .
Exercise 2.36. Let (X, τ ) be a stably compact space, B ⊆ τ , and C ⊆
KS(X, τ ) such that
∀x, y ∈ X ( x ≰ y =⇒ ∃U ∈ B ∃ K ∈ C [x ∈ U ⊆ K, and y ̸∈ K] )
Show that B is a subbasis for τ .
Exercise 2.37. Show that continuous retracts of stably compact spaces are
again stably compact. Here a retract of a topological space X is a continuous
function f : X → X with f 2 = f .
Exercise 2.38. Let f : X → Y be a continuous function between topological
spaces. We call f a proper map provided the following two properties hold:
a. ↓f (C) is closed whenever C ⊆ X is closed;
b. f −1 [K] is compact for any K ⊆ Y which is compact saturated.
Now let X and Y be compact ordered spaces and denote the corresponding
pair of stably compact spaces by X ↑ , X ↓ and Y ↑ , Y ↓ , respectively. Further
let f : X → Y be a function between the underlying sets. Show that the
following conditions are equivalent:
(i) f , viewed as a map between compact ordered spaces, is continuous
and order preserving;
(ii) f , viewed as a map between the stably compact spaces X ↑ and Y ↑ , is
a proper map.
(iii) f , viewed as a map between the stably compact spaces X ↓ and Y ↓ , is
a proper map.
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Notes
1. For general references on topology we recommend the updated edition of Engelking
[25]. For a comprehensive reference on topology and order we recommend [36].
2. For more information about equivalences between various choice principles, see for
example the books [44, 43].
3. The correspondence between stably compact spaces and compact ordered spaces in
the form given here originates with the Compendium on Continuous Lattices [36]. More
focused sources presenting the correspondence and the relation with the co-compact dual
of a topology are [50, 59].
4. We thank Université Côte d’Azur Master’s student Jérémie Marques for suggesting
the reformulation of Proposition 2.13 in terms of upper and lower adjoints on opens and
compact saturated sets, outlined in this exercise.

Chapter 3

Priestley duality
In this chapter, we show how to extend the duality for finite distributive
lattices given in Chapter 1 to all distributive lattices. The two key ideas,
due to Stone,1 are to generalize the join/meet-prime elements of the finite
case to prime filters/ideals (Section 3.1), and to introduce topology on the
structure dual to a distributive lattice (Section 3.2), which leads us to a dual
equivalence or duality. The main technical tool is Stone’s Prime Filter-Ideal
Theorem, Theorem 3.10. In this chapter we elaborate a modern variant of
Stone’s original duality, Priestley duality. The precise connection between
Priestley’s duality and Stone’s original duality will be made in Theorem 6.4
in Chapter 6. After treating distributive lattice duality, we show in the final
Section 3.3 how the more widely known duality for Boolean algebras follows
as an easy consequence. Throughout the chapter, in-between introducing
the general concepts and proving results about them, we show how to compute dual spaces of several distributive lattices, as ‘running examples’. We
encourage the reader to work through the examples and accompanying exercises in detail, as we believe this is crucial for developing an intuition for
dual spaces.

3.1

Prime filters and ideals

Recall from Section 1.3 that every finite distributive lattice can be represented by the poset of its join-irreducible elements. The following example
of an infinite distributive lattice shows why join-irreducibles can not be used
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in general.
Example 3.1. Consider the lattice L = {⊥}⊕(Nop )2 , depicted in Figure 3.1.
Every element (m, n) in this lattice is the join of the two elements (m + 1, n)
and (m, n + 1) strictly below it. Therefore, there are no join-irreducibles in
L, J (L) = ∅.
(0, 0)

⊥
Figure 3.1: A distributive lattice with no join-irreducible elements
To find the correct notion that should replace ‘join-irreducible’ in the
case of infinite distributive lattices, we need to change our perspective from
specific elements of the lattice to specific subsets of the lattice. If L is a
distributive lattice and j ∈ J (L), then j can be uniquely represented by the
collection Fj of elements greater than or equal to j. Elements of Fj can be
thought of as ‘approximations’ of the element j, which grow in precision as
one moves downward in the set Fj ; indeed, j is the infimum of this set Fj .
In the case of infinite lattices, while join-irreducibles j themselves may fail
to exist (Example 3.1 above), these ‘approximating sets’ F will still exist.
The formal notion of ‘approximating set’ is that of a prime filter, defined as
follows.2
Definition 3.2. Let L be a distributive lattice. A subset F of L is called a
filter if it is non-empty, an up-set, and for any a, b ∈ L, if a ∈ F and b ∈ F ,
then a ∧ b ∈ F . A filter is called proper if F ̸= L, or, equivalently, ⊥ ̸∈ F .
A filter F is called prime provided that F is proper, and, for any a, b ∈ L,
if a ∨ b ∈ F , then a ∈ F or b ∈ F .
One way to think of filters in a lattice is that a filter represents an
‘idealized element’, in much the same way as Noether’s ideals in rings. In
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this point of view, a non-principal filter stands for a meet that does not exist
in the lattice. Note that if S is a subset of a lattice and S ⊆ S ′ , if infima of
V
V
both sets exist, then S ′ ≤ S. Thus, since taking a meet over a larger set
yields a smaller element, it is natural to postulate the reverse inclusion on
filters, as we will do here. The dual notion of ideal in a lattice is introduced
in Definition 3.8 below; there, the order of (non-reversed) subset inclusion
is the natural one, since ideals in a lattice stand for an idealized join, and
taking joins over larger sets yield larger elements.
With the point of view that filters stand for idealized meets, prime filters
stand for idealized join-irreducible elements. More precisely, in finite lattices,
prime filters are in one-to-one correspondence with join-prime elements: to
any join-prime element j, one may associate the prime filter Fj := ↑j of
elements greater than or equal to j (Exercise 3.3). Notice that, also here,
j ≤ j ′ if, and only if, Fj ′ ⊆ Fj . Thus, this correspondence is an isomorphism
of posets if one equips the set of prime filters with the partial order of reverse
inclusion. All this motivates the following definition of a partial order on
the set of filters.
Definition 3.3. If F and F ′ are filters in a lattice L, we say that F is below
F ′ , F ≤ F ′ if, and only if, F ′ is a subset of F . We denote by Filt(L) the
poset of filters of L, and by PrFilt(L) the poset of prime filters of L.
The following examples of infinite distributive lattices and their posets
of prime filters will be used as running examples in this chapter.
Example 3.4. Write N ⊕ 1 for the total order on the set N ∪ {ω} which
extends N by setting n ≤ ω for all n ∈ N ∪ {ω}. All prime filters of N ⊕ 1
are principal; they are the sets of the form Fn := ↑n for n ∈ (N ⊕ 1) \ {0}.
Their order is the same as that of N ⊕ 1; this is a highly exceptional case
of a distributive lattice that is order-isomorphic to its poset of prime filters,
via the isomorphism that sends ω to Fω and n ∈ N to Fn+1 .
Now consider the Cartesian product (N ⊕ 1)2 := (N ⊕ 1) × (N ⊕ 1). Since
N ⊕ 1 is a distributive lattice, so is (N ⊕ 1)2 . The prime filters of (N ⊕ 1)2
are the principal filters of the form F(n,m) = ↑(n, m), where n = 0 or m = 0
and not both. Indeed, for any (n, m) ∈ (N ⊕ 1)2 , (n, m) ≤ (n, 0) ∨ (0, m), so
if ↑(n, m) is prime, then we must have m = 0 or n = 0. The partial order
on the prime filters is the order of the disjoint union, i.e., (n, m) ≤ (n′ , m′ )
when either n ≤ n′ and m = m′ = 0, or n = n′ = 0 and m ≤ m′ .
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..
.

ω

.. Fω
.

2
1
0

F2
F1

Figure 3.2: The distributive lattice N ⊕ 1 and its poset of prime filters.
The fact that the prime filters of a Cartesian product split as a disjoint
union is not a coincidence; see Exercise 3.10.
Example 3.5. Consider the totally ordered set N ⊕ Nop , the ordered sum of
N and its opposite; that is, the underlying set is {(n, i) : n ∈ N, i ∈ {0, 1}},
and the order is given by (n, i) ≤ (m, j) if one of the following holds:
• i < j, or
• i = j = 0 and n ≤ m, or
• i = j = 1 and m ≤ n.
In this distributive lattice, every (n, i) ̸= (0, 0) is join-irreducible, so F(n,i) =
↑(n, i) is a prime filter. Moreover, there is one non-principal prime filter,
Fω := {(n, 1) : n ∈ N}. The order ≤ on prime filters is inherited from the
order on the lattice, and Fω ≤ F(n,i) iff i = 1; see Figure 3.3.
The following example shows explicitly that prime filters in distributive
lattices generalize prime numbers. They are in fact closely related to prime
ideals of rings, see Exercise 3.9.
Example 3.6. Consider the set N, equipped with the partial order | of
divisibility, defined by n | m iff there exists q ∈ N such that m = qn;
in particular, n | 0 for all n ∈ N. The partial order (N, |) is a bounded
distributive lattice: it has 1 as its bottom, 0 as its top, and for any m, n ∈ N,
m ∧ n is the greatest common divisor of m and n, and m ∨ n is the least
common multiple of m and n.
The prime filters of (N, |) are F0 := {0}, and the sets Fpk := {n ∈ N :
k
p | n}, for every prime number p and k ≥ 1. It is easy to verify that the
Fpk are indeed prime filters (Exercise 3.8); we show that every prime filter
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(0, 1)
(1, 1)
(2, 1)

..
.

F(0,1)
F(1,1)
F(2,1)

..
.
Fω

..
.

..
.
(2, 0)
(1, 0)
(0, 0)

F(2,0)
F(1,0)

Figure 3.3: The distributive lattice N ⊕ Nop and its poset of prime filters.
is of this form. Suppose that F is a prime filter of (N, |) and F ̸= F0 . Let m
be the minimal non-zero element of F . We show first that F = ↑m. Clearly,
↑m ⊆ F . For the converse inclusion, let n ∈ F be arbitrary, n > 0. Then
n ∧ m ∈ F since F is a filter. The greatest common divisor of n and m
is non-zero and ≤ m, and therefore equal to m, by minimality of m. We
now show that m = pk for some prime p and k ≥ 1. First note that m > 1
since F is proper. Pick a prime divisor p of m and pick k maximal such
that pk | m. Then m = pk ∨ pmk , so, since F is a prime filter, we must have
either pk ∈ F or pmk ∈ F . But pmk < m, so it cannot be an element of F by
minimality of m. Thus, pk ∈ F , and 0 < pk ≤ m, so we get m = pk , again
by minimality of m.
The partial order on the set of prime filters is given by, for any p, q prime
and k, ℓ ≥ 1, Fpk < F0 , and Fpk ≤ Fqℓ if, and only if, p = q and k ≤ ℓ; see
Figure 3.4 below.
Example 3.7. Consider the set L of those subsets of the real unit interval
[0, 1] that can be written as a finite union of open rational intervals, i.e., as a
finite union of sets of the form (p, q), [0, q) or (p, 1], with p, q ∈ Q∩[0, 1]. Note
that, since a finite intersection of open rational intervals is again an open
rational interval, L is a sublattice of P([0, 1]) under the inclusion ordering,
and therefore it is in particular a distributive lattice. There are three kinds
of prime filters in the distributive lattice L:
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F0
..
.

..
.

F4

F9

F2

..
.
...

F25

F3

F5

Figure 3.4: The poset of prime filters of (N, |).

F0
F0+

Fq−

q∈Q

r ∈R\Q

Fq

Fr
Fq+

F1
F1−

Figure 3.5: The poset of prime filters of the rational intervals in [0, 1]
• for every q ∈ [0, 1], Fq := {U ∈ L : q ∈ U };
• for every q ∈ [0, 1) ∩ Q, Fq+ := {U ∈ L : for some q < q ′ , (q, q ′ ) ⊆ U };
• for every q ∈ (0, 1] ∩ Q, Fq− := {U ∈ L : for some q ′ < q, (q ′ , q) ⊆ U }.
One may prove (Exercise 3.7) that every prime filter of L is of one of the
above forms, that each Fq is maximal in the partial order, while Fq+ and Fq−
are strictly below Fq . The partial order is depicted in Figure 3.5.
In the rest of this section, we will substantiate the claim that any distributive lattice contains ‘enough’ prime filters. For this purpose, and also
for other applications to follow, it will be convenient to introduce the orderdual notion to prime filters: prime ideals.
Definition 3.8. Let L be a distributive lattice. A subset I of L is called an
ideal if it is non-empty, a down-set, and for any a, b ∈ L, if a ∈ I and b ∈ I,
then a ∨ b ∈ I. An ideal I is called proper if I ̸= L, or, equivalently, ⊤ ̸∈ I.
An ideal I is called prime provided that I is proper, and, for any a, b ∈ L,
if a ∧ b ∈ I, then a ∈ I or b ∈ I.
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Notice that a subset I ⊆ L is a (prime) ideal if, and only if, I is a (prime)
filter in Lop . Thus, it follows by order-duality from Exercise 3.3 that, for
a finite lattice L, the prime ideals in L are in a one-to-one correspondence
with meet-prime elements of L. This correspondence associates, to any
meet-prime element m of L, the prime ideal Im := ↓m of elements less than
or equal to m. Notice that m ≤ m′ if, and only if, Im ⊆ Im′ . This motivates
the following definition of a partial order on the set of ideals. If I and I ′ are
ideals in a lattice L, we say that I is below I ′ , I ≤ I ′ , if, and only if I is a
subset of I ′ . We denote by Idl(L) the poset of ideals of L, and by PrIdl(L)
the poset of prime ideals of L.
Just as join-prime and meet-prime elements are complementary notions
(see Exercise 1.33 in Chapter 1), prime filters and prime ideals are complementary, in the following (literal) sense.
Lemma 3.9. Let L be a lattice and F ⊆ L. The following are equivalent:
(i) The set F is a prime filter;
(ii) The set I := L \ F is a prime ideal;
(iii) The characteristic function χF : L → 2, which sends an element a of
L to 1 if a ∈ F , and to 0 if a ∈
̸ F , is a lattice homomorphism.
Exercise 3.11 asks you to prove Lemma 3.9. We note also that under the
equivalence given in this lemma, the partial order on prime filters, which
is by definition the reverse subset inclusion order (Definition 3.3), transfers
to the usual subset inclusion order on prime ideals. Note also that, for the
characteristic functions corresponding to prime filters F and F ′ , we have
that F ′ ≤ F if and only if F ⊆ F ′ if and only if χF ≤ χF ′ in the pointwise
ordering on functions.
The main result about prime filters and prime ideals, which we will
prove now, is that there are ‘enough’ of them in any distributive lattice, in
the following sense.
Theorem 3.10 (Stone’s Prime Filter-Ideal Theorem). Let L be a distributive lattice. If F is a filter in L and I is an ideal in L such that F ∩ I = ∅,
then there exists a prime filter G in L such that F ⊆ G and G ∩ I = ∅.
Proof. Consider the partially ordered set
S := {G ∈ Filt(L) | F ⊆ G and G ∩ I = ∅},
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ordered by inclusion. This set S is non-empty, because it contains F , and
S
if C ⊆ S is a chain in S, then G∈C G is a filter (Exercise 3.12), and it
belongs to S. By Zorn’s Lemma (see p. 41), pick a maximal element G in
S. We prove that G is prime. By Lemma 3.9, we may show equivalently
that J := L \ G is a prime ideal. Since G is a filter disjoint from I, we
immediately see that J is a down-set containing I, and hence in particular
non-empty, and if j1 ∧ j2 ∈ J then j1 ∈ J or j2 ∈ J. It remains to show that
J contains the join of any two of its elements. Let a1 , a2 ∈ J. We use the
filters generated by G ∪ {a1 } and G ∪ {a2 }, see Exercise 3.13. For i = 1, 2,
the set
Gi := ⟨G ∪ {ai }⟩filt = {b ∈ L | there exists g ∈ G such that g ∧ ai ≤ b}
is a filter that strictly contains G. By the maximality of G in S, Gi must
intersect I non-trivially. Therefore, for i = 1, 2, pick gi ∈ G such that
gi ∧ ai ∈ I.
Define g := g1 ∧ g2 . Then, using distributivity,
g ∧ (a1 ∨ a2 ) = (g ∧ a1 ) ∨ (g ∧ a2 ) ≤ (g1 ∧ a1 ) ∨ (g2 ∧ a2 ).
Since gi ∧ ai ∈ I for i = 1, 2, it follows from this that g ∧ (a1 ∨ a2 ) ∈ I.
Therefore, since J contains I, we have g ∧ (a1 ∨ a2 ) ∈ J. Since G is a filter,
we have g ∈ J or a1 ∨ a2 ∈ J. However, g ∈ J is impossible since g1 ∈ G
and g2 ∈ G. Thus, a1 ∨ a2 ∈ J, as required.
We make note of the fact that the proof of Theorem 3.10 relies on Zorn’s
Lemma, which we already encountered in the context of the Alexander
subbase theorem in Chapter 2, see p. 41. In fact, in Zermelo-Fraenkel set
theory without choice, the statement of Theorem 3.10 is strictly weaker
than the axiom of choice. It is equivalent to both the ultrafilter theorem for
Boolean algebras and to the Alexander subbase theorem (cf., e.g., [43]).
From Theorem 3.10, we obtain the following representation theorem for
distributive lattices, due to Stone (1937/38) [89].3
Theorem 3.11 (Stone representation for distributive lattices). Let L be a
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lattice. The function
d : L → D(PrFilt(L))
(−)
b := {F ∈ PrFilt(L) | a ∈ F }
a 7→ a
d is injective if, and
is a well-defined lattice homomorphism. Moreover (−)
only if, L is distributive. In particular, any distributive lattice L embeds into
the lattice of down-sets of the poset PrFilt(L).
d is a well-defined lattice
Proof. We leave it as Exercise 3.14 to prove that (−)
homomorphism. If it is moreover injective, then L is distributive, as L is
then isomorphic to a sublattice of a distributive lattice. Conversely, suppose
that L is distributive and let a, b ∈ L be such that a ≰ b. Then the filter
F := ↑a generated by a is disjoint from the ideal I := ↓b generated by b. By
Theorem 3.10, pick a prime filter G containing F and disjoint from I. Then
b\b
b ̸⊆ b
G∈a
b, so a
b.
d here as the notation we used in
Note that we use the same notation, (−),
Section 1.3 for the function from a finite lattice L to the lattice of down-sets
of join-irreducible elements of L. Indeed, if L is a finite lattice, then for any
b defined here in Theorem 3.11 and the set a
b in Section 1.3
a ∈ L, the set a
correspond to each other, under the correspondence between prime filters
and join-prime elements that holds in finite lattices (Exercise 3.3).
Theorem 3.11 is less satisfactory than the representation theorem for
finite distributive lattices, because it does not give an isomorphism, but
only a lattice embedding of a distributive lattice into a lattice of down-sets.
In order to get an isomorphism, and then a full duality, we will introduce a
topology on the set of prime filters in the next section.

Exercises for Section 3.1
Exercise 3.1. Let L be a lattice and F ⊆ L. Prove that the following are
equivalent.
(i) The set F is a filter.
(ii) For every finite S ⊆ L, we have

V

S ∈ F if, and only if, S ⊆ F .

(iii) The characteristic function χF : L → 2 of F preserves finite meets.
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Exercise 3.2. Let L be a lattice.

a. Prove that a subset I of L is an ideal if, and only if, I is a directed
up-set.
b. Conclude that F ⊆ L is a filter if, and only if, F is a filtering down-set.
c. Which direction of the characterization in (a) still holds in arbitrary
posets? Give an example showing that the other implication no longer
needs to hold.
Exercise 3.3. Let L be a lattice.
a. Prove that, for any a ∈ L, the set Fa := ↑a = {b ∈ L | a ≤ b} is a
filter.
b. Prove that, for any join-prime element j of L, the set Fj = ↑j is a
prime filter.
c. Prove that, for any prime filter F , if
V
jF := F is join-prime.

V

F exists and belongs to F , then

d. Prove that, if L is finite, then the assignments j 7→ Fj and F 7→ jF
constitute a well-defined bijection between the poset of join-prime
elements of L and the poset of prime filters of L, ordered by reverse
inclusion.
Exercise 3.4. Prove that every prime filter of the lattice N ⊕ Nop of Example 3.5 is either principal or equal to Fω .
Exercise 3.5. Prove that every prime filter of the lattice (N ⊕ 1)2 of Example 3.4 is principal, and thus, by the argument given in that example, of
the stated form.
Exercise 3.6. Consider the total order Q ∩ [0, 1]. Show that there are three
types of prime filters in this distributive lattice:
• for every q ∈ Q ∩ (0, 1], the principal prime filter Fq = ↑q,
• for every q ∈ Q ∩ [0, 1), the prime filter Gq := ↑q \ {q},
• for every irrational r ∈ (0, 1), the prime filter Hr := {q ∈ Q ∩
[0, 1] : r < q}.
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Make a diagram of the partial order on these prime filters.
Exercise 3.7. Show that the poset of prime filters of the lattice of rational
intervals from Example 3.7 is as stated. You may proceed as follows.
a. Show that, for every q ∈ [0, 1], Fq is a prime filter which is minimal in
the inclusion ordering (and thus maximal in the poset of prime filters).
b. Show that, for every prime filter F , there exists a unique q ∈ [0, 1]
such that Fq ⊆ F . Hint. For existence, consider the intersection of
the closures of the U ∈ F . For uniqueness, use that any two distinct
points in [0, 1] have a rational point in between.
c. Show that, for every irrational r ∈ (0, 1), if F is a prime filter and
Fr ⊆ F , then F = Fr .
d. Show that, for every rational q ∈ (0, 1), Fq− and Fq+ are maximal prime
filters.
e. Using the previous item, show that, if F is a prime filter and Fq ⊊ F
for some q ∈ (0, 1), then F = Fq− or F = Fq+ .
Exercise 3.8. Prove that, for any prime number p and k ≥ 1, the set
{n ∈ N : pk | n} is a prime filter in (N, |).
Exercise 3.9. (This exercise requires familiarity with basic ring theory;
see the article [10] and the recent monograph [24] for more about the link
between commutative algebra and lattice theory.)
Let R be a commutative ring with unit. Recall that a ring ideal I of
R is a subgroup of R such that, for every i ∈ I and r ∈ R, ri is in I. For
any subset S ⊆ R, there is a smallest ring ideal containing S, denoted here
P
⟨S⟩R , and consisting of all elements that can be written as ni=1 ri si for
some r1 , . . . , rn ∈ R and s1 , . . . , sn ∈ S. A ring ideal I is called prime if
I ̸= R and, whenever r, s ∈ R such that rs ∈ I, either r ∈ I or s ∈ I. A
ring ideal I is called radical if, for every r ∈ R, if rn ∈ I for some n ≥ 1,
then r ∈ I. (In this exercise, we use the expressions ‘(prime) ring ideal’ and
‘(prime) lattice ideal’ to avoid confusion between the notions. By ‘radical
ideal’ we always mean radical ring ideal.)
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a. Prove that, for any set S, the set
√

S := {r ∈ R : rn ∈ ⟨S⟩R for some n ≥ 1}

is the smallest radical ideal containing S, called the radical ideal generated by S.
b. Prove that the collection RIdlf g (R) of finitely generated radical ideals
of R is a distributive lattice under the inclusion order.
c. Prove that, if P is a prime ring ideal of R, then
φ(P ) := {I ∈ RIdlf g (R) : I ⊆ P }
is a prime lattice ideal of RIdlf g (R).
d. Prove that φ is an order-isomorphism between the prime ring ideals
of R and the prime lattice ideals of RIdlf g (R).
Exercise 3.10. Let L and M be distributive lattices. Prove that the prime
filters of L × M are exactly the filters of the form F × {⊤M } for some prime
filter F of L, or {⊤L } × G for some prime filter G of M . Conclude that the
poset of prime filters of L × M is the disjoint union of the posets of prime
filters of L and of M .
Exercise 3.11. Prove Lemma 3.9.
Exercise 3.12. Let C ⊆ Filt(L) be a directed collection of filters, i.e.,
C is non-empty, and if G1 , G2 ∈ C, then there exists G0 ∈ C such that
S
G1 ∪ G2 ⊆ G0 . Prove that G∈C G is a filter. Conclude in particular that
the union of a non-empty chain of filters is a filter.
Exercise 3.13. Let L be a lattice.
a. Prove that any intersection of a collection of filters is a filter. Conclude that, in particular, for any S ⊆ L, there exists a smallest filter
containing S. We refer to this filter as the filter generated by S and
denote it by ⟨S⟩filt .
b. Prove that, for any S ⊆ L,
⟨S⟩filt = {b ∈ L | there exists finite T ⊆ S such that

^

T ≤ b}.
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c. Prove that, if G is a filter and a ∈ L, then
⟨G ∪ {a}⟩filt = {b ∈ L | there exists g ∈ G such that g ∧ a ≤ b}.
Conclude that, if I is a down-set which intersects ⟨G ∪ {a}⟩filt nontrivially, then there exists g ∈ G such that g ∧ a ∈ I.
d. Formulate and prove analogous results for the ideal generated by a set
S, notation ⟨S⟩idl .
d defined in
Exercise 3.14. Prove that, for any lattice L, the function (−)
Theorem 3.11 is a well-defined lattice homomorphism.

Exercise 3.15. Let L := {a ⊆ N | a is finite or a = N}, the distributive
lattice of finite subsets of N and N itself.
a. Show that, for each n ∈ N, the set xn := {a ∈ L | n ∈ a} is a prime
filter of L.
b. Show that x∞ := {N} is a prime filter of L.
c. Show that PrFilt(L) = {xn | n ∈ N} ∪ {x∞ }.
d. Explicitly describe the partial order ≤ on PrFilt(L).
Exercise 3.16. A subset a of a set X is called co-finite (in X) if X \ a is
finite. Let M := {a ⊆ N | a is finite or co-finite}, the distributive lattice
of finite or co-finite subsets of N, and let L be the lattice defined in the
previous exercise, Exercise 3.15.
a. Prove that, for any lattice homomorphism h : L → 2, there exists a
unique lattice homomorphism h′ : M → 2 that extends h. (Hint: use
Exercise 1.20.b.)
b. Write down an explicit bijection between PrFilt(L) and PrFilt(M ).
(Hint: use item (a) and Lemma 3.9.)
c. Describe the partial order ≤ on PrFilt(M ). Which of the two directions of the bijection in the previous item is order-preserving?
Exercise 3.17. Deduce from Stone’s prime filter-ideal theorem that any
filter F in a distributive lattice L is equal to the intersection of all prime
filters G that contain F .
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3.2

Priestley duality

In this section, we introduce a topology on the poset PrFilt(L) that makes
it into a special kind of compact ordered space, called Priestley space, after
H. A. Priestley, who introduced this topology in [72]. We will then show
that the poset PrFilt(L), equipped with this topology, completely represents
the distributive lattice L. Finally, we will also prove that homomorphisms
between distributive lattices correspond to continuous order preserving functions between their dual spaces.

The Priestley dual space of a lattice
Definition 3.12. Let L be a distributive lattice. The Priestley topology,
τ p , on the set PrFilt(L) is the topology generated by the subbasis
b | a ∈ L} ∪ {(b
S := {a
b)c | b ∈ L}.

This definition makes PrFilt(L) into a special kind of compact ordered
space, as we prove now.
Proposition 3.13. Let L be a distributive lattice.
1. The topology τ p on PrFilt(L) is compact.
2. For any F, G ∈ PrFilt(L), if F ≰ G, then there exists a clopen downset U in PrFilt(L) such that G ∈ U and F ̸∈ U .
In particular, (PrFilt(L), τ p , ≤) is a compact ordered space.
Proof. 1. By the Alexander Subbasis Lemma (p. 41), it suffices to prove
that any cover C ⊆ S of PrFilt(L) by open sets from the subbasis has a
finite subcover. Let S, T ⊆ L be such that
PrFilt(L) =

[
a∈S

b∪
a

[

(bb)c .

b∈T

Rephrasing slightly, this equality says that every prime filter G of L that
contains the set T must intersect the set S non-trivially. In particular,
writing F for the filter generated by T and I for the ideal generated by S,
every prime filter G of L that contains F must intersect I non-trivially. By
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Theorem 3.10, the intersection of F and I is non-empty, so pick c ∈ F ∩ I.
V
By Exercise 3.13, pick finite T ′ ⊆ T and finite S ′ ⊆ S such that T ′ ≤ c
W
V
W
d is a lattice
and c ≤ S ′ . In particular, T ′ ≤ S ′ , and hence, since (−)
T
S
b. Rewriting this
homomorphism (Theorem 3.11), we have b∈T ′ bb ⊆ a∈S ′ a
subset inclusion, we conclude that
PrFilt(L) =

[
a∈S ′

b∪
a

[

(bb)c .

b∈T ′

2. Let F, G ∈ PrFilt(L) be such that F ≰ G. By definition, there exists
b is a clopen down-set that
a ∈ L such that a ∈ G and a ̸∈ F . Thus, U := a
contains G but not F .
By (2) and Exercise 2.22, (PrFilt(L), ≤, τ p ) is in particular a compact
ordered space.
Proposition 3.13 gives rise to the following definitions.
Definition 3.14. An ordered topological space (X, τ, ≤) is called totally
order-disconnected if, for every x, y ∈ X, whenever x ≰ y, there exists a
clopen down-set U in X such that y ∈ U and x ̸∈ U .
A compact ordered space which is totally order-disconnected is called a
Priestley space.
Example 3.15. Recall from Example 3.4 the lattice N ⊕ 1 and its poset
of prime filters X := {F1 , F2 , . . . } ∪ {Fω }, see Figure 3.2. For any n ∈ N,
b is the finite subset {Fi : 1 ≤ i ≤ n}, and ω
b = X. It follows that, for
n
b \ n[
every 1 ≤ n < ω, the singleton {Fn } is equal to n
− 1, and is therefore
clopen in the Priestley topology. Therefore, every subset of X \ {Fω } is
open. If, on the other hand S ⊆ X and Fω ∈ S, then S is open if, and only
if, S is co-finite (see Exercise 3.16). This topology is homeomorphic to the
one-point compactification of the discrete countable space {F1 , F2 , . . . }; also
see Exercise 3.19 and Example 3.38 below.
As shown in Example 3.4, the lattice (N ⊕ 1)2 has as its dual poset the
disjoint union of X with itself. For (n, m) ∈ (N ⊕ 1)2 , the clopen down-set
\
(n,
m) is the union of {F(n′ ,0) : n′ ≤ n} and {F(0,m′ ) : m′ ≤ m}. It follows
that the topology is also the disjoint union of the topologies on the two
copies of X, i.e., a subset U ⊆ X + X is open if, and only if, its intersection
with both the ‘left’ and ‘right’ copy of X is open; see also Exercise 3.20.
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Example 3.16. We continue Example 3.5 of the lattice N ⊕ Nop , whose
dual poset was depicted in Figure 3.3. For n ∈ N, we have that
[
(n,
0) = {F(k,0) : k ≤ n},
and
[
(n,
1) = {F(k,1) : k ≥ n} ∪ {Fω } ∪ {F(m,0) : m ∈ N}.
It follows that, for n ≥ 1,
[
{F(n,0) } = (n,
0) \ (n\
+ 1, 0),
and, for n ≥ 0,
[
{F(n,1) } = (n,
1) \ (n\
+ 1, 1),
so that again all the singleton sets except for {Fω } are open in the Priestley
topology. As in the previous example, one may again prove that the topology
is homeomorphic to the one-point compactification of the discrete countable
space {F(k,i) : k ∈ N, i ∈ {0, 1}}. The only thing distinguishing this space
from the space X in the previous example is the partial order.
Example 3.17. We continue Example 3.6 of the lattice of divisibility (N, |),
whose dual poset was depicted in Figure 3.4. Clearly, b
0 is the entire space,
and for any n ≥ 1, we have
b = {Fpk : pk | n, p prime, k ≥ 1}.
n

In particular, for any prime p and k ≥ 1, we have that
k−1 ,
{Fpk } = pck \ pd

b is finite for every n ≥ 1, it
so all singletons except {F0 } are clopen. Since n
follows again that a clopen set K in the Priestley topology contains F0 if,
and only if, it is co-finite, and the topology on the dual poset is again the
one-point-compactification of a discrete countable space.

Example 3.18. We continue Example 3.7 of the lattice of finite unions of
rational intervals, whose dual poset was depicted in Figure 3.5. As a useful
notation for the rest of this example (also see Notation 3.19 below), for every
r ∈ [0, 1], we denote the prime filter Fr defined in Example 3.7 simply by r,
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and we write r+ and r− for the prime filters that were denoted by Fr+ and
Fr− , respectively, whenever they exist. Also, for every r ∈ [0, 1], let us write
Xr for the set of prime filters ‘located’ at r, that is,


{r}



 {r, r + , r− }
Xr :=

{0, 0+ }



 {1, 1− }

if
if
if
if

r
r
r
r

is irrational,
∈ [0, 1] ∩ Q,
= 0,
= 1.

Now, towards describing the Priestley topology on the poset X =
note that, for any q ∈ Q ∩ [(0, 1],
[
[0,
q) =

[

S

r∈[0,1] Xr ,

Xr ∪ {q − },

r<q

[
(q,
1] = {q + } ∪

[

Xr ,

q<r

and, hence,
c

[
[
[0,
q) = {q} ∪ (q,
1],
c

[
[
(q,
1] = [0,
q) ∪ {q}.
It follows that, in the Priestley topology, for any q ∈ Q ∩ [0, 1], the singleton
c
c
[
[
{q} is clopen, since it is equal to [0,
q) ∩ (q,
1] . In fact, the collection of
clopen sets in the Priestley topology is generated as a sublattice of P(X) by
[
[
the sets [0,
q), (q,
1], and {q}, for q ∈ Q ∩ [0, 1]. To see this, note that the
complement of any of the generating sets is equal to a finite union of other
[
[
generating sets: for [0,
q) and (q,
1] this was already shown above, and for
{q}, note that
[
[
{q}c = [0,
q) ∪ (q,
1].
Now note also that the sublattice generated by the sets of these three forms
[
is equal to the collection of finite unions of sets (p,
q), a finite set of rationals
[
[
and [0, a) and (b, 1]. For an open subset U in the Euclidean topology on
[0, 1], write
Ũ :=

[

{Ib : I a rational open interval in [0, 1] such that I ⊆ U },
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a Priestley open down-set of X. It then follows that any open set of the
Priestley topology can be written as a union Ũ ∪ V , where U is an open
subset of [0, 1] in the Euclidean topology, and V is a subset of Q ∩ [0, 1]. It
is instructive to give a direct proof that this is indeed a compact topology
on X; such a proof is outlined in Exercise 3.22.
In Definition 3.12 above we consider a topology on the set of prime
filters of a lattice L. By Lemma 3.9, this set is in bijection with the set of
prime ideals and with the set of homomorphisms of the lattice into 2. As
a consequence, this topology may be translated to any of these three sets.
Indeed, in the literature, depending on the time period, or the applications
to be treated, the dual space of a lattice may be based on any of these three
sets of points. As we will see later in this book, for some applications, it
is useful to be able to switch flexibly between these choices. This is the
motivation for working with what we will call the neutral dual space 4 , which
has a ‘neutral’ underlying set of points that comes equipped with named
bijections to the prime filters, the prime ideals, and the homomorphisms
into 2 that are connected as in Lemma 3.9.
Notation 3.19 (The neutral dual space). Let L be a distributive lattice. We
fix a set XL of the same cardinality as PrFilt(L), PrIdl(L) and HomDL (L, 2),
and we fix three bijections:
F(−) : XL → PrFilt(L),
I(−) : XL → PrIdl(L), and
h(−) : XL → HomDL (L, 2)
so that, for all x ∈ XL and for all a ∈ L, we have
a ∈ Fx

⇐⇒

a ̸∈ Ix

⇐⇒

hx (a) = ⊤.

Thus, to any element x ∈ XL there corresponds a unique prime filter Fx of
L, a unique prime ideal Ix of L, which is the set complement of Fx in L, and
a unique homomorphism hx : L → 2, which is the characteristic function of
Fx . Elements of the set XL are called points of the distributive lattice L, and
are usually denoted by lowercase letters towards the end of the alphabet.
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We define a partial order ≤ on XL by
x ≤ y if, and only if, Fx ⊇ Fy ,
if, and only if, Ix ⊆ Iy ,
if, and only if, hx ≥ hy pointwise.
b is defined by
For any a ∈ L, the set a
b = {x ∈ X | a ∈ Fx }
a

= {x ∈ X | a ̸∈ Ix }
= {x ∈ X | hx (a) = ⊤}.
The Priestley topology, τ p , on XL is the topology generated by the subbasis
b | a ∈ L} ∪ {b
{a
bc | b ∈ L}.
Definition 3.20. Let L be a distributive lattice. The tuple (XL , ≤, τ p ) is
called the Priestley dual space of L.
Remark 3.21 (On the definition of the order on the dual space). Our
definition of the order on the Priestley dual space is aligned with the point
of view on prime filters as idealized join-prime elements of the lattice; also
see our remarks preceding Definition 3.3 above. However, in some literature,
the ordering on the Priestley dual space of a lattice is the opposite of the
one we give here. While this is ultimately a matter of convention, it is also
a potential source of confusion, that the reader should be aware of, and we
now explain in some detail why the two choices naturally exist.
Indeed, since for any distributive lattice L, the reverse lattice Lop is also
a distributive lattice, and the poset of prime filters of Lop is the opposite
poset of the prime filters of L, both (XL , ≤, τ p ) and (XL , ≥, τ p ) are Priestley
spaces. To build a dual equivalence between distributive lattices and ordered
topological spaces, one needs to associate one of these two spaces to L and
the other to Lop , but there is a free choice as to which space is associated
to which lattice. With the choice we make here, L is isomorphic to the
clopen down-sets of its Priestley dual space; with the other choice, L will be
isomorphic to the clopen up-sets.
While our choice is more natural relative to our view on prime filters and
in comparison with the case of finite distributive lattices, where the dual is
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a subset of the lattice and is thus already equipped with a partial order,
there are settings where putting the opposite order on the dual space can be
a more natural choice. This is in particular the case in the more categorical
point of view on the points of the dual space as the set of homomorphisms
into 2, and also relative to the convention for the specialization order in
topology, where open sets are up-sets.
In this book, we mostly focus on the choice given in the above definition,
and we notify the reader when we need to diverge from this choice; this will
in particular be the case in Chapters 6 and 7, in order to make the link with
existing literature on frames and domains, where the other choice is more
prevalent.

Priestley representation
We can use the Priestley topology to exactly identify which down-sets lie in
d from the representation theorem for distributive
the image of the map (−)
lattices, Theorem 3.11.
d: L→
Proposition 3.22. Let L be a distributive lattice. The image of (−)
D(XL ) consists exactly of those down-sets in XL that are clopen in the
Priestley topology.
b is clopen
Proof. It is clear from the definition of the Priestley topology that a
for every a ∈ L. Conversely, let A be an arbitrary clopen down-set of XL .
For every y ∈ A and x ̸∈ A, since A is a down-set, we have that x ̸≤ y,
so, by definition of ≤, pick an element bx,y ∈ L such that bx,y ∈ Fy and
c
bx,y ̸∈ Fx . In particular, for every y ∈ A, the collection {(bd
x,y ) | x ̸∈ A}
is a cover of Ac . Since A is open, its complement, Ac , is closed, and hence
c
compact. For every y ∈ A, pick a finite subcover {(bd
xi ,y ) | i = 1, . . . , n} of
T
V
n
cy ⊆ A.
Ac . Then ni=1 bd
xi ,y ⊆ A, so, defining ay := i=1 bxi ,y , we have y ∈ a
Doing this for every y ∈ A, we obtain a cover {acy | y ∈ A} of A, which is
closed, and hence compact. Pick a finite subcover {ac
yi | j = 1, . . . , m} of A.
Wn
b, as required.
Defining a := j=1 ayj , we have A = a
d was already shown to be a lattice embedding in Theorem 3.11,
Since (−)
we obtain the following representation result for distributive lattices.

Corollary 3.23. Any distributive lattice is isomorphic to the lattice of
clopen down-sets of its Priestley dual space.
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For a Priestley space X, we denote by ClpD(X) its lattice of clopen
down-sets. Proposition 3.22 may then be rephrased as: for any distributive
d is an isomorphism from L to ClpD(X).
lattice L, the map (−)
In the next subsection, we show how this representation of distributive
lattices extends to homomorphisms between lattices.

Priestley duality for homomorphisms
Let L and M be distributive lattices, and denote by X and Y the Priestley
dual spaces of L and M , respectively. First, let f : X → Y be an orderpreserving function. We have a complete homomorphism f −1 : D(Y ) →
D(X), which sends any down-set D of Y to the down-set f −1 (D) of X.
Now assume that f is moreover continuous. This means that the inverse
image under f of any clopen down-set in Y is a clopen down-set in X.
In other words, by Proposition 3.22, f −1 restricts correctly to a function
d for M and L. For any
between the images of the representation maps (−)
b ∈ M , let hf (b) denote the unique element of L such that f −1 (bb) = h[
f (b);
−1
that is, hf : M → L is the restriction of f to M and L, identifying them
d in the down-set lattices. In a diagram:
with their image under (−)
D(Y )

f −1

D(X)

d
(−)

M

d
(−)

hf

L

Note that hf is a lattice homomorphism, because it is essentially the restriction of the complete lattice homomorphism f −1 .
Recall that, for any point x ∈ X, hx denotes the homomorphism L → 2
naturally associated to x. Now note that, for any x ∈ X, b ∈ M ,
hf (x) (b) = ⊤ ⇐⇒ f (x) ∈ bb ⇐⇒ x ∈ h[
f (b) ⇐⇒ hx (hf (b)) = ⊤,
i.e., the homomorphism hf (x) associated to the point f (x) ∈ Y is equal the
composition hx ◦ hf .
Crucially, every lattice homomorphism from M to L arises as hf for some
continuous order-preserving f , as we will now prove.
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Proposition 3.24. Let L and M be distributive lattices with Priestley dual
spaces X and Y , respectively. For any lattice homomorphism h : M → L,
there exists a unique continuous order-preserving function f : X → Y such
that h = hf .
Proof. Let h : M → L be a lattice homomorphism. Define f : X → Y to be
the function which associates to each element x ∈ X the element f (x) ∈ Y
corresponding to the homomorphism hx ◦ h. By the above remarks, this is
the only function f such that h = hf . In particular, for any a ∈ M , we have
d Hence, f is continuous, by the definition of the Priestley
b) = h(a).
f −1 (a
topologies on X and Y . Moreover, if x ≤ x′ , then hx ≥ hx′ pointwise, so
that also hf (x) = hx ◦ h ≥ hx′ ◦ h = hf (x′ ) pointwise; thus, f (x) ≤ f (x′ ).
Note the similarity of Proposition 3.24 to Proposition 1.20 in the finite Birkhoff duality. Indeed, Proposition 1.20 is a special case of Proposition 3.24, if one takes into account the correspondence between prime filters
and join-irreducibles in the finite case (Exercise 3.3). Exercise 3.23 gives a
less conceptual, more concrete way of finding the map f for which h = hf ,
by working directly with prime filters.
We give two examples of homomorphisms and their duals, using the
examples of Priestley spaces that we developed in this chapter.
Example 3.25. Recall the lattices N ⊕ 1 and N ⊕ Nop , whose Priestley dual
spaces where described in Examples 3.15 and 3.16. Consider the (injective)
lattice homomorphism h : N ⊕ 1 → N ⊕ Nop which sends each n ∈ N to (n, 0),
and ω to (0, 1). For a prime filter Fx in the dual space of N ⊕ Nop , the prime
filter Ff (x) is the inverse image under h of Fx (see Exercise 3.23). Thus, the
continuous order-preserving function f from the dual space of N ⊕ Nop to
the dual space of N ⊕ 1 sends every prime filter F(n,0) to Fn , for n ∈ N, and
sends Fω , as well as any prime filter above it, to the prime filter Fω of the
dual space of N ⊕ 1.
Example 3.26. Consider the lattice (N, |), whose Priestley dual space was
described in Example 3.17. A natural number n is called square-free if it is
a product of distinct primes, i.e., for any prime p and k ≥ 1, if pk | n then
k = 1. Note that the subset S of square-free or zero numbers is a sublattice
of (N, |). A prime filter of S is either {0}, or of the form Fp ∩ S for some
prime p; indeed, note that Fpk ∩ S = Fp ∩ S for any k ≥ 1. Denote by h the
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inclusion homomorphism S → N. The Priestley dual of h is the function
which sends {0} to itself and each prime filter Fpk of N to the prime filter
Fp ∩ S of S; see Figure 3.6.
F0
..
.
F4

F0

..
.
F9

..
.
F25

↠
...
...

F2

F3

F5

F2 ∩ S

F3 ∩ S

F5 ∩ S

Figure 3.6: The dual of the homomorphism h : S ,→ (N, |).
Also consider the function g : N → S, which sends any n ≥ 0 to its
largest square-free divisor, and 0 to 0; concretely, if n = pk11 · · · pkmm for
distinct primes p1 , . . . , pm and k1 , . . . , km ≥ 1, then g(n) := p1 · · · pm . Note
that g is upper adjoint to h: for any s ∈ S and n ∈ N, we have that h(s) | n
if, and only if, s | g(n). In particular, g is meet-preserving. Note that g is
in fact a homomorphism: clearly g(1) = 1, and for any n, n′ ∈ N, a prime
p divides g(n ∨ n′ ) if, and only if, p | n or p | n′ , if and only if, p divides
g(n) ∨ g(n′ ); hence, g(n ∨ n′ ) = g(n) ∨ g(n′ ). The dual of g is the function
which sends each prime filter Fp ∩ S of S to the prime filter Fp of N, and
{0} to {0}. The functions dual to h and g are also an adjoint pair between
the Priestley posets of prime filters; we will come back to this example in
Section 7.3 of Chapter 7, when we discuss ‘bifinite domains’.
As we did before in Chapter 1, we now state Priestley’s duality theorem
without having formally defined what a dual equivalence is. We refer to
Chapter 5 for the precise definitions of the terms that are used, and you
will then be able to deduce this theorem for yourself in Exercise 5.11, also
see the details given in Theorem 5.36. For now, it suffices that the reader
understands Corollary 3.23 and Proposition 3.24, which form the content of
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the theorem.
Theorem 3.27. The category DL of bounded distributive lattices with homomorphisms is dually equivalent to the category Priestley of Priestley
spaces with continuous order-preserving functions.

Exercises for Section 3.2
Exercise 3.18. Let L be the lattice of finite subsets of N and N itself,
as defined in Exercise 3.15. Recall from Exercise 3.15 the description of
PrFilt(L) as {xn | n ∈ N} ∪ {x∞ }. Consider the Priestley topology on
PrFilt(L).
a. Prove that, for every n ∈ N, {xn } is clopen.
b. Prove that a subset K ⊆ PrFilt(L) is clopen if, and only if, either K
is finite and does not contain x∞ , or K is co-finite and contains x∞ .
Exercise 3.19. Let M be the lattice of finite or co-finite subsets of N, as
defined in Exercise 3.16, and let L be the lattice of finite subsets of N and N
itself. Recall from Exercise 3.16 that there is a bijection between PrFilt(L)
and PrFilt(M ), which is order-preserving in only one direction.
a. Prove that the bijection from Exercise 3.16 is a homeomorphism between (PrFilt(L), τ p ) and (PrFilt(M ), τ p ).
d between M and the clopen
b. Write down explicitly the isomorphism (−)
down-sets of PrFilt(M ), and show that it restricts correctly to an
isomorphism between L and the clopen down-sets of PrFilt(L).

Exercise 3.20. Let L and M be distributive lattices with Priestley dual
spaces X and Y , respectively. Prove that the Priestley dual space of the
Cartesian product L × M is homeomorphic to the disjoint sum of the Priestley spaces X and Y . Hint. Recall Exercise 3.10 for the poset part.
Exercise 3.21. Describe the Priestley dual space of the distributive lattice
given in Example 3.1.
Exercise 3.22. Prove directly that the topology on the poset X from
Example 3.18 is compact.
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You may proceed as follows. Let C be a cover of X that consists of sets
[
[
of the form [0,
q), (q,
1], and {q}, for q ∈ Q ∩ [0, 1], i.e.,
[
[
C = {[0,
a) : a ∈ L} ∪ {(b,
1] : b ∈ R} ∪ {{p} : p ∈ P },
for some subsets L, R, P ⊆ Q ∩ [0, 1].
a. Explain why it is enough to prove that any such cover C has a finite
subcover. Hint. Find the appropriate Lemma in Chapter 2.
b. Prove that sup L ≥ inf R.
c. Prove that there exist a ∈ L and b ∈ R such that a ≥ b. Hint.
Towards a contradiction, if this were false, consider the prime filters
around s := sup L, which will then equal inf R using the previous item.
d. Conclude that C has a subcover consisting of at most three sets.
Exercise 3.23. Let h : M → L be a homomorphism between distributive
lattices. Let X and Y be the Priestley dual spaces of L and M , respectively,
and f : X → Y the continuous order-preserving function dual to h : M → L.
Prove that, for any x ∈ X, the prime filter Ff (x) is equal to h−1 (Fx ), and
the prime ideal If (x) is equal to h−1 (Ix ).

3.3

Boolean envelopes and Boolean duality

We now show how Stone’s original duality for Boolean algebras [88] is a
special case of Priestley duality. In Chapter 6, we will see how, in turn,
Priestley duality can also be derived and derives from Stone’s original duality
for distributive lattices [89].
Recall the definition of Boolean envelope given in Definition 1.16. Towards deriving Stone duality for Boolean algebras from Priestley duality,
we now prove the existence and uniqueness of Boolean envelopes. First,
uniqueness is straight-forward, and in fact a consequence of the more general fact that “free objects are unique up to isomorphism”. Compare for
example Proposition 4.2 in Chapter 4 on the free distributive lattice, and
Example 5.17 in Chapter 5, which puts free constructions in the general
categorical setting of left adjoints to a forgetful functor.
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Proposition 3.28. Let L be a distributive lattice. If e : L → B and e′ : L →
B ′ are Boolean envelopes of L, then there is a unique isomorphism φ : B →
B ′ such that φ ◦ e = e′ .
Proof. Let φ be the unique homomorphism B → B ′ such that φ ◦ e = e′ ,
by the existence part of the defining property of the Boolean envelope of e,
and similarly ψ : B ′ → B such that ψ ◦ e′ = e. Since ψ ◦ φ ◦ e = ψ ◦ e′ = e,
we must have ψ ◦ φ = idB by the uniqueness part of the defining property
of the Boolean envelope e. Similarly, φ ◦ ψ = idB ′ .
Note in particular that it follows from Proposition 3.28 that the Boolean
envelope of a Boolean algebra L is simply L itself. For the construction
of the Boolean envelope of an arbitrary distributive lattice, we will use the
following lemma, which will also sometimes be useful later.
Lemma 3.29. Let (X, τ, ≤) be the Priestley space dual to a distributive
lattice L. The collection
b\b
B := {a
b | a, b ∈ L}

is a basis for the topology τ , and any clopen set of τ is a finite union of sets
in B.
Proof. By the definition of τ and Exercise 2.5.c, the collection of finite
b and b
intersections of sets of the form a
bc is a basis for τ . This collection is
equal to B: if P, N ⊆ L are finite sets, then
\
a∈P

b∩
a

\

^
d _
d
b
bc = P \ N .

b∈N

Any open set is therefore equal to a (possibly infinite) union of sets in B. If
the open set is moreover closed, then it is compact, so that this union can
be taken to be finite.
Proposition 3.30. Let L be a distributive lattice. The Boolean algebra L−
of clopen subsets of the Priestley dual space of L together with the embedding
d : L → L− is the Boolean envelope of L.
(−)
Proof. We will prove that the Boolean algebra L− , with the embedding
d has the universal property required of the Boolean envelope (Defini(−),
tion 1.16). Let h : L → A be a homomorphism, with A a Boolean algebra.
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We will construct the unique homomorphism L− → A extending h using
duality. Write Y for the dual Priestley space of L, and X for the dual
Priestley space of A. By Proposition 3.24, pick the unique continuous orderpreserving function f : X → Y such that h = hf . We will now use this f to
define h̄. Indeed, let b ⊆ Y be any clopen set. By continuity of f , the set
f −1 (b) is clopen in X; define h̄(b) to be the unique element of A such that
h̄(b) = f −1 (b). Note that h̄ is a homomorphism of Boolean algebras, because
d

d
b) = f −1 (a
b) = h(a),
the function f −1 is. Also, for any a ∈ L, we have h̄(a
d = h. To see that h̄ is the unique such homomorphism,
showing that h̄ ◦ (−)
d = h. Note that
suppose that g : L− → A is any homomorphism with g ◦ (−)
−
the set E := {b ∈ L : g(b) = h̄(b)} is a Boolean subalgebra of L− , which
d By Lemma 3.29, any clopen set of Y is
contains the image of L under (−).
b for a ∈ L; thus, E = L− , so
a Boolean combination of sets of the form a
that g = h̄.
d

Using this characterization of the Boolean envelope, we now in particular
deduce the following characterization of Boolean algebras, from which we
will then further obtain Stone duality for Boolean algebras.
Proposition 3.31. A distributive lattice L is a Boolean algebra if, and only
if, the order on the dual Priestley space of L is trivial.
Proof. Note that a distributive lattice L is a Boolean algebra if, and only if,
the embedding of L into L− is an isomorphism. By Proposition 3.30, this
happens if, and only if, every clopen subset of the dual Priestley space X of L
is a down-set. The latter is clearly the case if the order on X is trivial, which
shows the right-to-left direction. For the left-to-right direction, suppose that
the order on X is not trivial: pick x, y ∈ X with x ≤ y and y ≰ x. Since
X is a Priestley space, pick a clopen down-set K of X with x ∈ K and
y ̸∈ K. The set X \ K is clopen, but it contains y and not x, so it is not a
down-set.
Note that Proposition 3.31 implies in particular that the prime filters
of a Boolean algebra form an anti-chain; in other words, every prime filter
is maximal. This is the general version of the fact (Proposition 1.22) that
a finite distributive lattice is a Boolean algebra exactly when every joinirreducible element is an atom.
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Stone duality for Boolean algebras may – anachronistically, see note 3 –
be viewed as Priestley duality ‘without the order’. We end this section by
giving the definitions in detail.
Definition 3.32. A proper filter F in a lattice L is called a maximal filter
if it is inclusion-maximal among the proper filters of L, i.e., for any proper
filter F ′ such that F ⊆ F ′ , we have F = F ′ .
We note here an alternative characterization of maximal filters in a
Boolean algebra: a proper filter F in a Boolean algebra B is prime if, and
only if, for every a ∈ B, either a or ¬a is in F . Filters satisfying the latter
conditions are usually called ultrafilters in the literature. Exercise 3.24 asks
you to prove that a filter is indeed prime iff it is maximal iff it is ultra.
Definition 3.33. A Boolean space 5 is a topological space (X, τ ) which is
compact and totally disconnected, i.e., for any two points x, y ∈ X, if x ̸= y,
then there exists a clopen subset K ⊆ X such that x ∈ K and y ̸∈ K.
Note that a topological space (X, τ ) is Boolean if, and only if, (X, τ, =)
is a Priestley space (Exercise 3.25). A space is called zero-dimensional if
its clopen subsets form a basis. An alternative characterization of Boolean
spaces is that they are exactly the topological spaces which are compact,
Hausdorff and zero-dimensional (Exercise 3.26).
The dual space of a Boolean algebra L is defined as the dual space of L,
viewed as a distributive lattice, under Priestley duality. By Proposition 3.31,
the partial order on the space will be trivial in this case, and, because
b)c = ¬a
c for any a ∈ L, the definition of the topology can also be slightly
(a
simplified, as follows.
Definition 3.34. Let L be a Boolean algebra. The dual space of L is the
set XL of ultrafilters of L, equipped with the topology generated by the sets
b := {x ∈ XL | a ∈ Fx }, a ∈ L.
a

If X is a Boolean space, its dual algebra is the Boolean algebra of clopen
subsets of X.
The following two results are now immediate corollaries to Priestley
duality, using Proposition 3.31.
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d : L → P(X ) is an
Corollary 3.35. Let L be a Boolean algebra. Then (−)
L
embedding of Boolean algebras, whose image consists of the clopen subsets
of XL . In particular, any Boolean algebra is isomorphic to the algebra of
clopen subsets of its dual space.

For morphisms, one specializes the account from Section 3.2 by dropping
‘order preserving’. If X and Y are the dual spaces of Boolean algebras L
and M , and f : X → Y is a continuous function, then f −1 : P(Y ) → P(X)
d The homomorphism
restricts correctly to the images of M and L under (−).
−1 (a
\
b), for every
hf : M → L is defined by the condition that h
f (a) = f
a ∈ M.
Corollary 3.36. Let L and M be Boolean algebras with dual spaces X and
Y , respectively. For any Boolean algebra homomorphism h : M → L, there
is a unique continuous function f : X → Y such that h = hf .
We end this section by giving two well-known examples of Boolean spaces
and their dual algebras, which will be used later in this book.
Example 3.37 (Stone-Čech compactification of a discrete space). Let X
be an infinite set, and consider the Boolean algebra P(X) of all subsets
of S. The dual space Y of P(X) is, up to homeomorphism, the so-called
Stone-Čech compactification of the topological space obtained by endowing
the set X with the discrete topology.
First of all this means that Y is a compactification of X. That is, Y is
a compact Hausdorff space, and X, viewed as a discrete space, sits inside
Y as a dense subspace. To see that X sits densely in the dual space Y of
P(X), notice first that, for each x ∈ X, the principal filter Fx = ↑{x} is
prime or, in other words, an ultrafilter. We denote these points of Y by the
corresponding elements of X and, since distinct points of X give distinct
principal filters, we thus consider X as a subset of Y . Each point of X is
isolated in Y , because the clopen corresponding to the element {x} of P(X)
contains only x. Furthermore, any non-empty basic clopen of Y is of the
form
Tb = {y ∈ Y | T ∈ Fy }
for some non-empty T ⊆ X. Since T is non-empty, there is x ∈ T , and thus
T ∈ Fx , or equivalently, x ∈ Tb, which shows that X is a dense subspace of
Y.
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The fact that Y is the Stone-Čech compactification of X further means
that any other compactification of X is a quotient of Y . In Exercise 3.28
you are asked to show this for compactifications of X that fall within Stone
duality. That is, compactifications Z of X that are duals of Boolean algebras
B.
The Stone-Čech compactification is usually denoted by β and for this
reason, we will henceforth denote the dual space of P(X) by βX. As it
is usual to take the ultrafilters as the points of βX, we will also do that
here. This just means that our bijection F( ) , from the “neutral dual space”
notation (Notation 3.19), is the identity function in this case. Notice that
the so-called remainder of βX, that is, βX \ X, consists of the non-principal
prime filters (also known as the free ultrafilters).
Example 3.38. Let X be an infinite set, and consider the Boolean algebra
M of all subsets of X which are either finite or co-finite as introduced in
Exercise 3.16. It is easy to see, as above, that each element of X gives a
distinct principal ultrafilter of M and that these points are isolated in the
dual space Y of M . So, again, Y is a compactification of X. However, in
this case there is just one non-principal ultrafilter. To see this, let F be an
ultrafilter of M . If F contains a finite set S = {x1 , . . . , xn }, then
{x1 } ∪ · · · ∪ {xn } ∈ F
and thus {xi } ∈ F for some i and F is principal. Thus, if F is non-principal,
then F does not contain any finite sets. Further, for any finite set S, we
have
S∪X \S =X ∈F
and, because F is prime, it follows that X \ S ∈ F . That is, F must consist
of all the co-finite sets and nothing else.
The dual space of M is known as the one-point compactification of X.
We will denote it by X∞ = X ∪ {∞}. Its basic clopens are the finite subsets
of X and the co-finite subsets of X∞ that contain ∞. Thus the opens are
all the subsets of X and the co-finite subsets of X∞ that contain ∞.
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Exercises for Section 3.3
Exercise 3.24. Let F be a proper filter in a Boolean algebra B. Prove
that F is prime (and hence maximal) if, and only if, for every a ∈ B,
either a or ¬a is in F . Hint. The left-to-right direction follows easily from
a ∨ ¬a = ⊤. For the right-to-left direction, consider the proof of (1) ⇒ (2)
in Proposition 1.22.
Exercise 3.25. Prove that a topological space (X, τ ) is Boolean if, and only
if, (X, τ, =) is a Priestley space.
Exercise 3.26. Prove that a topological space (X, τ ) is Boolean if, and
only if, (X, τ ) is compact, Hausdorff, and zero-dimensional (i.e., the clopen
subsets form a basis).
Exercise 3.27. Prove that the Boolean envelope of a distributive lattice L
is isomorphic to the center of the congruence lattice of L, i.e., the lattice
(which is always a Boolean algebra) of those congruences on L that have a
complement in the complete lattice of congruences on L.
Exercise 3.28. Let X be a set, βX the dual space of P(X), and i : X → βX
the inclusion (see Example 3.37). Further, let B be a Boolean algebra with
dual space Z and suppose that there exists a map e : X → Z which embeds
X, viewed as a discrete space, in the space Z. Show that there is a unique
continuous function f : βX → Z so that the following diagram commutes.
X

i

βX
f

e
Z

Remark. A generalization of this result allows one to define an ordered
compactification of a partially ordered set P , by considering the Priestley
dual space of the lattice of down-sets of P .
Exercise 3.29. Again, let X be a set, βX the Stone-Čech compactification
of X or, equivalently, dual space of P(X), and i : X → βX the canonical
inclusion map.
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a. Let S ⊆ X and denote by e : S → X the corresponding inclusion.
By dualising the surjective e−1 : P(X) → P(S), verify that we get an
embedding βe : βS → βX extending e. In other words, βS may be
seen as a closed subspace of βX.
b. Show that, as a closed subspace of βX, βS consists of those ultrafilters
of βX that are upsets of their intersection with P(X).
c. Show that the Stone map
(c) : P(X) → Clp(βX)
is given by Tb = βT = T , where βT is viewed as a subspace of βX as
above, and ( ) stands for topological closure in βX.

Notes
1. The greatly influential American mathematician Marshall H. Stone introduced Stone
duality, for Boolean algebras and bounded distributive lattices in a series of papers published in the 1930s [85, 86, 88, 84, 89, 87]. Priestley duality [72] recasts Stone duality
in terms of Nachbin’s theory of ordered spaces [67]. See also results in this direction by
Nerode [68].
2. Just as join-prime elements in a (finite) distributive lattices are a special case of joinirreducible elements in general lattice theory, the notion of prime filter in a distributive
lattice can be generalized to a notion of ‘optimal’ filter, which applies to lattices that are
not necessarily distributive. Recall however from Chapter 1, note 6, that we only treat
duality for distributive lattices in this book.
3. While Stone’s representation theorem and duality for Boolean algebras [88] are widely
known, his results for distributive lattices, which include both a representation theorem
and a duality, have recently received less attention in the literature. One reason for this is
the fact that the spaces in Stone’s duality for distributive lattices [89] are non-Hausdorff.
Priestley’s work used a much nicer class of spaces, at the expense of equipping the space
with a partial order. In this book, we decided to introduce Priestley’s duality first, as it
nicely exhibits the interplay between order and topology that is central to the field. We
make the connection with Stone’s original duality in Chapter 6, see Theorem 6.4.
4. The neutral Priestley dual space as defined here is particularly useful for studying
duality for additional operations which are order preserving in some coordinates and order
reversing in others as well as (higher arity) operations that preserve or reverse both join
and meet in each coordinate. The latter was the subject of the papers [62, 63], where the
idea of using a neutral notation for a dual space with named bijections originates.
5. These spaces are sometimes called Stone spaces in the literature [46], but in other
references, the name ‘Stone space’ referred to the spaces that play a role in Stone’s more
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general duality for distributive lattices, and that we call spectral spaces, see Chapter 6.

Chapter 4

Duality methods
In this chapter, we build on the Priestley duality of the previous chapter to
develop methods for analyzing distributive lattices and the morphisms between them, with applications to logical systems associated to them. We first
show in Section 4.1 how Priestley duality allows us to easily compute free
distributive lattices and Boolean algebras, corresponding to normal forms
for propositional logic formulas. In Section 4.2, we establish correspondences between sublattices of a lattice and quotients of its dual space, and
also between quotients of a lattice and closed subspaces of its dual space.
These Galois-type correspondences are often instrumental for computing
dual spaces of lattices in concrete cases; we will give a basic example already in this chapter and we will make full use of these correspondences in
the application Chapters 7 and 8. Sections 4.3 and 4.5 show how duality
theory can treat classes of functions that are more general than the lattice
homomorphisms that appear in Priestley duality: operators. We first treat
unary operators (i.e., functions preserving only finite meets or finite joins,
but not both) in Section 4.3, and then in Section 4.5 we focus on a particularly relevant case of operators of arity 2, namely operators of implication
type. This case is sufficiently complex to show the flavor of the fully general case, while avoiding notational difficulties when dealing with operators
of general arity. In Sections 4.4 and 4.6, we give two classical applications
of operator duality, namely to deduce Kripke models for modal logic, and
to obtain Esakia duality for Heyting algebras, the algebraic structures for
intuitionistic propositional logic. Duality for operators will also be applied
in both Chapters 7 and 8; in particular, Section 4.5 contains some forward
96

CHAPTER 4. DUALITY METHODS

97

pointers to where this theory is relevant in both of those chapters.
The methods we develop in this chapter can also be viewed in a more
abstract categorical form, and we will do so for some of them in the next
chapter, Chapter 5. It is useful to first see them “in action”: this chapter
shows the use of individual instruments, while the next chapter shows how
they all fit together in an ensemble.

4.1

Free distributive lattices

In this section, we apply Priestley duality to give concrete descriptions of
free distributive lattices over sets. We also deduce a description of the free
Boolean algebra over a set as a corollary. We will point out some connections
to propositional logic.1
The construction of the free algebra is an important tool in universal algebra. The reason for this is Birkhoff’s Variety Theorem, which links axiomatization by equations with the model theoretic constructions of quotients,
subalgebras, and Cartesian products, cf. [17, Theorem 11.9]. The technical
crux of this theorem is the fact that if a class of algebras is axiomatized by
equations, then it contains free algebras over any set [17, Theorem 10.12],
and any other algebra of the class is a quotient of a free algebra [17, Corollary 10.11]. While this is interesting, free algebras are also often notoriously
difficult to understand and transferring information to quotient algebras may
also be challenging. We will see here that dually free distributive lattices
are quite simple, being Cartesian products of the the two-element Priestley
space. Combined with the methods of Section 4.2 below, which will allow
us to get at quotients of distributive lattices dually as closed subspaces, the
free algebras from Birkhoff’s Variety Theorem provide a powerful tool for
distributive lattice based algebras. We will see this in action, for example,
in the applications in Section 7.4.
We now define what it means for a distributive lattice to be free. This
definition will look familiar if you have previously encountered, for example, free groups or free semigroups. It is also similar to the definition of
Boolean envelope, Definition 1.16. The proper general setting for these definitions will be developed in Chapter 5 in the subsection on adjunctions, see
Example 5.17 in particular.
Definition 4.1. Let V be a set, F a distributive lattice, and e : V → F
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a function. Then F is said to be free over V via e, provided, for every
distributive lattice L and every function f : V → L, there exists a unique
lattice homomorphism f¯: F → L such that f¯ ◦ e = f , i.e., such that the
following diagram commutes:
F
e

f¯

L

f

V
The property expressed by the diagram is called a universal property of
(F, e) with respect to distributive lattices, and a function e : V → F as in this
definition is called a universal arrow. Given a universal arrow e : V → F
and f : V → L with L a distributive lattice, we call the homomorphism
f¯: F → L the unique extension of f along e.
Towards the general constructions of the free distributive lattice, we
make two basic observations about its definition, which in particular justify
speaking of ‘the’ free distributive lattice over a set V .
Proposition 4.2. Let V be a set. A free distributive lattice over V is unique
up to isomorphism. That is, if e : V → F and e′ : V → F ′ are two universal
arrows, then there exists a unique lattice isomorphism φ : F → F ′ such that
φ ◦ e = e′ .
Proof. Suppose e : V → F and e′ : V → F ′ are universal arrows. Denote
by φ : F → F ′ the unique extension of e′ along e, and by ψ : F ′ → F the
unique extension of e along e′ . Then the composite function ψ ◦ φ : F → F
is a extension of e along e, i.e., it is a homomorphism with the property that
ψ ◦ φ ◦ e = e, since, by definition, φ ◦ e = e′ and ψ ◦ e′ = e. But idF : F → F
is also an extension of e along e, so by uniqueness, we have ψ ◦ φ = idF . By
symmetry, φ ◦ ψ = idF ′ . Thus, φ is a lattice isomorphism, and φ ◦ e = e′ by
construction, as required.
Notation. For V a set, we denote by FDL (V ) the free distributive lattice over V , and by e : V → FDL (V ) the accompanying universal arrow.
By Proposition 4.2, this notation is well-defined, if we consider isomorphic
lattices as the same.
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Proposition 4.3. Let FDL (V ) be the free distributive lattice over V , and
e : V → FDL (V ) the accompanying universal arrow. Then FDL (V ) is generated by e[V ].
Proof. Denote by L the sublattice of FDL (V ) generated by e[V ]. Denote by
p : FDL (V ) → L the unique extension along e of the function e′ : V → L,
defined as the co-restriction to L of the function e. Write i : L → FDL (V )
for the inclusion homomorphism; the various morphisms are depicted in the
following diagram.
i
FDL (V )

L
p
e′

e

V
Note, similarly to the proof of Proposition 4.2, that i ◦ p is an extension of e
along e, and therefore i ◦ p = idFDL (V ) . Hence, i is surjective, proving that
L = FDL (V ).
Note that we have not yet established that a free distributive lattice and
accompanying universal arrow actually exist for every set V . It is possible to
give very general arguments for the existence, because distributive lattices
have a finitary axiomatization, see for example [17, Sec. II.10]. Here we
give two different concrete constructions of the free distributive lattice over
V , one coming from the general algebraic considerations, the other using
Priestley duality, and thus specific to distributive lattices. The advantage of
the second construction is that it gives a concrete representation of the free
distributive lattice as clopen down-sets of a particular Priestley space. This
representation is often useful in applications; we will in particular make use
of it in Chapters 6 and 7.
For the algebraic construction, let V be a set. Since the free distributive
lattice will be generated by the image under the universal arrow, it makes
sense that we can build it by making all possible well-formed expressions
over V and then take a quotient. A lattice term with variables in V is
a well-formed expression built from V using the operation symbols ∨, ∧,
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⊤, and ⊥. For example, a, (a ∨ b) ∧ a, and ⊥ ∨ a are examples of lattice
terms with variables in {a, b}; while these three terms are distinct syntactic
objects, they clearly should be considered ‘equivalent’ from the perspective
of (distributive) lattices. In fact, the universal property tells us that the free
distributive lattice, if it exists, should have every V -generated distributive
lattice as a quotient. We will now define an equivalence relation ≡ on the
set of terms which makes this idea precise.
We write T (V ) for the set of all lattice terms with variables in V . Note
that, given a function f : V → L with L any structure equipped with operations ∨, ∧, ⊤ and ⊥, we may inductively define an interpretation function f˜: T (V ) → L, by f˜(v) := f (v) for v ∈ V , f˜(⊤) := ⊤, f˜(⊥) := ⊥,
f˜(t ∨ t′ ) := f˜(t) ∨ f˜(t′ ) and f˜(t ∧ t′ ) := f˜(t) ∧ f˜(t′ ) for any terms t, t′ . Now
consider the equivalence relation ≡ on T (V ), defined by t ≡ t′ if, and only if,
we have f˜(t) = f˜(t′ ), for every function f : V → L, with L a distributive lattice. The crucial insight is now that the set, T (V )/≡, of equivalence classes
of lattice terms, naturally admits the structure of a distributive lattice, as
follows. First note that the equivalence relation ≡ is congruential on T (V ),
i.e., if a ≡ a′ and b ≡ b′ , then a ∧ b ≡ a′ ∧ b′ and a ∨ b ≡ a′ ∨ b′ , as is easily
verified using the fact that f˜ in the definition of ≡ preserves the operations
∨ and ∧ (see Exercise 4.4). Therefore, we have well-defined operations on
T (V )/≡ given by
⊤ := [⊤]≡ , ⊥ := [⊥]≡ , [a]≡ ∨ [b]≡ := [a ∨ b]≡ , and [a]≡ ∧ [b]≡ := [a ∧ b]≡ ,
for any a, b ∈ T (V ). To see that (T (V )/≡, ⊤, ⊥, ∨, ∧) is a distributive lattice
under these operations, one may verify that the defining equations from
Section 1.2 hold in T (V )/≡, see Exercise 4.4. Finally define e : V → T (V )/≡
by e(v) = [v]≡ .
Proposition 4.4. The distributive lattice T (V )/≡ is free over V via the
universal arrow e.
Proof. Let f : V → L be a function to a distributive lattice L. The interpretation function f˜: T (V ) → L has the property that f˜ ◦ e = f , and, for
any t ≡ t′ , we have f˜(t) = f˜(t′ ), by definition of ≡. Therefore the function
f¯: T (V ) → L, defined by f¯([t]≡ ) := f˜(t) is well-defined. Observe that the
function f¯ is a homomorphism by definition of the operations on T (V )/≡,
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and it is an extension of V . We leave uniqueness of f¯ as an exercise (Exercise 4.4).
Remark 4.5. The above construction is essentially that of the LindenbaumTarski algebra for a propositional logic without negation over variables V . A
completely analogous development, replacing DL by BA throughout, gives
a construction of the free Boolean algebra over a set of variables; also see
Corollary 4.12 below.
Before taking on the general duality-theoretic construction, let’s look at
a small example.
Example 4.6. Let V = {p, q}. We get lattice terms ⊥, ⊤, p, q, p ∧ q and
p ∨ q, and it is not too difficult to see that, in any distributive lattice,
the interpretation of all other terms must be equal to one of these. That
is, FDL ({p, q}) must be the lattice depicted on the left in Figure 4.1 below.
There, the four join-primes of FDL ({p, q}) are identified as the circled nodes.
⊤
00

p∨q
p

q

10

01

p∧q
11
⊥
Figure 4.1: The free distributive lattice on two generators, and its dual
poset.
In the figure on the right, we depict the dual poset as (2, ⪯){p,q} , i.e.,
the set of functions from {p, q} to 2, ordered pointwise, where the order on
2 is given by 1 ⪯ 0. The idea behind this is the following. As we know from
Definition 3.20, we may choose to see the dual as HomDL (FDL ({p, q}), 2) in
the reverse point-wise order. Since FDL ({p, q}) is generated by p and q, each
such homomorphism is totally determined by its restriction to {p, q}. Also,
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by the universal property, every function from {p, q} to 2 is the restriction
of such a homomorphism.
In the dual poset, we have denoted each function f : {p, q} → 2 as a
pair f (p)f (q). For example, the element p in the lattice corresponds to
the down-set {10, 11} of the dual poset while the element ⊥ corresponds
to the empty down-set, and the element p ∨ q corresponds to the downset {10, 01, 11}. Thus, we see that the concrete incarnation of FDL ({p, q})
obtained via duality is given by the universal arrow




e : {p, q} → D (2, ⪯){p,q} , p 7→ ↓χp ,
where χp is the characteristic function of the singleton {p} and the order on
2 is given by 1 ⪯ 0.
From a logic perspective, the elements of the dual poset correspond to
lines in a truth table for propositional logic on two variables, and the subset
associated to a formula φ is the set of lines in the truth table at which φ
is true. This is precisely as conceived by logicians going back to Boole’s
fundamental work [15].
We here obtained the universal arrow e as a map to the down-sets of
{p,q}
2
in the point-wise order relative to the “upside down” order on 2, in
which 1 ⪯ 0. Note that this map may alternatively be described using upsets and the poset 2, which is {0, 1} with the usual order, in which 0 ≤ 1,
as the map


{p, q} → U 2{p,q} , p 7→ ↑χp .
These are two alternate descriptions of one and the same concrete incarnation of the free distributive lattice over the set {p, q}. Our reason for
sticking with the “upside down” version of 2 is that it morally is not the
lattice 2, but the poset dual to 3, the three element chain, see Exercise 5.31
in Chapter 5.
We now proceed to make the corresponding argument for an arbitrary set
V . For a set V , let 2V denote the set of functions from V to 2. We will show
(Proposition 4.8) that the dual space of FDL (V ) is order-homeomorphic to
the following ordered generalized Cantor space.
Definition 4.7. Let V be a set. We define the topology π on 2V to be
the product topology, where 2 carries the discrete topology. We define the
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partial order ⪯ on 2V , for x, y ∈ 2V , by
f ⪯ g ⇐⇒ for all v ∈ V, if g(v) = 1 then f (v) = 1.
The ordered topological space (2V , π, ⪯) is called the ordered generalized
Cantor space over V . The topological space (2V , π) is called generalized
Cantor space, and (2N , π) is the (classical) Cantor space.
Note that the topology π on 2V has as a subbasis the sets of the form
Jv 7→ aK := {f ∈ 2V : f (v) = a},
where v ranges over the elements of V and a = 0, 1.
Note also that ⪯ is the pointwise order with respect to the order on
2 in which 1 ≤ 0, as in Example 4.6 above; see Remark 4.9 below for an
alternative description using up-sets and the order 2, in which 0 ≤ 1.
Proposition 4.8. Let V be a set. The Priestley dual space of the free
distributive lattice over V is order-homeomorphic to the ordered generalized
Cantor space over V , and the function s : V → ClpD(2V ), which sends v ∈ V
to the clopen down-set s(v) := Jv 7→ 1K, is a universal arrow.
Our proof here uses the algebraic fact, already proved above, that there
exists a free distributive lattice over V . It is possible to give a proof “from
scratch” that does not use this fact, see Exercise 4.6.

Proof. Let e : V → F be a free distributive lattice over V and denote by
(X, τ, ≤) the Priestley dual space of F . We will first exhibit an orderhomeomorphism between X and the ordered generalized Cantor space over
V . Note that, for any point x ∈ X, the corresponding homomorphism
hx : F → 2 must be of the form f¯x for some function fx : V → 2: indeed,
hx : F → 2 is equal to f¯x for fx := h ◦ e. Let us write φ for the surjective
function from 2V to X that sends f : V → 2 to the element x ∈ X with
hx = f¯.
We now show that φ is an order-embedding, i.e., that for any functions
f, g : V → 2, we have f ⪯ g if, and only if, φ(f ) ≤ φ(g) in X. First, if
φ(f ) ≤ φ(g) in X, then f¯ ≥ ḡ pointwise, so in particular f = f¯◦e ≥ ḡ ◦e = g
pointwise, which means f ⪯ g by definition. For the other direction, note
that, if f ⪯ g, then the set {u ∈ F : f¯(u) ≥ ḡ(u)} is a sublattice of F
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containing V , and must therefore be equal to F by Proposition 4.3. It follows
that φ is an order-isomorphism between the posets (2V , ⪯) and (X, ≤).
We now show that φ is a homeomorphism from (2V , π) to (X, τ ). Note
first that, by Proposition 4.3, the set e[V ] generates F , so that the image of
d : F → ClpD(X) also generates the topology
e[V ] under the isomorphism (−)
on X as a subbasis. To establish continuity of φ, it therefore suffices to show
d is open for every v ∈ V . Let v ∈ V and f ∈ 2V . We then
that φ−1 (e(v))
d if, and only if, f¯(e(v)) = 1, if, and only if, f (v) = 1.
have that φ(f ) ∈ e(v)
Thus, for any v ∈ V , we have
d = Jv 7→ 1K,
φ−1 (e(v))

(4.1)

a clopen set in the product topology π. Since the sets Jv 7→ 1K and their
complements form a subbasis for the clopen sets of the topology π, and φ is
a bijection, we also immediately obtain from the equality (4.1) that φ is an
open map. Finally, (4.1) shows that the diagram
F

d
(−)

φ−1

e
V

ClpD(X)

s

ClpD(2V )

commutes, and therefore the function s is a universal arrow, since the arrow
d is an isomorphism, and isomorphisms preserve
e is universal, φ−1 ◦ (−)
universal arrows (cf. Exercise 4.1).
Remark 4.9. The alternative explanation of the free distributive lattice as
up-sets instead of down-sets from Example 4.6 carries over to the general
case. In particular, note that the function s from Proposition 4.8 may also
be described as the function s : V → ClpU(2V ) which sends v to Jv 7→ 1K,
where now 2 is the order on 2 in which 0 ≤ 1.
A different kind of order symmetry in this context is the fact that the
free distributive lattice is anti-isomorphic to itself. In terms of the concrete
representation of the free distributive lattice as clopen down-sets of the
ordered generalized Cantor space, we may consider the function t : V →
ClpU(2V )op that sends v ∈ V to t(v) := Jv 7→ 0K. Its unique extension t̄
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along s is an isomorphism from ClpD(2V ) to ClpU(2V )op , which may be
described concretely by sending a clopen down-set D to the clopen up-set
2V \ D.
Remark 4.10. We outline an alternative, more abstract proof of Proposition 4.8, by using some forward references to the categorical language that
we will develop in Chapter 5; see also Exercise 5.31. First, using the categorical fact that ‘left adjoints preserve colimits’ (see Exercise 5.30 in Chapter 5),
the free distributive lattice over a set V must be the V -fold coproduct of the
free distributive lattice over a singleton set. Now, the free distributive lattice
on one generator p is easily seen to be the three-element chain {⊥ < p < ⊤},
whose dual is {p, ⊤}. Using the fact that the category of Priestley spaces
contains arbitrary products of finite posets (see Example 5.33), we may now
recover Proposition 4.8 directly from the categorical fact that a dual equivalence sends any coproduct of distributive lattices to a corresponding product
of Priestley spaces.
The free Boolean algebra over a set V can be defined in an entirely analogous way to the free distributive lattice: it is a Boolean algebra A, together
with a function e : V → A, such that for every function f : V → B with B a
Boolean algebra, there exists a unique homomorphism f¯: A → B such that
f¯: e = f . The proofs of Proposition 4.2 and 4.3 can be carried out in the
same way for the free Boolean algebra, as well as the algebraic construction
of the free Boolean algebra: this is now the Lindenbaum-Tarski algebra of
classical propositional logic. Alternatively, we may combine the free distributive lattice with the Boolean envelope construction (cf. Section 3.3) to
obtain the free Boolean algebra.
Lemma 4.11. Let V be a set. The Boolean envelope of the free distributive
lattice over V is the free Boolean algebra over V .
Proof. Let i : V → F (V ) be the free distributive lattice over V , and let
j : F (V ) → F (V )− be the Boolean envelope. We claim that e := j ◦ i : V →
F (V )− has the required universal property for the free Boolean algebra.
Indeed, for any function f : V → B with B a Boolean algebra, there is first,
by definition of the free distributive lattice, a unique lattice homomorphism
f¯: F (V ) → B with f¯◦i = f , and then, by definition of the Boolean envelope,
a unique homomorphism f¯− : F (V )− → B such that f¯− ◦ j = f¯. Now
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f¯− ◦ e = f¯− ◦ j ◦ i = f¯ ◦ i = f ; the uniqueness of f¯− is clear from the
uniqueness parts of the universal properties of the free distributive lattice
and the Boolean envelope.
Corollary 4.12. Let V be a set. The Boolean algebra of clopen sets of the
generalized Cantor space, (2V , π), is the free Boolean algebra over V via the
function s which sends any v ∈ V to the clopen set Jv 7→ 1K.

Proof. Combine Proposition 3.30, Proposition 4.8, and Lemma 4.11.

In case V is countable, the free Boolean algebra over V is countable, and
it is atomless, i.e., it does not have any atoms. In fact, one may use modeltheoretic techniques to prove that this is the unique, up to isomorphism,
countable and atomless Boolean algebra, and it is a central structure in
several parts of logic. Its dual is the classical Cantor space 2N .

Exercises for Section 4.1
Exercise 4.1. Let V be a set, and suppose that e : V → F , e′ : V → F ′
are functions to distributive lattices F and F ′ , and φ : F ′ → F is a lattice
isomorphism such that φ ◦ e′ = e. Prove that e is a universal arrow if, and
only if, e′ is a universal arrow.
Exercise 4.2. How many elements does the free Boolean algebra on two
generators have? Draw its Hasse diagram, labeling each of its elements with
a corresponding Boolean algebra term.
Exercise 4.3. Let L be a distributive lattice and suppose that G ⊆ L is
a set of generators for L. Prove that there is a surjective homomorphism
FDL (G) → L. Conclude that a finitely generated distributive lattice is finite.
Formulate and prove the analogous result for Boolean algebras.
Remark. This exercise is an instance of the general universal algebraic
fact that, in a variety of algebras, all finitely generated algebras are finite iff
the free finitely generated algebras are finite. Such varieties are known as
locally finite varieties, and the results in this section show in particular that
both the varieties of distributive lattices and of Boolean algebras are locally
finite.
Exercise 4.4. This exercise asks you to supply some details in the proof of
Proposition 4.4.
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a. Show that ≡ is congruential on T (V ).
b. Show that T (V )/≡, with operations defined as in the paragraph before
Proposition 4.4, satisfies all the defining equations of a distributive
lattice. Hint. This is almost immediate from the definition of ≡.
c. Prove in detail that the function f¯ defined in the proof of Proposition 4.4 is a homomorphism and that f¯ ◦ e = f .
d. Prove that if g : T (V )/≡ → L is a homomorphism and g ◦ e = f , then
g = f¯.
Exercise 4.5. Let V be a set and L a distributive lattice. Show that the
poset LV of all functions from V to L with the pointwise order is order
isomorphic to the poset of all homomorphisms from FDL (V ) to L also with
the pointwise order.
Exercise 4.6. This exercise outlines a proof of Proposition 4.8 that does
not rely on generalities from universal algebra, and gives a more concrete
construction of the extension homomorphisms. Let V be a set, and (2V , ⪯, π)
the ordered generalized Cantor space over V .
a. Prove that, for each v ∈ V , the set s(v) := Jv 7→ 1K is a clopen down-set
in (2V , ⪯, π).
b. Let K be a clopen down-set of (2V , ⪯, π). Prove, using the compactness of 2V and the definition of the order, that there exists a finite
S
T
collection C of finite subsets of V such that K = C∈C v∈C s(v).
c. Give a direct proof that, for any function h : V → L, with L a distributive lattice, there exists a unique homomorphism h̄ : ClpD(2V ) → L
such that h̄ ◦ s = f .

4.2

Quotients and subs

In many applications of Priestley duality, including some in the later chapters of this book, we use the dual space of a lattice to study its quotient
lattices and sublattices, or we use the dual lattice of a space to study its
quotient spaces and subspaces. In this section, we exhibit two Galois connections, between relations and subsets, which in particular allow us to prove
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that (i) the quotients of a distributive lattice are in an order-reversing bijection with the closed subspaces of its Priestley dual space; and (ii) the
sublattices of a distributive lattice are in an order-reversing bijection with
the Priestley quotients of its Priestley dual space. While (i) and (ii) can
also be deduced in a more abstract way from Theorem 3.27 using category
theory (see Theorem 5.38), the Galois connections that we develop in this
chapter do a bit more. In concrete applications, these Galois connections
are what allow us to define so-called equations on either side of the duality.
Let L be a distributive lattice with Priestley dual space X. We will first
show how to associate a closed subspace JRK to any binary relation R on L.
Here, a pair that is in such a relation is thought of as an equation, since it
acts as a constraint on the other side of the duality. This motivates us to
write, in this section only, pairs of elements with the notation a ≈ b, instead
of (a, b); note that this is only a notation, “a ≈ b” denotes nothing more
than “the pair (a, b)”.
For any pair of elements a ≈ b ∈ L2 , we define a clopen subset Ja ≈ bK
of X by
b∩b
bc ∩ b
b iff x ∈ b
Ja ≈ bK := (a
b) ∪ (a
bc ) = {x ∈ X | x ∈ a
b}.

We extend this assignment to any binary relation R on L, by defining
JRK :=

\
a≈b∈R

b iff x ∈ b
Ja ≈ bK = {x ∈ X | for every a ≈ b in R, x ∈ a
b}.

Conversely, for any element x ∈ X, we define a binary relation ϑ(x) on L by
b iff x ∈ b
ϑ(x) := ker(hx ) = (Fx × Fx ) ∪ (Ix × Ix ) = {a ≈ b | x ∈ a
b}.

We extend this assignment to subsets S ⊆ X by defining
ϑ(S) :=

\

b∩S =b
ϑ(x) = {a ≈ b | a
b ∩ S}.

x∈S

Note that the above definitions of J−K and ϑ are a special case of the
functions u and ℓ introduced in Example 1.14, if we consider the relation
R ⊆ L2 × X given by (a ≈ b, x) ∈ R iff x ∈ Ja ≈ bK.
Proposition 4.13. Let L be a distributive lattice with dual Priestley space
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X. The two functions J−K : P(L2 ) ⇆ P(X)op : ϑ form an adjunction, whose
fixed points on the left are the lattice congruences on L, and whose fixed
points on the right are the closed subspaces of X.
Proof. It is clear from the definitions that both J−K and ϑ are order-reversing.
Moreover, for any a ≈ b ∈ L2 and x ∈ X, we have that x ∈ Ja ≈ bK if, and
only if, ϑ(x) ∋ a ≈ b. It now easily follows from the definitions that for any
R ⊆ L2 and S ⊆ X, we have S ⊆ JRK if, and only if, ϑ(S) ⊇ R. Thus,
J−K and ϑ are a contravariant adjunction between binary relations on L and
subsets of X.
For the statement about fixed points, we need to show that the image of
J−K consists of the closed subsets of X, and that the image of ϑ consists of
the congruences on L. First, since each Ja ≈ bK is clopen, JRK is closed for
every binary relation R. Conversely, let C ⊆ X be any closed set. We show
that C = Jϑ(C)K. By adjunction, we have C ⊆ Jϑ(C)K. We prove the other
inclusion by contraposition. Let x ̸∈ C be arbitrary. Using the basis for the
b\b
Priestley topology given in Lemma 3.29, pick a, b ∈ L such that x ∈ a
b
b\b
and C is disjoint from a
b. Note that the latter implies that a ≈ a ∧ b in
b if, and only if, y ∈ a
b ∩b
ϑ(C), since for any y ∈ C, we have y ∈ a
b. However,
[
b but x ̸∈ a ∧ b, so x ̸∈ Jϑ(C)K, as required.
x∈a
We now show that the image of ϑ consists of the congruences on L. Note
that ϑ(S) is a congruence for any S, as it is an intersection of congruences.
Let φ be a congruence on L. We show that φ = ϑ(JφK). The left-toright inclusion holds by adjunction. For the other direction, we reason by
contraposition, and assume (a, b) ̸∈ φ. Denote by p : L ↠ L/φ the lattice
quotient by the congruence φ. Then p(a) ̸= p(b), and we assume without loss
of generality that p(a) ≰ p(b). By Theorem 3.10 applied to L/φ, the filter
↑p(a) and the ideal ↓p(b), pick a prime filter G in L/φ containing p(a) but
not p(b). The inverse image under the homomorphism p, Fx := p−1 (G), is a
prime filter of L which contains a but not b. Moreover, for any (c, d) ∈ φ, we
have c ∈ Fx if, and only if, p(c) ∈ G, if, and only if, d ∈ Fx , since p(c) = p(d)
by assumption. Thus, x ∈ JφK, and we conclude that (a, b) ̸∈ ϑ(JφK).
From Proposition 4.13, we deduce the following theorem, which shows
how to explicitly compute the subspace dual to a lattice quotient generated
by some equations.
Theorem 4.14. Let L be a distributive lattice with dual Priestley space X,
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and let R be a binary relation on L. Then the lattice congruence generated
by R, ⟨R⟩, is equal to ϑ(JRK), and the Priestley dual space of L/⟨R⟩ is
order-homeomorphic to the closed subspace JRK of X.
Proof. In general, for any adjunction f : P ⇆ Q : g, for any p ∈ P , gf (p)
is the minimum of im(g) ∩ ↑p (Exercise 1.8.d in Chapter 1). In particular,
using that im(ϑ) consists of the congruences on L, ϑ(JRK) is the smallest
congruence containing R. Let Y denote the Priestley dual space of the
quotient lattice L/⟨R⟩. The dual of the quotient map p : L ↠ L/⟨R⟩ is the
continuous order-preserving function i : Y → X which can be defined by
hi(y) := hy ◦ p, for every y ∈ Y . Note that i is an order embedding: if y ≰ y ′
in Y , then there exists b ∈ L/⟨R⟩ such that y ∈ bb and y ′ ̸∈ bb, and since p
b and i(y ′ ) ̸∈ a
b,
is surjective, pick a ∈ L such that b = p(a). Then i(y) ∈ a
′
so i(y) ≰ i(y ). Finally, for any x ∈ X, we have that x ∈ J⟨R⟩K if, and only
if, ⟨R⟩ ⊆ ϑ({x}) = ker(hx ), using the Galois connection between J−K and
ϑ. The latter holds if, and only if, hx = hy ◦ p for some y ∈ Y . Therefore,
the image of i is equal to J⟨R⟩K = Jϑ(JRK)K = JRK, using the general fact
that gf g = g for any adjunction (f, g) (see again Exercise 1.8). Thus, i is a
homeomorphism between Y and the closed subspace JRK, as required.
A second theorem mirrors the previous one, but on the space side.
Theorem 4.15. Let X be a Priestley space with dual distributive lattice L,
and let S be a subset of X. Then the closure of S, S, is equal to Jϑ(S)K,
and the lattice dual to S is isomorphic to the quotient L/ϑ(S).
Proof. Left as Exercise 4.7.
Remark 4.16. What is interesting about Proposition 4.13 is that we can
start, on either side of the duality, with an unstructured set: an arbitrary
subset R ⊆ L × L or S ⊆ X and, by applying the Galois connection, we end
up with only the structured subsets: that is, JRK is not just a subset of X,
but it is a Priestey subspace of X and ϑ(S) is not just a subset of L × L but
it is a congruence of L.
We give a few simple examples. The reader is asked to supply the details
in Exercise 4.13.
Example 4.17. Let B be the eight element Boolean algebra. Its dual space
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d
a

c

b

Figure 4.2: A congruence on the eight element Boolean algebra
is X = {x, y, z}, where Fx = ↑a, Fy = ↑b, and Fz = ↑c. The equation b ≈ d
corresponds to the subspace S = {y, z} and the corresponding congruence
is as depicted in Figure 4.2.
Example 4.18. Let X be the poset depicted on the left in Figure 4.3 and
let S = {x, y}. The dual lattice and the congruence corresponding to S are

y

z

a

x
b

Figure 4.3: A poset, its down-set lattice, and the congruence corresponding
to the subset {x, y}. Here, a corresponds to the downset ↓z and b corresponds to the downset {x}.
as depicted on the right in the same figure. Furthermore, the subspace S is
given by the equation a ≈ b.
Example 4.19. Recall the Stone-Čech compactification βX of a set X,
introduced in Example 3.37. As remarked in Example 3.37, every point of
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X is isolated in βX, so that X is an open subspace of βX. The closed set
∗ X := βX \X is known as the remainder of the Stone-Čech compactification
βX. Since it is a closed subspace of the dual space of P(X), it corresponds
to a quotient of the Boolean algebra P(X). This quotient is given by the
set of equations {x} ≈ ∅ on P(X), where x ranges over the elements of X.
Indeed, using an argument like the one in Example 3.38, one may prove
that, for any µ ∈ βX, we have that µ ∈ X if, and only if, µ contains a
finite set. It follows that in the congruence dual to ∗ X, the equivalence class
of ∅, is the collection of finite sets. As in any Boolean algebra, the entire
congruence is now determined by the class of the bottom element: two sets
v and v ′ will be related by the congruence if, and only if, their symmetric
difference is finite. This Boolean algebra is often denoted P(X)/fin, and is
well studied in set theory and general topology.

Sublattices and Priestley quotient spaces
A very similar story to the one above can be told for sublattices and quotients
of Priestley spaces that are themselves Priestley spaces. In fact, the ensuing
notion of Priestley space (in)equations is a very important tool in the theory
of automata and regular languages, as we will see in Chapter 8.
We give the necessary definitions and statements of the relevant theorems, and we note that in fact the lattice-quotient–closed-subspace duality
from the previous subsection and the sublattice–Priestley-quotient-space duality are, in a sense, dual to each other.
We first introduce the notion of quotient space in the context of Priestley
spaces. This is an instance of a more general notion of quotient of ordered
topological spaces, but we only need it in this setting.
Definition 4.20. A preorder ⪯ on a Priestley space (X, ≤X , τ ) is compatible
if, for any x, y ∈ X, if x ̸⪯ y, then there exists a τ -clopen ⪯-down-set K in
X such that y ∈ K and x ̸∈ K.
Compatible preorders on X give an intrinsic description of the Priestley
spaces Y which are quotients of X, i.e., for which there exists a continuous
order-preserving surjective map X ↠ Y . We just indicate here what this
means, and ask you to fill in the details in the exercises. First, for any
p : X ↠ Y , the preorder on X defined by x ⪯ x′ iff p(x) ≤Y p(x′ ) is
compatible (see Exercise 4.8). Conversely (see Exercise 4.10), if ⪯ is a
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compatible preorder on X, denote by Y the poset reflection of the preordered
set (X, ⪯). That is, as a set, Y is X/ ≡ where ≡ := ⪯ ∩ ⪰, and write
q : X ↠ Y for the quotient map. Then the partial order ≤Y on the poset
reflection is defined, for any y = q(x) and y ′ = q(x′ ) in Y , by y ≤Y y ′ iff
x ⪯ x′ . The quotient topology on Y is defined by τY := {U ⊆ Y | q −1 (U ) ∈
τX }. The ordered topological space (Y, ≤Y , τY ) is a Priestley space, and the
function q is a continuous order-preserving map. Moreover, any continuous
map f : X → Z, with Z a Priestley space and x ⪯ y implies f (x) ≤Z f (y),
factors uniquely through p. We will say that (Y, ≤Y , τY ) is the quotient of
the Priestley space X by ⪯ and will denote it by X/⪯.
Now let L be a distributive lattice with dual Priestley space X. For any
element a ∈ L, we define a binary relation ⪯a on X by
b implies x ∈ a
b,
x ⪯a y ⇐⇒ y ∈ a
b × X) ∪ (X × a
bc ), which is a clopen down-set in the Priestley
i.e., ⪯a := (a
T
op
space X × X . For any subset A ⊆ L, we define ⪯A := a∈A ⪯a , i.e.,
b then x ∈ a
b.
x ⪯A y ⇐⇒ for all a ∈ A, if y ∈ a

Clearly, ⪯A is a preorder which contains the Priestley order ≤. We will see
below that it is a compatible preorder, and that every compatible preorder
is of this form.
Example 4.21. Consider a Priestley space (X, ≤, τ ) with dual lattice L.
Notice (see Exercise 3.25) that then (X, =, τ ) is also a Priestley space. In
fact, the dual lattice of this Priestley space is the Boolean algebra L− of
all clopen subsets of X, also known as the Boolean envelope of L, see
Corollary 3.35. Of course, L is a sublattice of L− . The dual of the inclusion
of L into L− is simply the identity map on X, viewed as a continuous orderpreserving map idX : (X, =, τ ) → (X, ≤, τ ). The corresponding compatible
preorder is the partial order ≤ of (X, ≤, τ ).
More generally, any injective homomorphism i : L ,→ B, with B a
Boolean algebra, factors as the composition of e : L ,→ L− and ī : L− ,→ B.
Dually, denoting by (Y, π) the Boolean space dual to B, this gives a quotient map of Boolean spaces f : (Y, π) → (X, τ ), followed by idX : (X, =
, τ ) → (X, ≤, τ ). This shows that sublattices of Boolean algebras can be un-
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derstood dually by a Boolean equivalence relation together with a Priestley
order on the quotient.
As before, the correspondence between compatible preorders and sublattices allows us to view pairs of elements (x, y) from X as constraints on
L yielding sublattices. However, as Example 4.21 already shows, equating
elements of the space is not a fine enough notion to witness all sublattices
and we will need to think of pairs (x, y) as inequations. For this reason, we
will denote pairs in X × X as x ⪯ y when we view them as constraints on
the dual.
Definition 4.22. For any pair x ⪯ y in X 2 , we define the subset Jx ⪯ yK
of L by
b, then x ∈ a
b}.
Jx ⪯ yK := Iy ∪ Fx = {a ∈ L | if y ∈ a

We will also write “a |= x ⪯ y” to mean that a ∈ Jx ⪯ yK, and we will say
that a satisfies the inequation x ⪯ y. For any relation E on X, we define
the subset JEK of L by
JEK :=

\
x⪯y∈E

Jx ⪯ yK = {a ∈ L | for all x ⪯ y ∈ E, a |= x ⪯ y}.

Proposition 4.23. Let L be a distributive lattice with dual Priestley space
X. The two functions ⪯− : P(L) ⇆ P(X 2 )op : J−K form an adjunction,
whose fixed points on the left are the sublattices of L, and whose fixed points
on the right are the compatible preorders on X.
Proof. See Exercise 4.11.
Theorem 4.24. Let L be a distributive lattice with dual Priestley space X.
a. For any subset A of L, the sublattice generated by A is equal to J⪯A K,
and the Priestley dual space of this sublattice is order-homeomorphic
to the Priestley quotient X/⪯A .
b. For any binary relation E on X, the smallest compatible preorder
containing E is equal to ⪯JEK , and the lattice dual to the Priestley
quotient by this preorder is isomorphic to JEK.
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Remark 4.25. One problem with compatible preorders, which has sometimes hampered their successful application, is that it is difficult to understand intrinsically in a Priestley space how to obtain the compatible
preorder generated by a binary relation on the space. The existence of the
Galois connection of Proposition 4.23 frees us from this problem and allows
us to specify sublattices from arbitrary sets E of inequality constraints of
the form x ⪯ y.
This is similar to the fact that, in logic, we do not need to identify the
full theory of a class of structures that we are interested in, since we may
be able to capture it by a much smaller set of axioms.
As mentioned above, we will see dual space (in)equations in action in
Chapter 8. In the meantime, we give two elementary examples.
Example 4.26 (Sublattices of the free distributive lattice). Coming back to
the example of the free distributive lattice on two generators, Example 4.6,
consider the sublattices L1 = {⊥, p, ⊤} and L2 = {⊥, p ∨ q, ⊤}. One may
prove from the definitions that the corresponding quotients of 2{p,q} are
given by the equivalence relations ≡1 and ≡2 , where ≡1 has classes {00, 01}
and {10, 11}, while ≡2 has classes {00} and {01, 10, 11}. We leave it as
Exercise 4.12 to classify the other sublattices of this lattice.
Example 4.27 (Equations for a subalgebra). In this example we will see
how we can use extraneous structure on a dual space and lattice to identify
a smaller set of equations for a subalgebra of an infinite Boolean algebra;
this technique is further exploited in Chapter 8.
Consider the set Z of integers, denote by Z+ the subset of positive
integers and by Z− the subset of negative integers; so Z = Z− ∪ {0} ∪ Z+ .
Let M be the Boolean subalgebra of P(Z) consisting of all those subsets S
of Z such that both S ∩ Z+ is either finite or co-finite, and S ∩ Z− is either
finite or co-finite. One may then show (see Exercise 4.15) that the dual
space of M is the ‘two-point compactification of Z’
+∞
Z−∞
= Z ∪ {−∞, +∞},

which topologically is the disjoint union of the one-point compactification
Z+ ∪ {+∞} of Z+ with the discrete topology and the one-point compactification (Z \ Z+ ) ∪ {−∞} of Z \ Z+ with the discrete topology. (For the
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one-point compactification, see Example 3.38 and Exercise 3.19.) Note in
particular that any ultrafilter of P(Z) is either principal, or contains exactly
one of Z+ or Z \ Z+ , using arguments similar to the ones in Example 3.38.
The dual of the inclusion M ,→ P(Z) is the surjective function
β(Z) ↠ Z+∞
−∞ ,
µ 7→



 k



+∞
−∞

if
if
if

{k} ∈ µ for some k ∈ Z,
Z+ ∈ µ,
Z \ Z+ ∈ µ.

Thus, the compatible preorder on βZ corresponding to the subalgebra M
of P(Z) is the equivalence relation in which each k ∈ Z is only related to
itself, and two free ultrafilters µ and ν are related provided they either both
contain Z+ , or both contain Z \ Z+ . That is, the remainder is split into
two uncountable equivalence classes and each free ultrafilter is related to
uncountably many other free ultrafilters.
By contrast, we will now show that, by using the successor structure
on Z, the subalgebra M can be ‘axiomatized’ by a much ‘thinner’ set of
equations. For µ ∈ βZ, write
µ + 1 := {S ∈ P(Z) | S − 1 ∈ µ} = {S + 1 | S ∈ µ},
defining the continuous extension of the successor function on Z to βZ, which
is the Priestley dual of the homomorphism S 7→ S − 1 on P(Z). To describe
the equational basis for M , for convenience, we abbreviate by µ + 1 ≈ µ the
conjunction of the two inequations µ + 1 ⪯ µ and µ ⪯ µ + 1. Now consider
the set of equations
{µ + 1 ≈ µ | µ ∈ ∗ Z},
(4.2)
where we recall that ∗ Z := β(Z)\Z, the remainder of β(Z), see Example 4.19.
We will show that the sublattice M contains exactly those S ∈ P(Z) that
satisfy all the equations in (4.2).
To this end, note first that, for S ∈ P(Z), S satisfies µ + 1 ≈ µ if, and
only if, both µ and µ+1 contain S, or neither µ nor µ+1 contains S. Now let
µ be a free ultrafilter of P(Z) and let S ∈ M . We show that S |= µ + 1 ≈ µ.
Since µ is prime and Z+ ∪ (Z \ Z+ ) = Z ∈ µ, it follows that either Z+ ∈ µ
or Z \ Z+ ∈ µ. We treat the case Z+ ∈ µ and leave the other as an exercise.
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Now, if S ∩ Z+ is finite then, as µ is free, S ̸∈ µ. Also S ∩ Z+ finite implies
that (S − 1) ∩ Z+ is finite and thus S − 1 ̸∈ µ. So S |= µ + 1 ≈ µ. If on the
other hand S ∩ Z+ is co-finite, then, as (Z+ \ S) ∪ (S ∩ Z+ ) = Z+ ∈ µ, and µ
is free, it follows that S ∩ Z+ ∈ µ. Furthermore, S ∩ Z+ co-finite implies that
(S − 1) ∩ Z+ is also co-finite and by the same argument we have S − 1 ∈ µ
so that S |= µ + 1 ≈ µ. This shows that
M ⊆ J µ + 1 ≈ µ | µ ∈ ∗ Z K.
For the converse, suppose S ̸∈ M . Then S ∩ Z+ is neither finite or co-finite,
or S ∩ Z− is neither finite or co-finite. Again, we treat the first case and
leave the second as an exercise. If S ∩ Z+ is neither finite or co-finite it
follows that there is an infinite set T ⊆ Z+ such that, for each k ∈ T
k ̸∈ S

but

k + 1 ∈ S.

By the Prime Filter-Ideal Theorem 3.10, here applied to the Boolean algebra
P(Z), pick an ultrafilter µ of P(Z) which contains the filter ↑T and is disjoint
from the ideal I consisting of all finite subsets of P(Z). Since µ is disjoint
from I, it is free, and since ↑T ⊆ µ we have T ∈ µ. Now as S ∩ T = ∅ it
follows that S ̸∈ µ and since T + 1 ⊆ S, or equivalently, T ⊆ S − 1, it follows
that S − 1 ∈ µ. That is, we have exhibited a free ultrafilter µ such that
S ̸|= µ + 1 ≈ µ and this completes the proof that M = J µ + 1 ≈ µ | µ ∈ ∗ ZK.
We note that Example 4.27 is related to a well-known language from
descriptive complexity theory. The monoid of integers under addition is the
so called syntactic monoid of the language called ‘majority’ (consisting of
all bitstrings with a majority of 1’s), the quotient space dual to the Boolean
algebra M of Example 4.27 is the so-called syntactic Boolean space with
internal monoid of majority. We will say more about this in Chapter 8.

Exercises for Section 4.2
Exercise 4.7. Prove Theorem 4.15.
Exercise 4.8. Let p : X → Y be a continuous order-preserving map between
Priestley spaces. Prove that the relation ⪯ := p−1 (≤Y ) on X is a compatible
preorder.
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Exercise 4.9. Consider the unique homomorphism h : FDL (p, q) → FBA (p)
that sends p to p and q to ¬p. Show that h is surjective, and compute the
dual injective function.
Exercise 4.10. Let ⪯ be a compatible preorder on a Priestley space (X, τX , ≤X ).
Define ≡ := ⪯ ∩ ⪰, let Y := X/≡, and denote by q : X ↠ Y the quotient
map.
a. Show that, for any x, x′ ∈ X, x ≤X x′ implies x ⪯ x′ .
b. Prove that the relation ≤Y on Y defined, for y = q(x) and y ′ = q(x′ )
in Y , by y ≤Y y ′ iff x ⪯ x′ , is a well-defined partial order.
c. Prove that, with the quotient topology τY := {U ⊆ Y | q −1 (U ) ∈ τX },
(Y, τY , ≤Y ) is a Priestley space.
d. Prove that q : X → Y is continuous and order-preserving.
e. Prove that, for any Priestley space Z and any continuous f : X → Z
such that x ⪯ x′ implies f (x) ≤Z f (x′ ), there exists a unique continuous order-preserving f¯: Y → Z such that f = f¯ ◦ q.
Exercise 4.11. Prove Proposition 4.23. Hint. A key step of the proof can
be found in [29, Prop. 2.7]; also see [74].
Exercise 4.12. Building on Example 4.26, identify the sublattices of the
free distributive lattice on two generators and the corresponding compatible
quasi-orders on 2{p,q} .
Exercise 4.13. Prove the statements made in Examples 4.17 and 4.18.
Exercise 4.14. Prove the assertion made in Example 4.21.
Exercise 4.15. Let M be the Boolean subalgebra of P(Z) consisting of all
those S ⊆ Z such that both S ∩ Z+ is either finite or co-finite and S ∩ Z− is
either finite or co-finite, see Example 4.27.
a. Show that M ∼
= M − × P({0}) × M + , where M − and M + are the
Boolean algebras of all finite or co-finite subsets of Z− and Z+ , respectively.
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b. Show that the dual space of M is the topological sum (i.e., disjoint
union) of the one-point compactification Z− ∪ {−∞} of Z− , and the
one-point compactification Z+ ∪ {+∞} of Z+ .
Exercise 4.16. Let X be a set and βX the dual space of P(X).
a. Show that there is a one-to-one correspondence between each of
(a) The Boolean subalgebras B of P(X);
(b) The continuous surjections f : βX → Y with Y a Boolean space;
(c) The set maps h : X → Y with dense image.
b. In particular show that for each L ⊆ X, we have
βX

b βX = L
L

and, for a subalgebra B and corresponding continuous surjection f and
set map with dense image h, we have
b βX ] is open in Y
L ∈ B ⇐⇒ f [L

Y

⇐⇒ h[L]

is open in Y,

and in this case we have
Y

b Y = f [L
b βX ] = h[L] ,
L

where (c) is the Stone map, ( ) is topological closure, and the decorations refer to the ambient space in question.

4.3

Unary operators

In all the dualities discussed in this book so far, the morphisms on the algebraic side have been the homomorphisms, i.e., the maps preserving all of
the lattice structure. In this section we will relax this condition and study
maps between distributive lattices that only preserve finite meets, but not
necessarily finite joins. Such functions are also known as unary normal multiplicative operators in the literature, for reasons to be explained further in
the next sections. We show that there is still a dual equivalence of categories if we generalize, on the dual side of Priestley spaces, from continuous
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order-preserving functions to certain relations that are compatible with the
order and topology of the Priestley space. We begin by defining what this
means precisely.2
Notation. Here and in what follows, we use some common notations for
composition, forward and inverse image for binary relations: let R ⊆ X × Y
and S ⊆ Y ×Z be binary relations. We often use infix notation, writing xRy
for (x, y) ∈ R. The composition R ◦ S is the relation from X to Z defined
by {(x, z) | ∃y ∈ Y : xRySz}; note that this notation is the reverse of
the commonly used notation for functions. The converse of R is the relation
R−1 := {(y, x) ∈ Y ×X : xRy}. For any subset U of X, we write R[U ] for the
relational direct image, i.e., R[U ] := {y ∈ Y | there exists u ∈ U with uRy}.
For singleton subsets {x} of X, we write R[x] instead of R[{x}]. Converse
relations allow us, in particular, to define relational inverse image R−1 [V ]
for any V ⊆ Y , by taking the direct image of the converse relation. Finally,
we also use the relational universal image, ∀R , defined, for any U ⊆ X, by
∀R [U ] := {y ∈ Y | for all x ∈ X, if xRy, then x ∈ U }.

(4.3)

For later use, we note a convenient formula for switching between direct and
universal relational image:
∀R [U ] = Y \ R[X \ U ],

for any U ⊆ X.

(4.4)

The import of the operation ∀R introduced in (4.3) stems from the fact
that if R ⊆ X ×Y is any binary relation, then the function R−1 [−] : P(Y ) →
P(X) preserves arbitrary joins, and the function ∀R [−] : P(X) → P(Y ) is
its upper adjoint; see Ex. 4.22(a). Furthermore, we will now define the
property of upward compatibility, which guarantees that these operations
restrict correctly to the sublattices D(X) and D(Y ); it is in fact equivalent
to this; see Ex. 4.22(b). As we will see in the proof of Proposition 4.29 below,
these basic order theoretic facts underlie the duality for (unary) operations.
Definition 4.28. Let X and Y be Priestley spaces and let R ⊆ X × Y be
relation. We say that R is:
• upward order-compatible if ≥ ◦ R ◦ ≥ ⊆ R, i.e., for any x, x′ ∈ X and
y, y ′ ∈ Y , whenever x′ ≥ xRy ≥ y ′ , we have x′ Ry ′ ;
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• upper Priestley continuous if, for every clopen up-set K ⊆ Y , the set
R−1 [K] is clopen;
• point-closed if, for every x ∈ X, the set R[x] is closed;
• upward Priestley compatible if R is upward order-compatible, upper
Priestley continuous, and point-closed.
The aim of this section is to prove that finite-meet-preserving functions
between two distributive lattices are in one-to-one correspondence with the
upward Priestley compatible relations between their respective dual spaces.
This correspondence will generalize the correspondence between homomorphisms and continuous order-preserving functions of Priestley duality (see
Exercise 4.19). It also yields a new duality theorem, as we will remark at
the end of this section and prove in the next chapter once we have the appropriate categorical terminology in place. We will also show at the end of
this section how to obtain an analogous correspondence between finite-joinpreserving functions and downward Priestley compatible relations.

The finite case
To motivate our proof of Theorem 4.31, let us proceed as we did in Chapters 1 and 3 and first examine the finite case. Let L and M be finite distributive lattices. In Chapter 1, we saw that every homomorphism h : M → L
uniquely arises as f −1 for some order-preserving f : J (L) → J (M ). This
function f was obtained as the lower adjoint of h, which, crucially, restricts to a function between the sets of join-prime elements of L and M ,
cf. Lemma 1.19. This relies on the fact that h is a homomorphism: the
existence of the lower adjoint follows from the fact that h preserves meets,
while the fact that it restricts correctly to join-primes uses that h preserves
joins.
Now, when we consider functions between finite distributive lattices that
only preserve meets, but not joins, the lower adjoint still exists, but it
no longer restricts correctly to join-prime elements. Instead, for a meetpreserving function h : M → L with lower adjoint f : L → M , recall from
Proposition 1.18 that every element a ∈ L is a finite join of join-prime
elements. Therefore, since f : L → M preserves finite joins and J (L) joingenerates L, the function f is uniquely determined by its restriction to join-
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prime elements: for any a ∈ L, we have f (a) = f [↓a ∩ J (L)]. Moreover,
since J (M ) join-generates M , in order to dually encode the function f , and
therefore h, it suffices to know the value f (p) for each p ∈ J (L). To this
end, we define
W

R := {(p, q) ∈ J (L) × J (M ) | q ≤ f (p)},

(4.5)

so that f (p) = R[p] for every p ∈ J (L). Note that we can express R in
terms of h using the adjointness:
W

q ≤ f (p) ⇐⇒ ∀b ∈ M (f (p) ≤ b =⇒ q ≤ b)
⇐⇒ ∀b ∈ M (p ≤ h(b) =⇒ q ≤ b)
d =⇒ q ∈ b
⇐⇒ ∀b ∈ M (p ∈ h(b)
b),
d denotes the lattice isomorphism between a finite
where we recall that (−)
distributive lattice and the down-set lattice of its poset of join-prime elements (Proposition 1.18).
We call the binary relation R ⊆ J (L) × J (M ) defined by (4.5) the
relation dual to h. This relation R is upward-compatible: indeed, the upward
order-compatibility is easily verified (see Exercise 4.17), and the topological
conditions hold trivially because the topologies are discrete in the finite
setting. Moreover, the original meet-preserving function h : M → L can
be recovered from R by the fact that the following equality holds, for any
b ∈ M:
d = ∀ −1 [b
b],
(4.6)
h(b)
R

where we recall that ∀R is the universal image defined in (4.3). Writing out
the definitions, (4.6) expresses the fact that, for any q ∈ J (M ),
q ≤ h(b) ⇐⇒ for all p ∈ J (L), if pRq, then p ≤ b,
which can be proved using the lower adjoint f of h and the definition of R,
see Exercise 4.17.
This concludes our informal description, in the case of finite distributive
lattices, of the duality between meet-preserving functions and upward compatible relations. Summing up, we have represented the meet-preserving
function h by a relation R between the dual posets J (L) and J (M ), from
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which h can be recovered as the upper adjoint of the unique join-preserving
W
function f which is defined for p ∈ J (L) by f (p) := R[p]. As an instructive exercise (Exercise 4.17), we invite you to verify the claims that were left
unproved here, although they are also direct consequences of the general
duality theorem that we prove below; see Exercise 4.22 for details about
the relationship. A reader familiar with modal logic may have recognized in
(4.6) the definition of the □ (“box”) operator associated to a Kripke relation
R; more on this in Section 4.4 below.

The general case
In the remainder of this section, we generalize the ideas outlined above
to finite-meet-preserving functions h between arbitrary distributive lattices
that are not necessarily finite. As in Chapter 3, join-primes have to be
replaced by points of the dual space, but the underlying ideas are the same
as in the finite case.3
Proposition 4.29. Let L and M be distributive lattices with Priestley dual
spaces X and Y , respectively. For any finite-meet-preserving h : M → L,
there exists a unique upward Priestley compatible relation, R ⊆ X × Y , such
that,
d = ∀ −1 [b
b].
(4.7)
for any b ∈ M, h(b)
R
This relation R may be defined explicitly, for x ∈ X, by
R[x] :=

\

d
{bb : b ∈ M, x ∈ h(b)},

(4.8)

or, equivalently,
R := {(x, y) ∈ X × Y | for all b ∈ M, if h(b) ∈ Fx , then b ∈ Fy }. (4.9)
Proof. Let R ⊆ X × Y denote the relation defined in (4.8) and (4.9). We
establish three properties: (1) R satisfies (4.7); (2) R is upward Priestley
compatible; and (3) R is the unique relation with properties (1) and (2).
For (1), unfolding the definitions, we need to prove that, for any x ∈ X
and b ∈ M ,
d ⇐⇒ ∀y ∈ Y, if xRy, then y ∈ b
x ∈ h(b)
b.
(4.10)
The left-to-right direction is clear by definition of R. For the converse,
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d this means that the
we reason contrapositively. Suppose that x ̸∈ h(b);
homomorphism hx : L → 2 sends h(b) to 0. Since h is finite-meet-preserving,
the composite function k := hx ◦ h : M → 2 is finite-meet-preserving. Thus,
the set F := k −1 (1) is a filter which does not contain b. By the prime filter
theorem (Theorem 3.10), pick a prime filter Fy containing F and still not
containing b. The fact that F ⊆ Fy is easily seen to be equivalent to xRy,
while y ̸∈ bb, establishing that the right-hand-side of (4.10) fails, as required.
For (2), note first that (1) already yields that R is upper Priestley
continuous: indeed, any clopen up-set K ⊆ Y is equal to Y \ bb for some
b ∈ M , so that R−1 [K] = X \ ∀R−1 [bb], by the formula for switching between
universal and direct relational image (4.4), and the latter is clopen, since by
d Also, (4.8) shows
(1) it is equal to the complement of the clopen set h(b).
that, for any x ∈ X, R[x] is a closed down-set in Y , so R is in particular
point-closed. To finish the proof of (2), note that upward order-compatibility
follows easily from the definitions, or also by an application of Exercise 4.18.
We now prove (3). Indeed, we will prove the following stronger fact,
namely, that for any upward Priestley compatible relations R, S ⊆ X × Y ,
we have
S ⊆ R ⇐⇒ for every b ∈ M, ∀R−1 [bb] ⊆ ∀S −1 [bb].
(4.11)

Note that the uniqueness (3) follows from (4.11), for if S is any upward
d = ∀ −1 [b
b]
Priestley compatible relation satisfying (4.7), then ∀S −1 [bb] = h(b)
R
for every b ∈ M , so S = R. The left-to-right direction of (4.11) is immediate
from the definition of the universal image. For the converse, we will reason
by contraposition and use the fact that R is point-closed. Suppose that
S ̸⊆ R; pick x ∈ X and y ∈ Y such that y ∈ S[x] and y ̸∈ R[x]. Since R[x]
is closed, and also a down-set by order-compatibility, there exists b ∈ M
such that R[x] ⊆ bb and y ̸∈ bb, as may be seen from the fact that the clopen
up-sets form a basis for the opposite of the Priestley space Y . It now follows
from the definition of universal image that x ∈ ∀R−1 [bb], but x ̸∈ ∀S −1 [bb] since
xSy but y ̸∈ bb. This concludes the proof of (4.11).
Definition 4.30. The relation R defined in Proposition 4.29 is called the
dual relation of the finite-meet-preserving function h.
Proposition 4.29 is the crucial new ingredient for the following extension
of the Priestley duality theorem (Theorem 3.27) to a larger collection of
morphisms, namely all finite-meet-preserving functions.
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Theorem 4.31. The category of distributive lattices with finite-meet-preserving functions is dually equivalent to the category of Priestley spaces with
upward Priestley compatible relations.
The proof uses as its crucial ingredient Proposition 4.29 above, combined
with some techniques from category theory, and will be given in Section 5.4
in Chapter 5. We note already explicitly here that it follows in particular
from Proposition 4.29 that every upward Priestley compatible relation R is
the dual relation of some finite-meet-preserving function, see Exercise 4.20.
To finish this section, we draw a few further corollaries from Proposition 4.29. First, we show how it specializes to the Boolean case.
Definition 4.32. Let X and Y be Boolean spaces. A relation R ⊆ X × Y
is called (Boolean) compatible if it is point-closed and continuous, i.e., for
any clopen K ⊆ Y , the set R−1 [K] is clopen.
Since the Priestley order on a Boolean space is trivial, note that a relation
between Boolean spaces is upward Priestley compatible if, and only if, it is
compatible according to Definition 4.32. Combining this observation with
Propositions 4.29 and 3.31 allows us to deduce the following.
Corollary 4.33. Let A and B be Boolean algebras with dual spaces X and
Y , respectively. Finite-meet-preserving functions B → A are in a one-to-one
correspondence with compatible relations R ⊆ X × Y .
For easy reference and future use, we also record the order-duals of
Proposition 4.29 and Theorem 5.39, and the accompanying definitions.
Definition 4.34. Let X and Y be Priestley spaces and let R ⊆ X × Y be
relation. We say that R is:
• downward order-compatible if ≤ ◦ R ◦ ≤ ⊆ R, i.e., for any x, x′ ∈ X
and y, y ′ ∈ Y , whenever x′ ≤ xRy ≤ y ′ , we have x′ Ry ′ ;
• lower Priestley continuous if, for every clopen down-set K ⊆ Y , the
set R−1 [K] is clopen;
• downward Priestley compatible if R is downward order-compatible,
lower Priestley continuous, and point-closed.
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Let X and Y be Priestley spaces and let R ⊆ X × Y be a downward
compatible relation. We define the following function:
♢R : ClpD(Y ) → ClpD(X)
♢R (b) := R−1 [b],

(4.12)

which we note is the same as X \ ∀R−1 [Y \ b] by (4.4). Conversely, any
finite-join-preserving function h : ClpD(Y ) → ClpD(X), is equal to ♢R for a
unique downward Priestley compatible relation Rh ⊆ X × Y , which can be
defined explicitly by
Rh := {(x, y) ∈ X × Y | for every b ∈ ClpD(Y ), if y ∈ b, then x ∈ h(b)}.
(4.13)
Proposition 4.35. Let L and M be distributive lattices with Priestley dual
spaces X and Y , respectively. The assignments R 7→ ♢R (4.12) and h 7→ Rh
(4.13) form a bijection between finite-join-preserving functions from M to
L and downward Priestley compatible relations from X to Y .
Proposition 4.35 has essentially the same proof as Proposition 4.29. Instead of re-doing the entire proof, one may also appeal to abstract categorical
methods to deduce this proposition from Proposition 4.29, via some orderduality yoga, see Theorem 5.39 in Chapter 5 and the remarks following it.
We finish by examining two more special cases that may help elucidate
the connection between the relations dual to finite-join- and finite-meetpreserving functions; in both of these cases, we examine a special setting
where the two notions of dual relation interact with each other.
First, if f : L ⇆ M : g is an adjoint pair between distributive lattices,
then the left adjoint f is finite-join-preserving and the right adjoint g is
finite-meet-preserving (Exercise 1.8). Denote by X and Y the Priestley
dual spaces of L and M , respectively. By the results of this section, f has a
dual downward Priestley compatible relation Rf ⊆ Y × X and g has a dual
upward Priestley compatible relation Rg ⊆ X × Y . The two relations are
closely related: Rf is the relational converse of Rg ; see Exercise 4.23.
Second, if h : M → L is a homomorphism between the distributive lattices L and M , then h has both an upward Priestley compatible relation
Rh , because it preserves finite meets, and an upward Priestley compatible
relation Sh , because it preserves finite joins. The intersection of Rh and
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Sh can be seen to be a functional relation (i.e., for every x ∈ X, there is
a unique y ∈ Y such that (x, y) ∈ Rh ∩ Sh ), which is in fact equal to (the
graph of) the continuous order-preserving function f : X → Y dual to h, as
it was defined in Section 3.2.

Exercises for Section 4.3
Exercise 4.17. Let h : M → L be a meet-preserving function between finite
distributive lattices and let R be the relation defined in (4.5).
a. Prove that R is upward order-compatible.
b. Prove equation (4.6).
c. Show directly (i.e., without referring to Proposition 4.29) that the
assignment h 7→ R is a bijection between meet-preserving functions
from M to L and upward order-compatible relations from J (L) to
J (M ).
Exercise 4.18. Let X and Y be posets and R ⊆ X × Y a relation. Prove
that R is upward order-compatible if, and only if, R−1 is downward ordercompatible if, and only if, for any subsets S ⊆ X and T ⊆ Y , R[S] is a
down-set and R−1 [T ] is an up-set.
Exercise 4.19. This exercise shows that the correspondence between upward Priestley compatible relations and finite-meet-preserving functions
generalizes Priestley duality for homomorphisms given in Chapter 3. Let
X and Y be dual Priestley spaces of distributive lattices L and M , respectively.
a. Prove that, if f : X → Y is a continuous order-preserving function,
then Rf := {(x, y) ∈ X × Y : f (x) ≥ y} is an upward Priestley
compatible relation, which moreover has the property that R[x] has a
maximum for every x ∈ X.
b. Prove that, if R ⊆ X × Y is an upward Priestley compatible relation
and R[x] has a maximum for every x ∈ X, then fR : X → Y defined
by fR (x) := max R[x] is a continuous order-preserving function.
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c. Prove that a finite-meet-preserving function f : M → L is a homomorphism if, and only if, the dual relation R is such that R[x] has a
maximum for every x ∈ X.
Exercise 4.20. Let X and Y be Priestley spaces with dual lattices L and
M , respectively. Prove that if R is an upward Priestley compatible relation
from X to Y , then there exists a finite-meet-preserving function h : M → L
for which (4.9) holds. Hint. A natural candidate for such a function h can be
defined using (4.7). Then use the uniqueness part of Proposition 4.29. Note.
This result could alternatively be derived by purely categorical means, by
using Theorem 5.13.
Exercise 4.21. Let X be a Priestley space. For this exercise, we define the
upper Vietoris space of X to be the ordered topological space (V(X), τ p , ≤),
where V(X) is the set of closed down-sets of X, ≤ is the inclusion order,
and τ p := τ ∨ τ ∂ , where τ is the topology generated by the basis consisting
of the sets
b}, for a ∈ M.
□a = {K ∈ V(X) | K ⊆ a
A more general definition of upper Vietoris space, for an unordered topological space, will be given in Definition 6.21; in terms of that more general
definition, the definition we give here corresponds to the upper Vietoris
space of (X, τ ↑ ). The aim of this exercise is to prove that upward Priestley
compatible relations R ⊆ X × Y are in a bijection with continuous orderpreserving functions X → V(Y ).
a. Show that, for any upward Priestley compatible relation R ⊆ X × Y ,
the direct image function fR : X → V(Y ), defined by fR (x) := R[x]
for every x ∈ X, is continuous and order-preserving.
b. Show that, for any continuous and order-preserving function f : X →
V(Y ), the relation Rf ⊆ X × Y defined by xRf y if, and only if,
y ∈ f (x), is upward Priestley compatible.
c. Let R ⊆ X × Y be any upward Priestley compatible relation and
f : X → V(Y ) a continuous and order-preserving function. Prove that
f = fRf and RfR = R.
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Exercise 4.22. This exercise shows in more detail how the proof of Proposition 4.29 generalizes the proof sketch for the finite case given in the beginning
of the section, and how one could naturally arrive at the compatibility conditions. It also establishes a link between duality for finite meet preserving
maps and the canonical extension of such maps.
Let X and Y be posets and let R ⊆ X × Y be a relation.
a. Prove that the pair of functions R[−] : P(X) ⇆ P(Y ) : ∀R−1 [−] is an
adjoint pair.
b. Using Exercise 4.18, show that it then follows that this adjunction
restricts to a well-defined adjunction R[−] : D(X) ⇆ D(Y ) : ∀R−1 [−]
if, and only if, R is upward order-compatible.
Further assume that X and Y are Priestley spaces dual to distributive
lattices L and M , respectively.
c. Prove that R is upward Priestley compatible if, and only if, the
function ∀R−1 [−] : D(Y ) → D(X) factors through the embeddings
L ,→ D(X) and M ,→ D(Y ), i.e., if there exists a function h : M → L
d = ∀ −1 [b
b] for all b ∈ M . Also show that such a function
such that h(b)
R
h, if it exists, must preserve finite meets.
d. Show that, even if R is upward Priestley compatible, the function R[−]
does not necessarily factor through L ,→ D(X) and M ,→ D(Y ).
e. Prove that for any finite-meet-preserving function h : M → L, there exists a unique completely meet-preserving function hδ : D(Y ) → D(X),
d for any b ∈ M ; show that the lower adjoint of hδ
such that hδ (bb) = h(b)
is equal to the relational direct image function R[−] : D(X) → D(Y ),
where R is the relation dual to h.
Note. This item is straight-forward to prove if one combines the earlier
two items of this exercise with the results from this section. A more
difficult exercise is to prove this last item without using the results
from this section; see for example [33]. This can then be used to give
an alternative proof of Theorem 4.31.
f. Explain why the proof for the finite case, outlined earlier in this section, is a special case of the previous item.
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Exercise 4.23. This exercise shows that “the dual relations of adjoint pairs
are converse to each other”.
Let f : L ⇆ M : g be an adjoint pair between distributive lattices, and
let X and Y be the Priestley dual spaces of L and M , respectively. Since f is
a left adjoint, it preserves finite joins; let Rf ⊆ Y × X denote the downward
Priestley compatible relation dual to f . Similarly, let Rg ⊆ X × Y denote
the upward Priestley compatible relation dual to g. Prove that (x, y) ∈ Rg
if, and only if, (y, x) ∈ Rf . That is, Rf and Rg are converse relations.Hint.
The first items of Exercise 4.22 can also be useful here.
Exercise 4.24. Let h : M → L be a homomorphism between distributive
lattices and let X and Y be the Priestley dual spaces of L and M , respectively. Denote by Rh ⊆ X ×Y the upward Priestley compatible relation dual
to h, viewed as a finite-meet-preserving function, and by Sh ⊆ X × Y the
downward Priestley compatible relation dual to h, viewed as a finite-joinpreserving function. Prove that the intersection Rh ∩ Sh of the two relations
is a functional relation, and that this is the continuous order-preserving
function dual to h, as defined in Section 3.2.

4.4

Modal algebras and Kripke completeness

In this section we show how the duality results of the previous section relate
to Kripke’s possible world semantics for modal logic. We begin by giving a
minimal introduction to modal logic, limiting ourselves to the parts that are
needed for understanding the connection to duality theory; for much more
material on modal logic and duality we refer to classic textbooks in the field,
such as [14, 20].
The basic normal modal logic, K, is an extension of classical propositional logic by a necessity operator, □. Formally, modal formulas are terms
built from propositional variables and the constants ⊤, ⊥, using the binary
operations ∨, ∧, →, and unary operations ¬ and □; we use the common
notational convention that unary operators bind more strongly than binary
ones, i.e., the notation □p → ¬q denotes the formula (□p) → (¬q), which
is different from the formula □(p → ¬q). A notion of derivability between
modal formulas, ⊢K , may be defined by extending a Hilbert-style proof calculus for classical logic with one additional axiom, □(p → q) → (□p → □q),
and one additional rule: from ⊢K φ, infer ⊢K □φ. We will not need to
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enter into details of the proof calculus here; see, e.g., [20, Sec. 3.6] for more
details. Crucially for us is the characteristic property of K that, for any
formulas φ and ψ, ⊢K □(φ ∧ ψ) ↔ (□φ ∧ □ψ), and ⊢K □⊤ ↔ ⊤. In other
words, the operation φ 7→ □φ yields a finite-meet-preserving function on the
set of ⊢K -equivalence classes of modal formulas! This leads to the following
definition.
Definition 4.36. A modal algebra is a pair (B, □), where B is a Boolean
algebra, and □ : B → B is a finite-meet-preserving endofunction on B. A
homomorphism from a modal algebra (B, □B ) to a modal algebra (A, □A ) is
a homomorphism h : B → A such that, for every b ∈ B, h(□B b) = □A h(b).
Remark 4.37. A generalization of modal logic to a negation-free basis has
been studied in the literature. Algebraically, we may call a positive modal
algebra a pair (D, □), where D is a distributive lattice and □ : D → D
is a finite-meet-preserving function. Duality has also been applied to that
setting, in an analogous way to what we do for ‘classical’ modal logic in
this section, see, e.g., [19]. In the current section, we limit ourselves to
applying duality in the classical, Boolean case, but we will consider the
distributive case in Example 5.40 and Exercise 5.37 in the next chapter, and
we also revisit duality for operators on distributive lattices in Section 6.4,
where it will be related to a function space construction; see in particular
Definition 6.21.
Note that, if (B, □) is a modal algebra and V is a set of variables, and
f : V → B is any function, then any modal formula φ with propositional
variables drawn from V has a uniquely defined interpretation f¯(φ) in B,
which may be defined inductively by setting f¯(v) := f (v) for v ∈ V , f¯(⊤) :=
⊤, f¯(□φ) := □f¯(φ), f¯(φ ∨ ψ) := f¯(φ) ∨ f¯(ψ), f¯(¬φ) := ¬f¯(φ), etc. In
algebraic terms, f¯ is the unique extension of f to a homomorphism from the
term algebra over V to B.
It may be proved that the set of K-derivable equivalence classes of modal
formulas in a fixed set of variables V is, up to isomorphism, the free modal
algebra over V . The proof is a straight-forward adaptation to the modal
case of the construction of the Lindenbaum-Tarski algebra for propositional
logic, which we saw when we constructed the free distributive lattice in
Section 4.1, see Remark 4.5; for all the details in the modal setting, see,
e.g., [20, Sec. 7.5] or [14, Sec. 5.2]. From this fact, one obtains the following
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crucial theorem, which is the foundational fact in algebraic modal logic,
where it is known as the “algebraic completeness theorem for K”.
Theorem 4.38. Let φ and ψ be modal formulas with propositional variables
among x1 , . . . , xn . Then ⊢K φ ↔ ψ if, and only if, for every function
f : {x1 , . . . , xn } → B, with B a modal algebra, we have f¯(φ) = f¯(ψ). In
particular, ⊢K φ iff f¯(φ) = ⊤ for every interpretation f .
Proof. See, e.g., [20, Thms. 7.43 and 7.44] or [14, Thm. 5.27].
We now show how this algebraic completeness theorem for K may be
combined with the duality Theorem 4.31 of the previous section to obtain
easy proofs of Kripke completeness theorems for K. We first give the definition of Kripke semantics.
Definition 4.39. A (discrete) Kripke frame is a pair (X, R), with X a set
and R ⊆ X × X a relation. A Kripke Boolean space is a triple (X, τ, R),
with (X, τ ) a Boolean space and R ⊆ X × X a compatible relation on X.4
Kripke frames are used to define a concrete, set-based semantics for
modal logic, generalizing truth tables for propositional logic, as follows. Fix
a set of variables V . For any Kripke frame (X, R) and any valuation function
c : X → 2V , a forcing or truth relation, ⊩ is defined between points of X
and modal formulas with variables in V , as follows. For any x ∈ X and
v ∈ V , define x ⊩ v iff c(x)(v) = 1, and also define x ⊩ ⊤ to always hold.
Then, extend ⊩ inductively by defining, for any modal formulas φ, ψ, that
we have x ⊩ φ ∨ ψ iff x ⊩ φ or x ⊩ ψ; x ⊩ ¬φ iff not x ⊩ φ; and, crucially,
def

x ⊩ □φ ⇐⇒ for every y ∈ X, if xRy, then y ⊩ φ.

(4.14)

If x ⊩ φ, then we say that φ holds or is true at x ∈ X. For a Kripke Boolean
space (X, τ, R), the relation ⊩ is defined in the same way, but the valuation
functions c : X → 2V are limited to the admissible ones, where a valuation
is called admissible if, for every v ∈ V , the set of points in X at which v
is true is clopen. A modal formula φ is valid on a (discrete) Kripke frame
(X, R) if it is true under every valuation of the variables occurring in φ,
and it is valid on a Kripke Boolean space if it is true under every admissible
valuation of the variables in φ.
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Example 4.40. Consider the Kripke frame (N, <). Examples of valid formulas on this Kripke frame are ¬□⊥, since for every n ∈ N there exists
m ∈ N with n < m, and also □□p → □p, since < is a transitive relation.
We leave it as an instructive exercise for the reader unfamiliar with modal
logic to check in detail that these formulas are indeed valid. An example of
a formula that is not valid on this Kripke frame is □p → p: for the valuation
c which sends 0 ∈ N to (p 7→ 0) and any other n ∈ N to (p 7→ 1), we have
that 0 ⊩ □p but 0 ̸⊩ p, so that 0 ̸⊩ □p → p. Note that, under this valuation,
□p → p does happen to be true in all n ∈ N \ {0}. In fact, one may prove
as another instructive exercise that the formula □p → p is valid on a Kripke
frame if, and only if, the relation of the frame is reflexive. See Exercise 4.25.
A first connection between Kripke frames and modal algebras is given by
Corollary 4.42 below, a consequence of the results in the previous section.
Definition 4.41. For a Kripke Boolean space (X, τ, R), define its dual modal
algebra to be the pair (B, ∀R−1 ), where B is the Boolean algebra dual to
(X, τ ).
The following is now a straightforward application of Proposition 4.29.
Corollary 4.42. Every modal algebra (B, □) is isomorphic to the dual
modal algebra of a unique, up to isomorphism, Kripke Boolean space (X, τ, R).
Proof. By Stone duality, there is a unique Boolean space (X, τ ) dual to B.
By Proposition 4.29, and the fact that ‘upward Priestley compatible’ means
‘compatible’ (Def. 4.32) in the Boolean case, there is a unique compatible
relation R on X such that □ = ∀R−1 .
We now use Corollary 4.42 to reformulate Kripke’s semantics for modal
logic in the language of modal algebras, as follows. Note first that functions c : X → 2V are in a bijection with functions f : V → P(X), via
the “currying” map which sends any function c : X → 2V to the function
fc : V → P(X) defined by
fc (v) := {x ∈ X | c(x)(v) = 1}.
The relationship between Kripke semantics and homomorphisms of modal
algebras is now explained by the following proposition. Recall that f¯ denotes
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the unique interpretation of modal formulas into a modal algebra extending
a given interpretation f of the variables. Also note that (P(X), ∀R−1 ) is a
modal algebra for any Kripke frame (X, R).
Proposition 4.43. Let (X, R) be a Kripke frame and c : X → 2V a valuation. For any modal formula φ and x ∈ X, x ⊩ φ if, and only if, x ∈ fc (φ).
Proof. Define the function h which sends a modal formula φ to the set
{x ∈ X : x ⊩ φ}. The claim may be rephrased as h(φ) = fc (φ) for all
modal formulas φ. To prove this claim, note that h is a homomorphism of
modal algebras; indeed, in particular, for any modal formula φ,
h(□φ) = {x ∈ X : ∀y ∈ X, if xRy then y ∈ h(φ)} = ∀R−1 (h(φ)),
and the other inductive clauses are straightforward. Also note that h|V = fc ,
by definition of ⊩ on variables. Thus, h is a homomorphism of modal
algebras which extends fc , and must therefore be equal to fc , as required.
We may now combine Corollary 4.42 and Proposition 4.43 to give a
strong completeness theorem for the modal logic K. A set of formulas
Γ is
V

called K-consistent if for every finite subset F of Γ, the formula ¬ φ∈F φ
is not provable in K. A set of formulas Γ is called satisfiable (in a Kripke
model) if there exists a Kripke model and a point x in it such that all the
formulas in Γ hold in x.
Theorem 4.44. Any K-consistent set of formulas is satisfiable.
Proof. Let Γ be a K-consistent set of formulas and let V be the set of
propositional variables that occur in Γ. Let A be the free modal algebra
on V ; for any formula φ, we denote by [φ] the corresponding element of
A, i.e., its equivalence class up to K-provability. Write (X, τ, R) for the
Kripke Boolean space dual to A, by Corollary 4.42. Denote by T the filter
in A generated by {[φ] : φ ∈ Γ}. Note that the consistency assumption
means exactly that the bottom element of A is not in T : indeed, if we would
have [⊥] ∈ T , then there would have to exist a finite set F of formulas
in
V

V
Γ such that φ∈F [φ] = [⊥], which would mean exactly that ¬ φ∈F φ
is provable in K. Therefore, by compactness of the space (X, τ, R), pick
c for φ in T . Consider
a point x that is in the intersection of the sets [φ],
V
c for every v ∈ V ;
the canonical valuation c : X → 2 such that fc (v) = [v]
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c Then, since both [φ] 7→ [φ]
c and φ 7→ f (φ)
explicitly, c(x)(v) = 1 iff x ∈ [v].
c
are homomorphisms from A to the dual modal algebra of (X, τ, R) with the
same value on V , they must be equal. In particular, for any φ ∈ Γ ⊆ T , we
c = f (φ), so that x ⊩ φ by Proposition 4.43.
have x ∈ [φ]
c

We make two remarks about the above proof, which we here only gave
for the logic K.
First, the Kripke model that we construct in the proof does not depend
on the particular choice of the set Γ, but only on the set V of propositional variables that occur in Γ. The Kripke model is then obtained as the
dual space of the free modal algebra on V . This Kripke model is known
in the modal logic literature as the canonical model (for the logic K, on
the set of variables V ), where its points are often presented as “maximal
consistent sets”. The reader may easily convince themselves that maximal
consistent sets are just ultrafilters of the free modal algebra in disguise, see
Exercise 4.26 below.
Second, the proof technique for completeness is not limited to K. In
particular, if S is any set of modal formulas, which we think of as axioms,
then a new modal logic K + S may be defined as the set of formulas that
are derivable using the rules from K, but allowing in addition an appeal to
any substitution instance of the formulas in S without proof. Some famous
examples include K4 := K + {□p → □□p}, S4 := K + {□p → □□p, □p →
p} and GL := K + {□(□p → p) → □p}. The axiom added in the last
of these is called Löb’s axiom, and the ensuing logic GL is called GödelLöb logic. Gödel’s name is attached to the logic because of its relevance in
provability logic, where ‘□p’ is interpreted as the provability of a proposition,
often in some form of arithmetic. In duality-theoretic terms, the axiom is
interesting because it has a non-trivial behavior with respect to the topology
on its Kripke Boolean spaces, and a proper understanding of the logic GL
requires using this topology; see Exercise 4.27 below for more information.
In a slightly different direction, finite model properties, i.e., completeness
with respect to a class of finite models, are often desirable in modal logic,
and may also be obtained using duality methods. We do not discuss this
further here, but refer to the already cited modal logic textbooks [14, 20]
for more information.
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Modal algebra homomorphisms and bounded morphisms
To end our exploration of duality for modal algebras in this section, we
briefly discuss duality for homomorphisms between modal algebras and the
corresponding notion of bounded morphism between the dual Kripke Boolean
spaces. For further applications of duality to the theory of modal logic,
this duality is crucial, but we do not develop this here. The main point
here is just to show that the duality theory techniques developed in the
previous chapters carry over without difficulty from Boolean algebras to
modal algebras.
Recall that we defined a homomorphism from a modal algebra (B, □B ) to
a modal algebra (A, □A ) in Definition 4.36 as a Boolean algebra homomorphism that preserves the box operation. The dual of such a homomorphism
should clearly be a continuous function from the dual space XA to the dual
space XB which satisfies an additional property with respect to the respective Kripke relations RA and RB . The following definition and proposition
show what this property is.
Definition 4.45. Let (X, R) and (Y, S) be Kripke frames. A function
f : X → Y is called a bounded morphism if it satisfies the following two
properties:
a. for every x, x′ ∈ X, if xRx′ , then f (x)Sf (x′ ),
b. for every x ∈ X, y ∈ Y , if f (x)Sy, then there exists x′ ∈ X such that
xRx′ and f (x′ ) = y.
The first condition in Definition 4.45 is sometimes called the ‘forth’ condition, and the second condition the ‘back’ condition. Bounded morphisms
are also called back-and-forth morphisms in the modal logic literature. We
will see in the proof of Proposition 4.47 below that the two conditions correspond to two subset inclusions. We will need the following lemma, which, in
a slightly more general context, has been referred to as “Esakia’s Lemma”
in the literature.
Lemma 4.46. Let R ⊆ X × X be a relation on a Boolean space X such
that R[x] is closed for every x ∈ X. Let f : X → Y be a continuous function
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from X to a Boolean space Y . For every y ∈ Y ,
h

i

R−1 f −1 (y) =

\

h

i

R−1 f −1 (bb) .

b∈Fy

Proof. The left-to-right inclusion is obvious. For the other inclusion, suppose
that x ∈ X is not in the left hand side, so that R[x] is disjoint from the
T
set f −1 (y) = b∈Fy f −1 (bb). Then, for each z ∈ R[x], pick bz ∈ Fy such
that z ∈ f −1 (bbz )c . Since R[x] is closed, it is compact, so pick a finite set
F ⊆ R[x] such that R[x] is already covered by the sets f −1 (bbz )c for z ∈ F .
V
Define b := z∈F bz . Then b ∈ Fy , and R[x] is disjoint from f −1 (bb). Thus,
x is not in the right hand side, as required.
Proposition 4.47. Let (A, □A ) and (B, □B ) be modal algebras with dual
Kripke Boolean spaces (X, τX , R) and (Y, τY , S), respectively. Let h : B → A
be a homomorphism of the underlying Boolean algebras and let f : X → Y
the dual continuous function. The following are equivalent:
(i) the function h is a homomorphism of modal algebras,
(ii) the function f is a bounded morphism.
Proof. Recall from Proposition 4.29 that, for any a ∈ A and b ∈ B, □d
Aa =
d = f −1 (b
d
b
b], and □
∀R−1 [a
b
=
∀
[
b].
Also,
for
any
b
∈
B,
h(b)
b),
by
Stone
−1
B
S
duality for homomorphisms. Thus, (i) is equivalent to:
−1 (a)].
for every b ∈ B, f −1 (∀S −1 [bb]) = ∀R−1 [f\

(4.15)

Using the fact that, for any binary relation R on a set X, ∀R−1 [U ] =
X \ R−1 [X \ U ] (see equation (4.4)), this may be rewritten as:
for every b ∈ B, f −1 (S −1 [bb]) = R−1 [f −1 (bb)].

(4.16)

We will now show that the condition in (4.16) is equivalent to:
for every y ∈ Y, f −1 (S −1 [y]) = R−1 [f −1 (y)].

(4.17)

The condition in (4.17) is easily seen, by unraveling the definitions, to be
equivalent to (ii), so this will conclude the proof of the proposition.
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Now, to prove the equivalence of (4.16) and (4.17), note that (4.17)
implies (4.16), since inverse images preserve unions, so, assuming (4.17), we
have in fact for any subset U of Y ,
f −1 (S −1 [U ]) =

[

f −1 (S −1 [y]) =

y∈U

[

R−1 [f −1 (y)] = R−1 [f −1 (U )].

y∈U

For the other direction, we use Lemma 4.46 twice. Applying this lemma
first to the relation S and the identity function on Y , we get S −1 [y] =
T
−1 b
b∈Fy S [b]. Now assume (4.16) holds. Then, for any y ∈ Y , we have


f −1 (S −1 [y]) = f −1 


\

S −1 [bb]

b∈Fy

=

\

f −1 (S −1 [bb])

b∈Fy

=

\

R−1 [f −1 (bb)] = R−1 [f −1 (y)],

b∈Fy

where we have used Lemma 4.46 again for the last equality.
Remark 4.48. The proof of Proposition 4.47 in fact shows that h is a homomorphism of modal algebras if, and only if, for every subset U ⊆ Y ,
f −1 (S −1 [U ]) = R−1 [f −1 (U )]. In other words, the property of being a homomorphism of modal algebras lifts from h to the complete homomorphism f −1
from P(Y ) to P(X). That is, using terminology that we do not introduce
further in this book, the proposition shows that the property of ‘preserving
the box operation’ is a canonical property.

Exercises for Section 4.4
Exercise 4.25. Prove the claims made in Example 4.40.
Exercise 4.26. A maximal consistent set of modal formulas (with respect
to K) is a K-consistent set of formulas that is not properly contained in
any K-consistent set. Fix a set of variables V . Prove that the set of
ultrafilters of the free modal algebra over V is in a bijection with the set
MCS(V ) of maximal consistent sets of modal formulas whose variables lie in
V (this bijection is ‘almost’ the identity function). Further, by the results
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in this chapter, the set of ultrafilters comes equipped with a topology and a
compatible relation R; describe the corresponding topology and the relation
on the set MCS(V ).
Exercise 4.27. This exercise concerns Löb’s axiom, λ := □(□p → p) → □p.
We write GL for the logic K + {λ}. In particular, the last parts of this
exercise outline a proof that this axiom is not canonical in the sense of, e.g.,
[14, Def. 4.30]: there exists a Kripke Boolean space on which the axiom is
valid (i.e., with respect to admissible valuations), while it is not valid on the
underlying Kripke frame (i.e., with respect to all valuations).
a. Prove that λ is equivalent to ♢q → ♢(q ∧ ¬♢q), where q := ¬p.
b. Show that, if λ is valid on a Kripke frame (i.e., true under any valuation), then the Kripke frame must be transitive and irreflexive.
c. Let (X, τ, R) be a Kripke Boolean space for which R is transitive and
irreflexive. Prove that λ is valid on (X, τ, R) (i.e., true under any
admissible valuation) if, and only if, for every clopen subset K of X,
the set R−1 [K] has enough maximal elements, i.e., whenever xRy for
some y ∈ K, there exists y0 ∈ K such that xRy0 and such that not
y0 Rz for any z ∈ K.
d. Consider the Boolean space X which is the one-point compactification
of the countable set {n− , n+ : n ∈ N}; write ∞ for the additional point
‘at infinity’. Define the relation R on X to be the smallest transitive
relation satisfying the following conditions: for any n, m ∈ N, n+ R∞,
∞Rm− , n+ R(n+1)+ and (m+1)− Rm− . Prove that R is a compatible
relation.
Hint. Drawing a picture may help: the relation R makes the elements
m− into a descending chain, the elements n+ into an ascending chain,
and puts ∞ in the middle between the two chains, with the m− chain
on top and the n+ chain below. Note the similarity with Figure 3.3,
the dual of the lattice N ⊕ Nop .
e. Show that λ is valid on the Kripke Boolean space (X, τ, R) defined in
the previous item.
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f. Prove that λ is not valid on the Kripke frame (X, R) underlying the
space of the previous items; that is, find a (non-admissible!) valuation
c and a point in X such that λ does not hold at the point under the
valuation c.

4.5

Operators of implication type

In this section, we study duality for binary operators between distributive
lattices. Such operators generalize the finite-join-preserving and finite-meetpreserving functions for which we developed a duality in Section 4.3. We
focus in this section on binary operators that are ‘of implication type’, in
a sense to be made precise below. The theory that we develop in this
section holds more generally, and can be developed for any ‘order type’,
and for operations of any arity, also larger than 2. We restrict ourselves
here to binary operators of implication type, because these are the types
of operators that we will use in the applications in Chapters 7 and 8, and
because the theory for these operators is sufficiently general to see what goes
on in the general case.
Definition 4.49. Let D, E, and F be distributive lattices. A function
h : D×E → F is called an operator of implication type, or simply implication
operator, if, for any d, d′ ∈ D, e, e′ ∈ E, the following properties hold:
h(d ∨ d′ , e) = h(d, e) ∧ h(d′ , e),
h(d, e ∧ e′ ) = h(d, e) ∧ h(d, e′ ),
h(⊥, e) = ⊤,
h(d, ⊤) = ⊤.
The terminology ‘of implication type’ stems from the fact that, in many
logical systems, there is an implication operation ⇒ with the properties that,
for any formulas φ, φ′ , ψ, ψ ′ , (φ∨φ′ ) ⇒ ψ is equivalent to (φ ⇒ ψ)∧(φ′ ⇒ ψ),
that φ ⇒ (ψ ∧ ψ ′ ) is equivalent to (φ ⇒ ψ) ∧ (φ ⇒ ψ ′ ), and the formulas
⊥ ⇒ ψ and φ ⇒ ⊤ are tautologies in the logic. In such a logical system,
the operation on equivalence classes of formulas that is defined by sending
a pair of classes of formulas φ, ψ to the class of the formula ‘φ implies ψ’,
is an operator of implication type in the sense of the above definition.
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Note that the definition can be equivalently formulated by saying that,
for every d0 ∈ D, the unary operation e 7→ h(d0 , e) is finite-meet-preserving
when viewed as a map from E to F , and for every e0 ∈ E, the operation
d 7→ h(d, e0 ) is finite-meet-preserving when viewed as a map from Dop to
F . Implication operators are in this sense analogous to bilinear maps on
abelian groups, if finite-meet-preserving maps are thought of as analogous
to homomorphisms. Note also that, for a function h : D × E → F , being
of implication type is a very different property from preserving finite meets
as a map from the Cartesian product lattice Dop × E to the lattice F ! See
Exercise 4.28. Pursuing the above analogy, a bilinear map of abelian groups
is very different from a homomorphism from the direct product group.
Example 4.50. For any Boolean algebra B, the function h : B × B →
B defined by h(a, b) := ¬a ∨ b is an operator of implication type. This
follows from the distributive law and the fact that ¬ is a homomorphism
from B op to B. Note that this is a rather special example, because this
operation h is in fact uniquely definable from the order structure of the
Boolean algebra. More generally, Heyting algebras are distributive lattices
that admit an analogous intrinsically defined implication operator; we will
further discuss this example in depth in Section 4.6.
Example 4.51. Consider the lattice L = [0, 1], the real unit interval with
the usual ordering, and define the operation h : L × L → L by h(a, b) :=
min(1 − a + b, 1). The operation h is an operator of implication type, and is
known in the literature as the Lukaciewicz implication. More generally, if A
is any lattice-ordered abelian group with identity element e and containing
a so-called strong unit u then an operator of implication type h may be
defined on the unit interval [e, u] by h(a, b) := (u − a + b) ∧ u. These types of
implication operators play a central role in the study of multi-valued logic
and MV-algebras, we have omitted the precise definitions here; see e.g. [21,
66].
Example 4.52. If · : X × X → X is a binary operation on a set X, then it
induces an implication operator \ on the power set P(X), defined by
u\v := {x ∈ X : ∀y ∈ u,

x · y ∈ v}.

These operators of implication type play an important role in applications
of duality theory to automata theory, see Section 8.1. Also see Exercise 4.30
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for a generalization of this example to ternary relations on a set X (which
one may think of as multi-valued binary operations).
Later in this book, we will also encounter operators of implication type
when we construct the lattice dual to a function space construction; see
Section 6.4.

Duality for implication operators
As we did with finite-meet-preserving functions in Section 4.3, we will associate to every operator of implication type a relation between the dual
spaces. The underlying ideas are very similar to that unary case: an operator h : D × E → F should be determined by its action on points of the
dual space. Indeed, for a fixed d ∈ D, the operation hd : E → F defined
by hd (e) := h(d, e) is a finite-meet-preserving function and thus has an associated dual relation Rd ⊆ XF × XE , by the results of Section 4.3. We
will show in this section that this family of relations (Rd )d∈D can in fact be
described by a single ternary relation R ⊆ XD × XF × XE . The following
additional notations for ternary relations will be useful to this end.
Notation. Let R ⊆ X × Y × Z be a ternary relation between sets X, Y
and Z. Let U ⊆ X. We use the following notation for the direct image of
U under the relation R:
R[U, , ] := {(y, z) ∈ Y × Z :

there exists x ∈ U such that R(x, y, z)}.

Analogously, let V ⊆ Y and W ⊆ Z. Then the notations R[ , V, ] and
R[ , , W ] are defined in the same way. Similarly, we define the direct image
R[U, V, ] := {z ∈ Z : there exists (x, y) ∈ U × V such that R(x, y, z)}.
In particular, when U is a singleton set {x}, we write R[x, , ] instead of
R[{x}, , ].
In analogy with Section 4.3, we now identify necessary and sufficient
conditions for a relation R to be a dual relation of an operator of implication
type.
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Definition 4.53. Let X, Y , and Z be Priestley spaces. A relation R ⊆
X × Y × Z is compatible (of implication type) if it satisfies the following
properties:
• for any x, x′ ∈ X, y, y ′ ∈ Y , z, z ′ ∈ Z, if x′ ≥ x, y ′ ≥ y, and z ′ ≤ z,
and R(x, y, z), then R(x′ , y ′ , z ′ );
• for any clopen down-set U of X and any clopen up-set V of Z, the set
R[U, , V ] is clopen;
• for every y ∈ Y , the set R[ , y, ] is closed.
We now prove that a compatible relation of implication type between
Priestley spaces one-to-one corresponds to an implication operator on the
dual distributive lattices. Analogously to the universal image defined for binary relations, which gave a finite-meet-preserving function for every binary
relation, we will now associate an implication operator to a ternary relation,
as follows.
Let X, Y , and Z be Priestley spaces. For any relation R ⊆ X × Y × Z,
U ⊆ X and V ⊆ Z, define the subset U ⇒R V of Y as:
U ⇒R V := {y ∈ Y : for all x ∈ U, z ∈ Z, if R(x, y, z) then z ∈ V }.
(4.18)
Lemma 4.54. If R is a compatible relation of implication type, then ⇒R
defines an implication operator from ClpD(X) × ClpD(Z) to ClpD(Y ).
Proof. The set on the right-hand-side of (4.18) is equal to Y \ R[U, , Z \ V ],
and is therefore a clopen down-set, by the compatibility conditions on R.
The required equations for an implication operator now follow directly from
the fact that the direct image operation (U, V ) 7→ R[U, , V ] preserves joins
in each coordinate; see Exercise 4.31 for the details.
We now show how to recover the compatible relation from an implication
operator.
Definition 4.55. Let D, E, and F be distributive lattices with Priestley
dual spaces XD , XE , and XF , respectively. Let h : D×E → F be an operator
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of implication type. We define the dual relation Rh ⊆ XD × XF × XE as
follows, for any (x, y, z) ∈ XD × XF × XE :
def

Rh (x, y, z) ⇐⇒ for every d ∈ D, e ∈ E,

(4.19)

if d ∈ Fx and h(d, e) ∈ Fy , then e ∈ Fz .
This definition can be given a logical interpretation: if we think of prime
filters as complete theories, then (x, y, z) is in the relation associated to an
implication operation ⇒ if it the theories “respect” a type of modus ponens
rule for the implication: when a proposition φ is in the theory of x and
φ ⇒ ψ is in the theory of y, then ψ must be in the theory of z.
Proposition 4.56. Let h : D × E → F be an implication operator. The
dual relation Rh ⊆ XD × XF × XE is a compatible relation of implication
type, and it is the unique compatible relation R such that, for any d ∈ D,
\
e ∈ E, h(d,
e) = db ⇒R eb.
Proof. The proof follows the same general scheme as the proof of Proposition 4.29 in Section 4.3, but requires a bit more work. It is immediate from
the definition of Rh that it satisfies the order compatibility condition. We
now prove that, for any d ∈ D, e ∈ E, we have
\
h(d,
e) = db ⇒Rh eb.

(4.20)

\
For the left-to-right inclusion, suppose that y ∈ h(d,
e). To prove that
b
b
y ∈ d ⇒R eb, let x ∈ d and z ∈ XE such that R(x, y, z). Then, by definition
\
of Rh , since y ∈ h(d,
e), we have z ∈ eb. Thus, y ∈ db ⇒Rh eb.
For the right-to-left inclusion, we reason contrapositively. Suppose that
\
y ̸∈ h(d,
e). Consider the subset of D defined by
I := {d′ ∈ D : h(d′ , e) ∈ Fy }.
Using the fact that h turns joins into meets in the first coordinate, we note
that I is an ideal in D, and by assumption it does not contain d. By the
prime filter theorem, pick x ∈ XD such that x ∈ db and Fx is disjoint from
the ideal I. Now consider the subset of E defined by
G := {e′ ∈ E : there exists d′ ∈ Fx such that h(d′ , e′ ) ∈ Fy }.
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Note that G does not contain e: if d′ ∈ Fx , then d′ ̸∈ I, so h(d′ , e) ̸∈ Fy .
We now show that G is a filter in E. First, ⊤E ∈ G, because h(⊤D , ⊤E ) =
⊤F ∈ Fy , and ⊤D ∈ Fx . Also, G is an up-set: if e1 ∈ G and e2 ≥ e1 , then
h(d′ , e2 ) ≥ h(d′ , e1 ) for any d′ , so if h(d′ , e1 ) ∈ Fy then also h(d′ , e2 ) ∈ Fy .
Finally, we show G is closed under binary meets. Suppose that e1 , e2 ∈ G.
Pick d1 , d2 ∈ Fx such that h(di , ei ) ∈ Fy for i = 1, 2. Then d := d1 ∧ d2 ∈ Fx ,
and
h(d, e1 ∧ e2 ) = h(d, e1 ) ∧ h(d, e2 ) ≥ h(d1 , e1 ) ∧ h(d2 , e2 ) ∈ Fy ,
where we use in the last inequality that h is order-reversing in the first
coordinate. By the prime filter theorem, pick z ∈ XE such that z ̸∈ eb, and
G ⊆ Fz . Now, R(x, y, z), using the definition (4.19): if d′ ∈ D and e′ ∈ E
are such that d′ ∈ Fx and h(d′ , e′ ) ∈ Fy , then e′ ∈ G by definition of G, so
e′ ∈ Fz by the choice of z. But we also have x ∈ db while z ̸∈ eb, so by the
definition of ⇒Rh (4.18), we get y ̸∈ db ⇒Rh eb. This concludes the proof of
(4.20).
From (4.20), we conclude in particular that Rh satisfies the second condition in the definition of compatibility: indeed, if U is a clopen down-set of
XD and V is a clopen up-set of XE , then there exist d ∈ D and e ∈ E such
that db = U and XE \ eb = V . Now (4.20) implies that Rh [U, , V ], which is
the complement of db ⇒R eb, is clopen.
For the last condition in the definition of compatibility, note that, for
any y ∈ XF , we may rewrite the definition in (4.19) to get
Rh [ , y, ] =

b × eb : (d, e) ∈ D × E, h(d, e) ∈ Fy },
{(XD \ d)

\

which is clearly closed in the product XD × XE .
Thus, Rh is a compatible relation. It remains to prove that Rh is the only
compatible relation for which ⇒R is equal to h. Let R ⊆ XD × XF × XE be
\
any compatible relation and suppose that db ⇒R eb = h(d,
e) for every d ∈ D,
e ∈ E. Let (x, y, z) ∈ XD × XF × XE be arbitary. First, if R(x, y, z), then
for any d ∈ Fx and e ∈ E such that h(d, e) ∈ Fy , we have y ∈ db ⇒R eb,
so that e ∈ Fz ; thus, Rh (x, y, z). Conversely, suppose that R(x, y, z) does
not hold. This means that (x, z) is not in the closed set C := R[ , y, ]. By
Exercise 4.32, since C is an up-set in XD × (XE )op , there exist d ∈ D and
e ∈ E such that (x, z) ∈ db× ebc , and db× ebc is disjoint from C. It follows that
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b we must have z ′ ∈ eb,
y is in db ⇒R eb: whenever R(x′ , y, z ′ ) for some x′ ∈ d,
b ebc is disjoint from C = R[ , y, ]. Now,
since z ′ ∈ ebc would contradict that d×
\
\
by the assumption that db ⇒R eb = h(d,
e), we get that y ∈ h(d,
e). But then
Rh (x, y, z) does not hold, since d ∈ Fx and h(d, e) ∈ Fy but e ̸∈ Fz .

In order to turn the object correspondence established by the above
Proposition 4.56 into a full-fledged duality for distributive lattices equipped
with implication operators, one needs to study when distributive lattice homomorphisms preserve an implication operator, and what this says about
the dual function between Priestley spaces. One will then obtain a notion
of bounded morphism with respect to ternary relations, analogous to Definition 4.45 in the previous section. Instead of performing this general analysis
here, we defer it to the specific cases where we need it. In particular, in
Theorem 4.63 we will establish a full dual equivalence for Heyting algebras,
which is the special case where the implication operator on the distributive
lattice is the residual of the ∧ of the lattice. Further, in Sections 8.2 and 8.3
of Chapter 8, we will develop quotient-subspace duality for implication operators in the special setting of residuation operations on a Boolean algebra,
which are in particular implication operators.

Exercises for Section 4.5
Exercise 4.28. This exercise shows the difference, for a function h : D ×
E → F , between ‘operator of implication type’ and ‘finite-meet-preserving
as a function from the product lattice Dop × E to F ’.
a. Give an example of a function h : 2 × 2 → 2 which is an operator of
implication type, but does not preserve finite meets as a map from the
product lattice 2op × 2 to 2. Hint. Boolean implication is an operator
of implication type.
b. Give an example of a function h : 2 × 2 → 2 that preserves finite meets
as a map from 2op ×2 to 2, but which is not an operator of implication
type. Hint. The only equations that can fail are the last two equations
in Definition 4.49.
c. Suppose that h : D × E → F is finite-meet-preserving as a function
from Dop × E to F . Prove that h is an operator of implication type
if, and only if, h(⊥, e) = ⊤ and h(d, ⊤) = ⊤ for all d ∈ D, e ∈ E.
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Exercise 4.29. Verify that the operations defined in Examples 4.51 and
4.52 are indeed operators of implication type.
Exercise 4.30. Let X be a set and R ⊆ X 3 be a ternary operation on
X. We use R to define three binary operations ·, /, \ : P(X)2 → P(X), as
follows:
t · u := {x ∈ X : ∃y ∈ t, z ∈ u such that R(x, y, z)},
t\s := {z ∈ X : ∀y ∈ t, x ∈ X, if R(x, y, z) then x ∈ s},
s/u := {y ∈ X : ∀z ∈ u, x ∈ X, if R(x, y, z) then x ∈ s}.

Show that these operations form a residuated family, i.e., for all s, t, u ∈
P(X) we have
t · u ⊆ s ⇐⇒ u ⊆ t\s ⇐⇒ t ⊆ s/u.
Exercise 4.31. Verify the details of the proof of Lemma 4.54.
Exercise 4.32. Let X and Y be Priestley spaces and suppose that C ⊆
X × Y is a closed subset of the product which is an up-set in X × Y , i.e.,
for any (x, y) ∈ C, if x ≤ x′ and y ≤ y ′ , then (x′ , y ′ ) ∈ C. The aim of this
exercise is to prove that, if (x0 , y0 ) ̸∈ C, then there exist clopen down-sets
K ⊆ X and L ⊆ Y such that (x0 , y0 ) ∈ K × L and K × L is disjoint from
C.
For any y ∈ Y , write Ay := {x ∈ X : (x, y) ̸∈ C}, and for any x ∈ X,
write Bx := {y ∈ Y : (x, y) ̸∈ C}.
a. Show that Ay and Bx are open down-sets of X and Y , respectively.
b. By the previous item, since y0 ∈ Bx0 , pick a clopen down-set L containing y0 and such that L ⊆ Bx0 . Then, for each y ∈ L, pick a clopen
down-set Ky of X such that x0 ∈ Ky ⊆ Ay . Show that the set
T := {x ∈ X : there exists y ∈ L such that (x, y) ∈ C}
is closed in X, and that the collection (X \ Ky )y∈L is a cover of T .
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c. By the previous item, pick a finite subset F ⊆ L such that T is
T
S
contained in y∈F (X \ Ky ). Define K := y∈F Ky . Show that K × L
contains (x0 , y0 ) and is disjoint from C.
Remark. A shorter proof is possible using the correspondence between
Priestley spaces and spectral spaces described in Chapter 6, but the above
is still a useful topological exercise to become more familiar with products
of Priestley spaces.

4.6

Heyting algebras and Esakia duality

In this section we introduce the class of Heyting algebras. Using the fact
that Heyting algebras are a subclass of distributive lattices, equipped with a
very special operator of implication type, we will derive a duality for them,
using Priestley duality and the general results of the previous section.
Definition 4.57. Let L be a distributive lattice, and let a, b ∈ L. If the set
{c ∈ L : a ∧ c ≤ b} has a maximum in L, we denote it by a → b, and we call
a → b the relative pseudocomplement of a with respect to b.
A Heyting algebra H is a distributive lattice such that the relative pseudocomplement a → b exists for any a, b ∈ H.
Let H and K be Heyting algebras. A Heyting homomorphism is a lattice
homomorphism h : H → K which moreover preserves relative pseudocomplements, i.e., h(a → b) = h(a) → h(b) for all a, b ∈ H.
Note that a distributive lattice H is a Heyting algebra if, and only if, for
any a ∈ H, the function a ∧ (−) : H → H has an upper adjoint. Indeed, a
relative pseudocomplement of a with respect to b is an element of H such
that, for any c ∈ H,
a ∧ c ≤ b ⇐⇒ c ≤ a → b.
(4.21)
There is an interesting, and at first potentially confusing, tension in the
definition of Heyting algebras. While we chose to define a Heyting algebra
as a distributive lattice with an additional property, we often view it in
practice as a distributive lattice that comes equipped with the additional
structure of a Heyting implication. It is possible to give an alternative,
equivalent definition of Heyting algebras that is purely equational, see for
example [17, II.1, Example 11]. It is important to remember here that any
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given distributive lattice admits at most one Heyting implication. This
situation is analogous to the more familiar case of Boolean algebras: a
distributive lattice admits at most one Boolean negation, which we then
often regard as additional structure. However, a difference between the
two situations is that, while a distributive lattice homomorphism between
Boolean algebras always preserves Boolean negation (Exercise 1.20), not
every distributive lattice homomorphism between Heyting algebras preserves
the Heyting implication (Exercise 4.36).
Example 4.58. Any Boolean algebra is a Heyting algebra, with the implication definable as a → b := ¬a ∨ b; this example was already mentioned in
Example 4.50 in the previous section. Any frame is a Heyting algebra, because the functions a ∧ (−) in a frame preserve arbitrary joins, and therefore
have an upper adjoint by the adjoint functor theorem for complete lattices
(Exercise 1.23 in Chapter 1). However, not every homomorphism between
frames preserves the Heyting implication; see exercise 4.36. The Heyting
implication in a frame F can be computed explicitly for any a, b ∈ F , as
a→b=

_

{c ∈ F : a ∧ c ≤ b}.

In particular, the following are examples of Heyting algebras:
a. Any finite distributive lattice is a Heyting algebra.
b. The open set lattice of any topological space is a Heyting algebra, in
which a → b is naturally interpreted using the interior operator, see
Exercise 4.33.
c. Let (P, ≤) be a preorder. The lattice of downsets D(P ) is a complete
Heyting algebra, as follows from the preceding example. Given two
downsets U, V ∈ D(P ), the relative pseudocomplement of U with
respect to V may be calculated as follows (see Exercise 4.34):
U → V = {p ∈ P : ∀q ∈ ↓p, if q ∈ U then q ∈ V }.

(4.22)

Note that equation (4.22) can also be written as U → V = P \ ↑(U \V ).
Let H be a Heyting algebra. For any a, b ∈ H and S, T ⊆ H such that
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S and

V

T exist, we have:
a∧

_ 

S =

_

(a ∧ s),

(4.23)

(b → t),

(4.24)

(t → b).

(4.25)

s∈S

b→

^ 

T =

^
t∈T

_ 

T →b=

^
t∈T

The first two equations follow from equation (4.21), because lower adjoints
preserve existing suprema, and upper adjoints preserve existing infima (Exercise 1.8). For a proof of the third equation, see Exercise 4.37. Thus, the
operation → on any Heyting algebra is an operator of implication type in
the sense of Section 4.5.
We remark that (4.23) shows that any complete Heyting algebra is a
frame. Thus, in light of Example 4.58, a lattice is a frame if, and only if,
it is a complete Heyting algebra. However, we emphasize that the notion
of morphism depends on whether we view such a lattice as a frame or as a
complete Heyting algebra: frame homomorphisms are required to preserve
finite meets and arbitrary joins, whereas Heyting algebra homomorphisms
are required to preserve finite meets, finite joins, and the relative pseudocomplement. Exercise 4.36 guides you towards specific examples showing
the difference.

Esakia spaces
We now derive from the duality for implication operators developed in the
previous section a duality for Heyting algebras. This duality is originally
due to L. Esakia and is known as Esakia duality in the literature.5
From the perspective of the previous section, if a distributive lattice L
is a Heyting algebra, then the implication operator → has a dual ternary
relation R→ , as defined in Definition 4.55. Since → is definable from the
distributive lattice structure of L, the relation R→ ought to also be definable
directly from the dual space of L. As a first step towards deducing Esakia
duality from Priestley’s, we now show that this is indeed the case.
Lemma 4.59. Let L be a Heyting algebra and let X be the dual Priestley
space of L. Then the ternary relation R→ dual to the Heyting implication
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→ is given by
R→ = {(x, y, z) ∈ X 3 : z ≤ x and z ≤ y}.
Proof. Recall that the definition of R→ (Definition 4.55) says: R→ (x, y, z)
if, for any a, b ∈ L, if a ∈ Fx and a → b ∈ Fy , then b ∈ Fz . We show that
this is equivalent to the condition that Fx ⊆ Fz and Fy ⊆ Fz .
First suppose that R→ (x, y, z). Let a ∈ Fx . Note that ⊤ ≤ a → a
because ⊤ ∧ a ≤ a. Thus, a → a ∈ Fy . Hence, a ∈ Fz . Now let c ∈ Fy .
Note that c ≤ ⊤ → c because c ∧ ⊤ ≤ c. Thus, ⊤ → c ∈ Fy , and also
⊤ ∈ Fx . Hence, c ∈ Fz . Conversely, suppose that Fx ⊆ Fz and Fy ⊆ Fz .
Let a ∈ Fx and b ∈ L such that a → b ∈ Fy . Then a ∈ Fz and a → b ∈ Fz ,
so a ∧ (a → b) ∈ Fz . Now note that a ∧ (a → b) ≤ b, since a → b ≤ a → b.
Thus, b ∈ Fz .
For the remainder of this section, if X is a Priestley space, we write E
for the ternary relation defined by
E := {(x, y, z) : z ≤ x and z ≤ y}.
Lemma 4.59 says that, if X is dual to a Heyting algebra, then E = R→ . In
this case, E is a compatible relation in the sense of Definition 4.53. We now
reverse the question, and ask, when is the relation E, which can be defined
on any Priestley space, a compatible relation? We note immediately that E
satisfies the first, order-theoretic, condition in Definition 4.53. Also, for any
y ∈ Y , we have
E[ , y, ] = (≥X ) ∩ (X × ↓y),
which is always a closed subset of X × X, since in any compact ordered
space, the (reverse) order is closed, and the downward closure of a point is
closed (Proposition 2.10). Thus, the relation E is compatible if, and only if,
it satisfies the second condition in Definition 4.53: for any clopen down-set
U of X and any clopen up-set V of X, the set E[U, , V ] must be clopen.
From the definition of E, we note that E[U, , V ] = ↑(↓U ∩ V ) = ↑(U ∩ V )
when U is a down-set. With these preliminary considerations, we are now
ready to characterize the Priestley spaces that are dual to Heyting algebras.
Proposition 4.60. Let L be a distributive lattice with dual Priestley space
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X. The following are equivalent:
(i) L is a Heyting algebra;
(ii) for any clopen subset K of X, the generated up-set ↑K is clopen;
(iii) for any open subset U of X, the generated up-set ↑U is open.
Proof. We show that (i) and (ii) are equivalent; the equivalence of (ii) and
(iii) is left as Exercise 4.39. First, if L is a Heyting algebra, then the relation
R→ = E is compatible. By the remarks preceding the proposition, this
means that ↑(U ∩ V ) is clopen for any clopen up-set U and clopen down-set
V . Now recall from Lemma 3.29 that any clopen set of X is a finite union
of sets of the form U ∩ V , with U a clopen up-set and V a clopen-downset.
Thus, it follows that ↑K is clopen for any clopen set K. For the converse,
suppose that (ii) holds. By the above remarks, the relation E is in particular
compatible, and therefore by Lemma 4.54 defines an implication operator
⇒E on ClpD(X). Unraveling the definition of ⇒E in this case, we see that,
for any down-sets U and V of X,
U ⇒E V = {y ∈ Y : ∀x ∈ U, z ∈ X, if z ≤ x and z ≤ y then z ∈ V }
= {y ∈ Y : ∀z ∈ X, if z ≤ y and z ∈ U, then z ∈ V }.
As remarked in Example 4.58.c, this is the Heyting implication on the (complete) Heyting algebra D(X). Since ⇒E is well-defined on the bounded sublattice ClpD(X) of D(X), it now follows from Exercise 4.40 that ClpD(X)
is a Heyting algebra. By Priestley duality, L is isomorphic to ClpD(X), and
is therefore also a Heyting algebra.
A Priestley space X that satisfies the equivalent conditions in Proposition 4.60 is called an Esakia space. Note that the proof of Proposition 4.60
in particular implies that, if L is a Heyting algebra with dual Esakia space
X, then for any a, b ∈ L,
b→b
a\
→b=a
b,
b is a Heyting homomorphism from L to D(X).
i.e., the function a 7→ a

Proposition 4.61. Let L and M be Heyting algebras with Priestley dual
spaces X and Y , respectively. Let h : M → L be a lattice homomorphism
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with dual Priestley morphism f : X → Y ; i.e., for all a ∈ M , we have
d = f −1 (a
b). The following are equivalent:
h(a)
(i) for all y ∈ Y , f −1 (↑y) ⊆ ↑f −1 (y).
(ii) the homomorphism f −1 : D(Y ) → D(X) is a Heyting homomorphism;
(iii) the homomorphism h is a Heyting homomorphism, i.e., preserves →.
Proof. (i) ⇒ (ii). Let U, V ∈ D(Y ). First note that from (4.22) and the
fact that f is order preserving, we have f −1 (U ) ∩ f −1 (U → V ) ⊆ f −1 (V ),
so that f −1 (U → V ) ⊆ f −1 (U ) → f −1 (V ) by adjunction.
For the other inclusion, we use the definition of the Heyting implication
on D(X),see (4.22). Let x ∈ f −1 (U ) → f −1 (V ). We need to show that
f (x) ∈ U → V . To this end, let y ≤ f (x) be arbitrary with y ∈ U . By (i),
we then have x ∈ ↑f −1 (y), so pick x′ ≤ x such that f (x′ ) = y. Since y ∈ U ,
we have x′ ∈ f −1 (U ). Thus, since x ∈ f −1 (U ) → f −1 (V ) by assumption,
we get x′ ∈ f −1 (V ). Hence, y = f (x′ ) ∈ V , as required.
d is a Heyting homomorphism and f −1 is a Heyting
(ii) ⇒ (iii). Since (−)
homomorphism, their composition is a Heyting homomorphism. By Priestd It follows that h itself is a
ley duality, this composition sends a to h(a).
d is a lattice isomorphism between L and
Heyting homomorphism, since (−)
the clopen down-sets of X.
(iii) ⇒ (i). Suppose that x ̸∈ (↑f −1 (y)). We will prove that f (x) ≱ y.
Note that the collection of clopen sets
bc ) : a ∈ Fy } ∪ {f −1 (b
C := {f −1 (a
b) : b ∈ Iy }

is a cover of the closed set ↓x. Indeed, for any x′ ≤ x, we have f (x′ ) ̸= y
by assumption, so that either f (x′ ) ≰ y or f (x′ ) ≱ y. In the first case,
bc , and in the second case,
Fy ̸⊆ Ff (x′ ) gives an a ∈ Fy with f (x′ ) ∈ a
Iy ̸⊆ If (x′ ) gives a b ∈ Iy with f (x′ ) ∈ bb.
Since ↓x is closed (by Proposition 2.10), it is compact, and therefore we
bc ) : a ∈
may pick finite F ⊆ Fy and G ⊆ Iy such that the subcover {f −1 (a
V
W
F } ∪ {f −1 (bb) : b ∈ G} still covers ↓x. Define a := F and b := G. Then
b\b
bc ) ∪ f −1 (b
y∈a
b and ↓x ⊆ f −1 (a
b). The latter inclusion means, by (4.22),
−1
−1
b
b
that x ∈ f (a) → f (b), which is equal to
d → h(b)
d = h(a)\
\
h(a)
→ h(b) = h(a
→ b) = f −1 (a\
→ b),
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d preserves the Heyting implication, the assumption
using the fact that (−)
(iii), and that f is the function dual to h. We conclude that f (x) ∈ a\
→ b,
c
b
\
\
b \ b ⊆ (a → b) . In particular, f (x) ≰ y, since a → b is a downwhile y ∈ a
set.

Order preserving functions satisfying condition (i) in Proposition 4.61
are called p-morphisms or bounded morphisms in the literature. Note that
the definition is a special case of the definition for Kripke frames given above
(Definition 4.45). We record the explicit definition here. More information
on the link between modal logic and intuitionistic logic is given in Exercise 4.42 below.
Definition 4.62. An order preserving function f : X → Y between posets
is called a p-morphism or bounded morphism if, for any x ∈ X and y ∈ Y ,
if y ≤ f (x), then there exists x′ ≤ x such that f (x′ ) = y.
We denote by Esakia the category of Esakia spaces with continuous
p-morphisms.
Any order-preserving function satisfies the reverse inclusion of (i) in
Proposition 4.61, that is, f −1 (↑y) ⊇ ↑f −1 (y) for all y ∈ Y . Therefore,
an equivalent definition of p-morphism is: a continuous function f : X → Y
such that f −1 (↑y) = ↑f −1 (y) for all y ∈ Y .
The following duality theorem for Heyting algebras is now an immediate consequence of Priestley duality in Chapter 3, Proposition 4.60, and
Proposition 4.61.
Theorem 4.63. The category HA of Heyting algebras with Heyting homomorphisms is dually equivalent to the category Esakia of Esakia spaces with
continuous p-morphisms.
Just as duality for modal algebras yields a semantics for modal logic (see
Section 4.4), a similar Kripke-style semantics for intuitionistic propositional
logic can be obtained from this duality between Heyting algebras and Esakia
spaces.
An intuitionistic formula is a term in the signature of Heyting algebras,
i.e., built from propositional variables, using the operations ⊥, ⊤, →. If
φ is an intuitionistic formula with variables in a set P , we define ⊢ φ to
mean: for every function v : P → L, where L is a Heyting algebra, we have
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v(φ) = ⊤. Here, v(φ) is the unique interpretation of a formula φ extending
the given interpretation v of variables.
If (X, ≤) is a partially ordered set, then an admissible valuation is a
function v : P → D(X), assigning to every variable a down-set of X. We
say that an intuitionistic formula φ with variables in P holds at a point
x ∈ X if x ∈ v(φ). A tuple (X, ≤, v) where (X, ≤) is a poset and v
is an admissible valuation is known in the literature as an intuitionistic
Kripke model. An intuitionistic formula φ is satisfiable if there exists an
intuitionistic Kripke model such that v(φ) is non-empty, and consistent if
there exists an interpretation to a Heyting algebra such that v(φ) ̸= ⊥.
Theorem 4.64. Every consistent intuitionistic formula is satisfiable.
Proof. Let φ be a consistent intuitionistic formula and let v : P → H be a
valuation of the variables occurring in φ such that v(φ) ̸= ⊥. Let X the
Esakia space dual to H. We define the admissible valuation v ′ : P → D(X)
d for every p ∈ P . Since (−)
d is a homomorphism of Heyting
by v ′ (p) := v(p)
d and since (−)
d is injective, we get v ′ (φ) ̸= ∅,
algebras, we have v ′ (φ) = v(φ),
as required.
With only a little extra work, we may use the above proof technique
to show that every consistent intuitionistic formula is satisfiable in a finite
intuitionistic Kripke model. This argument proves the so-called finite model
property of intuitionistic propositional logic and is due to McKinsey and
Tarski.
Proposition 4.65. If an intuitionistic formula φ is consistent, then there
exists a valuation v from the variables of φ into a finite Heyting algebra such
that v(φ) ̸= ⊥.
Proof. Denote by P the set of propositional variables occurring in φ. Let
v0 : P → H be a valuation to a Heyting algebra such that v0 (φ) ̸= ⊥. Let
F be the bounded sublattice of H generated by the set of elements v0 (ψ),
where ψ ranges over the subformulas of φ, i.e., the formulas that occur in
the construction tree of φ. Note that F is finite since it is a distributive
lattice generated by a finite set; thus, F is a Heyting algebra. Let v : P → F
be the co-restriction of v0 to F . We may now show by induction that for
any subformula ψ of φ, v(ψ) = v0 (ψ). The only non-trivial case is when
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ψ = ψ1 → ψ2 for some formulas ψ1 and ψ2 . By the induction hypothesis,
v(ψi ) = v0 (ψi ) for i = 1, 2, and by definition, v(ψ) = v(ψ1 ) →F v(ψ2 )
and v0 (ψ) = v0 (ψ1 ) →H v0 (ψ2 ). The equality v(ψ) = v0 (ψ) now follows
from the general fact that if a, b ∈ F are such that a →H b ∈ F , then
a →F b = a →H b (Exercise 4.41). In particular, v(φ) = v0 (φ) ̸= ⊥, as
required.
Corollary 4.66. Every consistent intuitionistic formula is satisfiable in a
finite model.
Proof. In the proof of Theorem 4.64, we may take the Heyting algebra H to
be finite, by Proposition 4.65. The poset dual to the finite Heyting algebra
gives a finite model in which the formula is satisfiable.
Esakia duality may be used to deduce many more results on Heyting
algebras and Kripke semantics. We refer the interested reader to [32] for
more information, as well as more historical information on Esakia duality.

Exercises for Section 4.6
Exercise 4.33. Let X be a topological space, and Ω(X) its lattice of open
sets. Prove that, for any open sets U, V ⊆ X, the relative pseudocomplement, U → V , of U with respect to V is the interior of the set (X \ U ) ∪ V .
Exercise 4.34. The aim of this exercise is to prove equation (4.22). Let
(P, ≤) be a preorder and let τ be the dual Alexandrov topology for ≤ on P
(i.e., τ is the topology of down-sets of ≤).
a. Prove that, for any S ⊆ P , a point p ∈ P lies in the interior of S in
the topology τ iff ↓p ⊆ S.
b. From (a) and Exercise 4.33, deduce (4.22).
Exercise 4.35. Show that a complete distributive lattice may fail to be a
Heyting algebra. Hint. Explain why this is essentially the same question as
Exercise 1.15.b.
Exercise 4.36. Give examples of:
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a. a frame (or even complete lattice) homomorphism between complete
Heyting algebras which is not a Heyting homomorphism.
Hint. It suffices to find a homomorphism between finite distributive
lattices which does not preserve →. You may use finite duality to
construct such an example.
b. a Heyting homomorphism between frames which is not a frame homomorphism.
Hint. Consider N∞ , the chain of natural numbers with a top added,
and the map to 2 which sends all natural numbers to 0 and ∞ to 1.
Exercise 4.37. The aim of this exercise is to prove the third algebraic
property of Heyting algebras, namely, that → reverses arbitrary joins in the
first coordinate into arbitrary meets. Let H be a Heyting algebra.
a. Prove that, for any a, b, c ∈ H, c ≤ a → b ⇐⇒ a ≤ c → b.
b. Use the previous item to show that, for any b ∈ H, the function
(−) → b : H → H op has an upper adjoint.
c. Deduce that, for any b ∈ H and T ⊆ H such that
W
V
( T ) → b = t∈T (t → b).

W

T exists, we have

Exercise 4.38. A lattice L is a co-Heyting algebra if, for every a ∈ L the
function a ∨ (−) has a lower adjoint. The value of this lower adjoint at b ∈ L
is denoted a − b.
a. Prove that, for any topological space X, the closed set lattice is a coHeyting algebra, with C − D = C \ D for any closed sets C, D ⊆ X.
b. Prove that, for any preorder (P, ≤), the down-set lattice D(P ) is a
co-Heyting algebra.
Exercise 4.39. Show the equivalence of (b) and (c) in Proposition 4.60.
Hint. For (c) ⇒ (b), recall Proposition 2.10. For (b) ⇒ (c), use the fact
that ↑ preserves arbitrary unions.
Exercise 4.40. Let H be a Heyting algebra and let L be a bounded sublattice of H with the property that, for any a, b ∈ L, the implication a →H b
is in L. Prove that L is a Heyting algebra, with implication given by the
restriction of →H to L.
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Exercise 4.41. Let L be a bounded sublattice of a Heyting algebra H.
Suppose that a, b ∈ L and that a →H b is also in L. Show that a →H b
is a relative pseudocomplement of a with respect to b in L. Conclude in
particular that, if L is finite, and a, b ∈ L are such that a →H b is in L, then
a →L b = a →H b.
Exercise 4.42. This exercise outlines the algebraic content of the famous
Gödel translation of intuitionistic logic into the modal logic known as S4,
and outlines why the bounded morphisms of this section are a special case
of those between Kripke frames, in Section 4.4. This exercise is based on
the results in [32, Section 4], and solutions and further references may be
found there.
Let L be a distributive lattice, and let e : L → B be the Boolean envelope
of L, as defined in Definition 1.16.
a. Prove that L is a Heyting algebra if, and only if, the map e has an
upper adjoint, g.
b. Suppose that L is a Heyting algebra. Prove that the composite function □ := e ◦ g : B → B preserves finite meets, and satisfies the S4
axioms □a ≤ □□a and □a ≤ a for every a ∈ B.
c. Conversely, if □ is a finite-meet-preserving function on a Boolean algebra A satisfying the S4 axioms, prove that the image of □ is a Heyting
algebra which generates A.
d. Extend the object correspondence to a categorical equivalence: the
category of Heyting algebras is equivalent to the subcategory of modal
algebras consisting of those algebras (A, □) that satisfy the S4 axioms
and such that the image of □ generates A.
e. Use this result to explain why bounded morphisms as defined in this
section are a special case of the bounded morphisms of Section 4.4.

Notes
1. While our discussion here focuses on free distributive lattices, a large part of the
development in this section is an instance of a much more general universal algebra,
developed by Birkhoff; a standard reference for this is the textbook [17]. This section
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does not require knowledge of universal algebra, but we provide some pointers for the
interested reader. In Example 5.17, we will relate the definition of free objects to the
categorical notion of adjunction, to be introduced in Chapter 5.
2. Duality for additional operations originated with the seminal work of Jónsson and
Tarski [47, 48].
3. The theory of canonical extensions, not treated in this book, allows one to make this
statement more precise, see also Exercise 4.17. In that theory, any distributive lattice L
embeds into a “finite-like” lattice, Lδ , and any finite-meet-preserving function h : M → L
is shown to lift in a unique way to a completely meet preserving function hδ : M δ → Lδ ,
which then yields the dual relation R from the dual space of X to the dual space of Y ,
exactly by the ideas from the finite duality outlined here. This algebraic definition of the
dual relation was at the core of Jónsson and Tarski’s work [47], also see for example [33,
31].
4. The modal logic literature generally prefers to present Kripke Boolean spaces in the
form of descriptive general frames, which form an isomorphic category. The latter however
avoids having to speak explicitly about topology, see e.g. [14, Ch. 5] or [20, Ch. 8]. We
prefer to make the Boolean topology on general frames explicit, because we think it clarifies
the mathematical content of the general semantics, and in particular the link with Stone
duality.
5. An English translation of Esakia’s original 1985 monograph was published in 2019
[27].

Chapter 5

Categorical duality
In this chapter, we introduce notions from category theory and use them to
rephrase the duality theorems that we have seen so far. For our purposes,
category theory provides a general language that allows us to talk about
duality from a higher level viewpoint. We limit ourselves to explaining only
those notions from category theory that we need in this book; this is by no
means a complete introduction to category theory.1

5.1

Definitions and examples of categories

A category formalizes a class of mathematical objects, the morphisms between them, and how the morphisms compose. For example, the class of
sets and functions, with usual function composition, is a category, but so is
the class of sets and binary relations, with relational composition.
A category is a two-sorted structure: it has an objects sort and a morphisms sort. Every morphism f in a category has an associated domain
object, dom(f ), and codomain object, cod(f ). For every ‘composable’ pair
of morphisms (f, g), i.e., a pair such that dom(g) = cod(f ), there is a morphism, g ◦ f , the composition of g after f , and this operation of composition
is required to be associative. Finally, every object A in a category has an
associated identity morphism 1A , which acts as a neutral element for the
composition. We now give the formal definition. Although this definition
may look lengthy and abstract at first, the conditions are natural and easily
seen to be satisfied in the examples that follow.
160
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Definition 5.1. A category C is a tuple (ob C, mor C, dom, cod, ◦, 1(−) ),
where ob C and mor C are classes of objects and morphisms, dom and cod
are assignments from mor C to ob C, 1(−) is an assignment from ob C to
mor C, and ◦ is an assignment from {(g, f ) | dom(g) = cod(f )} to mor C,
with the following properties:
• for any f, g ∈ mor C with dom(g) = cod(f ),
dom(g ◦ f ) = dom(f ) and cod(g ◦ f ) = cod(g).
• for any f, g, h ∈ mor C, if dom(g) = cod(f ) and dom(h) = cod(g),
then
h ◦ (g ◦ f ) = (h ◦ g) ◦ f.
• for any A ∈ ob C,
dom(1A ) = A = cod(1A ).
• for any f ∈ mor C with dom(f ) = A and cod(g) = B,
f ◦ 1A = f and 1B ◦ f = f.
While Definition 5.1 gives the official definition of the structure usually
called a category, alternative definitions are possible. In particular, the
definition of category does not need to be two-sorted, as the structure of a
category is entirely determined by its class of morphisms: the objects can be
encoded in the class of morphisms using the identity morphisms; see, e.g.,
[6, Def. 3.53, p. 42].
The structure of categories is rich, due to many derived notions, which we
begin to introduce now. Let C be a category. For any A, B ∈ ob C, the Homclass from A to B in C is the collection of morphisms f with dom(f ) = A
and cod(f ) = B; this class is denoted by HomC (A, B), or simply C(A, B).
We also use the notation f : A → B to mean f ∈ HomC (A, B) when the
ambient category is clear. The notation ◦ and parentheses are often omitted:
e.g., we write hgf for the morphism h ◦ (g ◦ f ) = (h ◦ g) ◦ f .
Note that the components defining a category are not assumed to be sets.
This level of generality is necessary, because, for example, the collection of
all sets is not a set itself, and we want to be able to consider the category of
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sets. All the categories we work with in this book are locally small, which
means that, for any fixed pair of objects A, B in the category, the Hom-class
from A to B is a set. A category is called small if the class of morphisms
(and, hence, also the class of objects) is a set.
Example 5.2. The following are examples of categories that we have already seen. In each example, we only state what ob C and mor C are;
composition and identity are what you expect.
a. The category DL of distributive lattices and homomorphisms.
b. The category Top of topological spaces and continuous functions.
c. The category Priestley of Priestley spaces and continuous orderpreserving functions.
d. The category BA of Boolean algebras and homomorphisms.
e. The category BoolSp of Boolean spaces and continuous functions.
f. The categories DLf and BAf of finite distributive lattices and finite
Boolean algebras, respectively, and homomorphisms.
g. The category Set of sets and functions; the category Setf of finite
sets and functions.
h. The category Pos of posets and order-preserving functions; the category Posf of finite posets and order-preserving functions.
The categories described in the above example correspond to the way
we motivated categories above, as ‘mathematical universes’. In technical
terms, these categories are concrete, meaning that each object is a set (with
additional structure) and each morphism is a (special kind of) function
between the sets underlying the objects. We will be a bit more precise
about this concept of a ‘concrete category’ in Example 5.9.c below. However,
there are other, more abstract examples of categories. We give two classes
of examples of categories to illustrate this.
Example 5.3.
a. Let (P, ≤) be a preorder. There is a category P with
P as the set of objects and ≤ as the set of morphisms; that is, a
morphism is a pair (p, q) ∈ P × P with p ≤ q. Exercise 5.1 asks you
to define the additional structure that makes P into a category.
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b. Let (M, ·, I) be a monoid, that is, a set with an associative operation
· such that I · m = m = m · I for all m ∈ M . There is a category M
with a single object, ∗, and M as the set of morphisms. The domain
and codomain of any morphism is by definition ∗, the identity 1∗ is I,
and composition is defined by ·. The axioms of a monoid immediately
give that M is indeed a category.
Both of these examples of categories are in a sense degenerate, but in two
different directions: few morphisms (preorders), and one object (monoids).
A general category can thus be thought of as either ‘a multi-arrow preorder’
or ‘a multi-object monoid’.
One more central notion in categories, that we introduce now because
we will need it throughout this chapter, is that of an isomorphism.
Definition 5.4. Let f : A → B be a morphism in a category C. A twosided inverse to f is a morphism g : B → A in C such that g ◦ f = 1A and
f ◦ g = 1B . The morphism f is called an isomorphism if a two-sided inverse
exists for it. Two objects A and B are called isomorphic if there exists an
isomorphism from A to B.
If f is an isomorphism, then the inverse of f is unique, and is denoted
by f −1 . This morphism f −1 is also an isomorphism, and the notion of
being isomorphic is in fact an equivalence relation on the objects of C, see
Exercise 5.4. The skeleton of a category C is a category whose objects are
the equivalence classes under this equivalence relation, see Exercise 5.7 in
Section 5.3.
Example 5.5. In any of the concrete categories from Example 5.2, ‘isomorphism’ as defined in Definition 5.4 means exactly what one would expect.
In particular, an isomorphism between sets is just a bijection, and an isomorphism between Priestley spaces is an order-homeomorphism.
In a posetal category P as in Example 5.3.a, two objects are isomorphic
iff they are equivalent in the sense of Exercise 1.5. In a single-object category
M as in Example 5.3.b, an isomorphism corresponds to an invertible element
of the monoid. In particular, the monoid M is a group if, and only if, every
morphism of M is an isomorphism. More generally, a category G is called
a groupoid if every morphism in G is an isomorphism.
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Exercises for Section 5.1
Exercise 5.1. Let (P, ≤) be a preordered set. Define ob P := P and
mor P := ≤. For any (p, q) ∈ mor P, let dom(p, q) := p and cod(p, q) := q.
a. Why does there exist, for every p ∈ P , a unique morphism 1p with
domain and codomain p?
b. For any (p, q), (q, r) ∈ mor P, define (q, r) ◦ (p, q) := (p, r). Why is
(p, r) a morphism in P?
c. Verify that the structure defined above turns P into a category in
which there is at most one morphism between any two objects. A
category of this kind is called posetal.
d. Conversely, if C is a small category in which there is at most one
morphism between any two objects, define a preorder ≤ on the set
ob C such that C is the category associated to the preorder (ob C, ≤).
Exercise 5.2. Let C be a small category with one object. Define a monoid
M such that C is the category associated to the monoid M , as in Example 5.3.b.
Exercise 5.3. For any sets X, Y, Z and relations R ⊆ X ×Y and S ⊆ Y ×Z,
the composition of R and S is the relation R ◦ S ⊆ X × Z defined by
R ◦ S := {(x, z) ∈ X × Z | ∃ y ∈ Y such that (x, y) ∈ R and (y, z) ∈ S}.
Prove that there is a category Rel with sets as its objects, binary relations
as its morphisms, and composition defined as above.
(NB: The left-to-right notation for composition of relations is the reverse
of the usual right-to-left notation of composition for functions.)
Exercise 5.4. Let f : A → B be a morphism in a category C.
a. Prove that if g and g ′ are both two-sided inverses to f , then g = g ′ .
b. Suppose that f is an isomorphism. Prove that its two-sided inverse
f −1 is also an isomorphism.
c. Define a relation ∼ on ob C by: A ∼ B iff A is isomorphic to B. Prove
that ∼ is an equivalence relation.
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Constructions on categories

Categories can be studied from two different perspectives, both of which are
important; one is external, the other internal. From the external perspective,
one regards categories themselves as mathematical objects. From this point
of view, one may consider mappings between categories and constructions
on categories. For example, in this section we will describe the opposite category, subcategories of a category, functors between categories, adjunctions
between categories and, most important for our purposes, dualities.
From the internal perspective, the structure of a category, viewed as a
universe for performing mathematical operations, allows us to mimick many
natural constructions that we know from mathematics within a given, fixed
category. In the previous section, we already saw in Definition 5.4 that the
familiar notion of isomorphism between mathematical objects can be defined
internally in any category. We will see in the next section, Section 5.3,
that within many of the categories relevant to us, there is an analogue of
‘injective’ and ‘surjective’ map, of product, disjoint unions, power sets, and
more.
Many interesting results in category theory come from the interplay between the two perspectives. As a case in point, duality theory uses an
external construction (a duality) to obtain knowledge about internal constructions (e.g., quotients and subobjects) of the categories at hand.
As an aside, we note that many of the constructions that we describe
here as external constructions on categories can also be viewed as internal
constructions within a category, namely, the category Cat of categories (to
be properly defined shortly). This phenomenon, which is both beautiful
and a bit jarring, will mostly be ignored in this chapter. We recall that our
aim in this chapter is not to give the reader a complete course in category
theory, but to only introduce categories to the extent that a working duality
theorist needs them.

The opposite category
For a category C, the opposite category, Cop , is the category with the same
objects, morphisms, and identity as the category C, but the domain and
codomain assignments are interchanged, and the order of writing composition is reversed. More formally:
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Definition 5.6. Let C = (ob C, mor C, dom, cod, ◦, 1− ) be a category. The
opposite category, Cop , is defined as (ob C, mor C, cod, dom, •, 1− ), where,
if f : A → B, g : B → C are composable morphisms in C with composite
g ◦ f , then the composition of the corresponding morphisms g : C → B and
f : B → A in Cop , f • g, is defined to be the morphism C → A in Cop
corresponding to g ◦ f . Thus, for any objects A, B, we have by definition
HomCop (A, B) = HomC (B, A).

Subcategories
If C and D are categories with ob D ⊆ ob C and mor D ⊆ mor C and the
assignments dom, cod, ◦, and 1(−) of D are restrictions of those of C, then
D is called a subcategory of C.
An important special case of a subcategory is that of a full subcategory. A subcategory D of C is called a full subcategory if HomD (A, B) =
HomC (A, B) for every A, B ∈ ob D. If D is a collection of objects in a category C, then we can always consider the full subcategory of C whose objects
are in D.
For example, the categories Setf , DLf and BAf are full subcategories
of Set, DL and BA, respectively. Also, BA is a full subcategory of DL,
using the fact that every lattice homomorphism between Boolean algebras
is a Boolean homomorphism, see Exercise 1.20.b. A subcategory may only
restrict morphisms, while keeping the same class of objects: for example, the
category Rel introduced in Exercise 5.3 has Set as a non-full subcategory:
when moving from Rel to Set, the objects stay the same, but the morphisms
are those relations that are functions. (To be completely accurate, since
composition of relations is written in the opposite order of composition of
functions, Set is a subcategory of Relop , which is isomorphic to Rel, see
Exercise 5.6.a.) The category Heytf of finite Heyting algebras is an example
of a non-full subcategory of DLf : every finite distributive lattice is a finite
Heyting algebra, so the objects are the same, but not every distributive
lattice homomorphism preserves the Heyting implication, see Exercise 4.36.

Functors and natural transformations
The correct notion of ‘homomorphism’ between categories is that of a functor. We have already seen several examples of functors. For example, in
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Definition 3.20, we gave a functor from DL to Priestleyop : we associated
to any object L of the category DL an object XL of the category Priestley,
and, in Proposition 3.24, to any morphism h : L → M of the category DL
a morphism f : XM → XL of the category Priestley, i.e., a morphism
f : XL → XM in Priestleyop .
Definition 5.7. Let C and D be categories. A functor F from C to D
is a pair of assignments, ob C → ob D and mor C → mor D such that the
following properties hold:
a. for any f ∈ mor C, dom(F f ) = F (dom(f )) and cod(F f ) = F (cod(f )),
b. for any A ∈ ob C, F (1A ) = 1F A , and
c. for any composable pair (f, g) ∈ mor C, F (g ◦ f ) = F (g) ◦ F (f ).
Note a slight abuse of notation in this definition: both the object and
the morphism assignment are denoted by F , even though they are strictly
speaking two separate components of the functor F . This notation rarely
leads to confusion.
Let F : C → D be a functor. Then F is called
• full if, for any two objects A, B of C, the assignment f 7→ F (f ) is
surjective as a map from HomC (A, B) to HomD (F A, F B),
• faithful if, for any two objects A, B of C, the assignment f 7→ F (f ) is
injective as a map from HomC (A, B) to HomD (F A, F B),
• essentially surjective if for every object B in D, there exists an object
A ∈ C such that F A is isomorphic to B in D.
Functors can be composed in the obvious way, and on any category C
there is an obvious identity functor, denoted 1C . In this way, as mentioned
above, the collection of locally small categories and functors between them
is itself again a category, Cat! We will not pursue this point any further
here.
Example 5.8. We give some first examples of functors.
a. If P and Q are preorders, viewed as categories as in Example 5.3,
then a functor f : P → Q is essentially the same thing as an orderpreserving function: given a function on the underlying sets, the only
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non-trivial requirement for it to extend to a functor between the associated categories P and Q is that, if p ≤ p′ , then there must be a
morphism from f (p) to f (p′ ) in Q, in other words, f (p) ≤ f (p′ ).
b. If M and N are monoids, viewed as categories as in Example 5.3,
then a functor f : M → N is essentially the same thing as a monoid
homomorphism.
c. There is a functor U : DL → Set that sends any distributive lattice
L to its underlying set, and any homomorphism h : L → M to itself.
The functor U is clearly faithful, but not full. This functor U is called
the forgetful functor, and in fact such a functor exists in a much wider
setting, including any category of ‘algebraic structures’. While the
functor may look rather trivial, it is important for defining free objects
categorically, as we will see in Example 5.17.a below. Categories that
admit a well-behaved forgetful functor to Set are sometimes called
concrete categories, and enjoy special properties, also see [6].
Example 5.9. We recall several examples of functors from a category C to
a category Dop that we have already seen in this book. Such functors are
sometimes called contravariant functors from C to D, and in this context,
an actual functor from C to D is called a covariant functor.
a. The functor D : Posf → (DLf )op is defined by sending a finite poset
to its lattice of down-sets, and an order-preserving function f : P → Q
to the lattice homomorphism D(f ) : D(Q) → D(P ), D 7→ f −1 (D).
b. The functor P : Setf → (BAf )op is defined by sending a finite set
to its Boolean power set algebra, and a function f : X → Y to the
Boolean homomorphism P(f ) : P(Y ) → P(X), S 7→ f −1 (S). If we
view the category Setf as the full subcategory of Posf consisting of
the finite posets with the discrete order, then P is the restriction of D
to this full subcategory.
c. The functor ClpD : Priestley → DLop is defined by sending a Priestley space X to the lattice ClpD(X) of clopen down-sets of X, and
a continuous order-preserving function f : X → Y to the lattice homomorphism ClpD(f ) : ClpD(Y ) → ClpD(X), D 7→ f −1 (D). If we
view Posf as the full subcategory of Priestley consisting of the finite
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Priestley spaces (see Exercise 5.5), then ClpD restricts to the functor
D in item a above.
d. The functor Clp : BoolSp → BAop is defined by sending a Boolean
space X to the Boolean algebra Clp(X) of clopen subsets of X, and
a continuous function f : X → Y to the Boolean homomorphism
f −1 : Clp(Y ) → Clp(X). If we view Setf as the full subcategory
of BoolSp consisting of the finite discrete spaces, then Clp restricts
to the functor P in item b above.
e. Write PriestleyR↑ for the category whose objects are Priestley spaces
and whose morphisms are upward Priestley compatible relations; see
Definition 4.28. Write DL∧ for the category whose objects are distributive lattices and whose morphisms are finite-meet-preserving functions. The results in Section 4.3 show in particular that there is a
functor ClpD : PriestleyR↑ → DLop
∧ , which acts on objects as the
functor described under item c above, and on morphisms sends a relation R ⊆ X × Y to the finite-meet-preserving function ∀R−1 .
In each of the above examples, there is also a functor in the other
direction. For example, recall from Theorem 1.21 that there is a functor
J : (DLf )op → Posf which is defined by sending a finite distributive lattice
L to its poset of join-irreducibles J (L), and a homomorphism h : L → M
to the restriction of its lower adjoint, which is an order-preserving function
J (M ) → J (L).
How are the functors D and J related to each other? A first guess might
be that they form an isomorphism between categories, in the sense that they
are mutually inverse to each other, but this is not literally the case. (We
give the notion of isomorphism of categories at the end of this section.) The
composition of the functors D and J is ‘almost’ the identity, but only up to
an isomorphism between objects: for any lattice L, there is an isomorphism
αL between L and D(J (L)). While the isomorphism αL has the lattice L
as a parameter, its definition is ‘consistent’ as L varies.
To precisely define an equivalence of categories, we need to make precise
what we mean by ‘consistent’ in the previous sentence. To this end, we now
introduce the notion of natural transformation. A natural transformation
should be thought of as a morphism between two functors, and, as we shall
see, the family of isomorphisms α := (αL )L∈ob DLf is an example. The family
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α is a special kind of natural transformation, because each of its components
is an isomorphism; this is not required in the general definition of natural
transformation.
Definition 5.10. Let F and G be two functors from a category C to a
category D. A natural transformation from F to G, notation φ : F ⇒ G,
is an (ob C)-indexed collection φ = (φA )A∈ob C of morphisms in D that
satisfies the following properties:
a. for every A ∈ ob C, dom(φA ) = F A and cod(φA ) = GA;
b. for every morphism f : A → A′ in C, we have Gf ◦ φA = φA′ ◦ F f ;
that is, the following square commutes:
Ff
FA

φA ′

φA
Gf
GA

F A′

GA′

A natural isomorphism is a natural transformation all of whose components
are isomorphisms in the category D.
Under this definition, the family α = (αL )L∈DLf defined above is an
example of a natural isomorphism α : 1DLf ⇒ D ◦ J , where we recall that
1DLf denotes the identity functor on the category DLf .
Natural transformations are the morphisms in a category of functors,
that is, there is a composition of natural transformation and an identity
natural transformation 1F : F ⇒ F , for any functor F . In this category,
a natural transformation is a natural isomorphism if, and only if, it is an
isomorphism in the category, that is, if there exists a natural transformation
that is its two-sided inverse. For proofs of these statements, see Exercise 5.8.
Example 5.11. Let P and Q be preorders. Recall from Example 5.9 that
functors from P to Q are (given by) order-preserving functions. Since there
is at most one morphism between any two objects of P , or of Q, there is at
most one natural transformation between any two functors in this setting.
If f, g : P → Q are two order-preserving functions, viewed as functors, then
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there exists a natural transformation α : f → g if, and only if, f is pointwise
below g, i.e., f (p) ≤ g(p) for every p ∈ P .
For monoids M and N , a natural transformation between two functors
(i.e., homomorphisms) f, g : M → N is given by an element α ∈ N such
that, for every m ∈ M , αf (m) = g(m)α.

Equivalences and dualities
Finally, we come to the categorical notion that is central to this book.
Definition 5.12. A pair of functors F : C ⇆ D : G is called an equivalence between C and D if there exist natural isomorphisms α : 1C ⇒ GF
and β : F G ⇒ 1D . An equivalence between C and Dop is called a dual
equivalence or duality between C and D.
In this definition, since the notion of natural isomorphism is symmetric,
the direction of α and β clearly does not matter, and the asymmetric choice,
where α has the identity functor as codomain and β has the identity functor
as domain, may look a bit bizarre. However, we will see shortly that the
notion of equivalence is a special case of the notion of adjunction, where
the direction of the natural transformations does matter. As is common in
the literature, we formulated Definition 5.12 to resemble the definition of
adjunction (Definition 5.15) as much as possible.
The following useful theorem, whose proof relies on the axiom of choice,
is very useful when proving that a functor is an equivalence, as it allows us
to avoid explicitly defining natural isomorphisms,but instead to just check
three properties for one of the two equivalence functors. One may view this
theorem as a categorified version of the fact that if a function f : C → D
between sets is bijective, then it has a two-sided inveres.
Theorem 5.13. Let F : C → D be a functor. The following are equivalent:
(i) There exists a functor G : D → C such that (F, G) is an equivalence
between C and D.
(ii) The functor F is full, faithful and essentially surjective.
Proof. We leave the implication (i) ⇒ (ii) to the reader, see Exercise 5.9.
Conversely, suppose that F is full, faithful and essentially surjective. Since
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F is essentially surjective, for every object B in D, pick an object, GB, in C
and an isomorphism βB : F (GB) → B. Let g : B → B ′ be a morphism in D,
and define g ′ : F (GB) → F (GB ′ ) to be the composite map (βB ′ )−1 ◦ g ◦ βB .
Since F is full and faithful, there exists a unique morphism, Gg : GB → GB ′ ,
such that F (Gg) = g ′ = (βB ′ )−1 ◦ g ◦ βB . In other words, applying βB ′ to
both sides of this equality, Gg is the unique morphism GB → GB ′ such that
βB ′ F (Gg) = gβB . (We will often omit the symbol ◦ in the remainder of this
proof to improve readability.)
We show that the assignment G : D → C given by G(B) = GB and
G(g) = Gg is a functor. For any object B in D, notice that βB F (1GB ) =
βB 1F (GB) = βB = 1B βB . Thus, by the uniqueness in the definition of G on
morphisms, G(1B ) = 1GB . Now let g1 : B1 → B2 and g2 : B2 → B3 be a pair
of composable morphisms in D. We will prove that G(g2 ◦g1 ) = G(g2 )◦G(g1 )
by showing that the morphism G(g2 ) ◦ G(g1 ) satisfies the defining property
of G(g2 ◦ g1 ). Indeed, using that F is a functor and the defining properties
of G(g1 ) and G(g2 ), we get
βB3 F (G(g2 )G(g1 )) = βB3 F G(g2 )F G(g1 ) = g2 βB2 F G(g1 ) = g2 g1 βB1 .
It is immediate from the definition of G that β : F G ⇒ 1D is a natural
transformation, and thus a natural isomorphism.
Finally, we construct a natural isomorphism α : 1C ⇒ GF . For any
object A in C, let αA be the unique morphism A → GF (A) such that
F (αA ) = βF−1A . We leave it as a highly instructive exercise to the reader to
check that α is a natural isomorphism (see Exercise 5.10 for hints).
Example 5.14. All the functors in Example 5.9 are part of a dual equivalence. Indeed, consider again the functor D : Posf → (DLf )op from Example 5.9.a. We check explicitly that D is full, faithful, and essentially
surjective. It was shown in Proposition 1.18 of Chapter 1 that every finite
distributive lattice is isomorphic to some lattice of the form D(P ), where we
can take for P the finite poset of join-prime elements of the lattice. Thus, D
is essentially surjective. It was shown in Proposition 1.20 that, for arbitrary
finite posets P, Q, the assignment f 7→ D(f ) := f −1 is a bijection between
the set of order-preserving functions from P to Q and the set of lattice homomorphisms from D(Q) to D(P ). This means exactly that D is full and
faithful. Therefore, by Theorem 5.13, D is part of a dual equivalence. The
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functor J : (DLf )op → Posf gives the (up to natural isomorphism unique)
functor in the other direction. To see this, one may either trace the proof
of Theorem 5.13 in this specific case and check that J works as a choice
for G in that proof, or directly exhibit the required natural isomorphisms.
A natural isomorphism α : 1(DLf )op ⇒ DJ is given by the family of maps
d : L → D(J (L)), which are isomorphisms according to Proposition 1.18.
(−)
A natural isomorphism β : 1Posf ⇒ J D is given by the family of isomorphisms βP : P → J (D(P )) that send p ∈ P to ↓p (see Exercise 1.31 in
Chapter 1). This concludes our detailed proof of Theorem 1.21. You are
asked to supply a similarly detailed proof of the Priestley Duality Theorem 3.27 in Exercise 5.11 below.
Note that, once the functors have been defined, these proofs always follow
the same pattern, and have very little to do with the precise categories
at hand. The real work in establishing a (dual) equivalence between two
specific categories is in defining a full, faithful, essentially surjective functor
from one category another. The rest is, as some category theorists like to
call it, ‘abstract nonsense’.

In the next subsection, we will encounter some pairs of functors that do
not form equivalences, but that do enjoy a looser bond.

Adjunctions
An important weakening of the notion of equivalence is that of an adjunction
between categories. We already encountered adjunctions in the context of
preordered sets in the very first section of this book (Definition 1.12). We
used adjunctions between posets several times in Section 4.2, to formulate
the correspondence between quotient lattices and subspaces. Adjunctions
between categories generalize adjunctions between preorders, if we view a
preorder as a category with at most one morphism between two objects (see
Example 5.3). We have already seen examples of such categorical adjunction
‘in action’: both the Boolean envelope (Section 3.3) and the free distributive
lattice (Section 4.1) are examples of adjoint constructions; see Example 5.17
below for details.
Definition 5.15. Let C and D be categories, and let F : C ⇆ D : G be a
pair of functors between them. We say that (F, G) is an adjunction if there
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exist natural transformations η : 1C → GF and ϵ : F G → 1D satisfying the
following two properties:
a. for any object A of C, ϵF A ◦ F (ηA ) = 1F A , and
b. for any object B of D, G(ϵB ) ◦ ηGB = 1GB .
In this situation, F is called left or lower adjoint to G and G is called right or
upper adjoint to F ; a common notation for this is F ⊣ G. When the natural
transformations η and ϵ are explicitly specified, the natural transformation
η is called the unit of the adjunction, and ϵ is called the co-unit of the
adjunction.
Properties a and b in Definition 5.15 are called triangle identities, as
they can be expressed by saying that the following two triangles of natural
transformations commute:
F

Fη

F GF
ϵF

1F
F

G

ηG
1G

GF G
Gϵ
G

While Definition 5.15 does not make the unit-co-unit pair (η, ϵ) part of the
structure of an adjunction, and there may exist distinct choices of unit and
co-unit for the same pair of functors, in the examples we consider in this
book, there will always be a natural choice for η and ϵ, that we will specify
when needed. An adjoint pair of functors is an equivalence exactly if the
unit and co-unit can be chosen to be natural isomorphisms, in the sense
that, for any equivalence, there exist natural isomorphisms that satisfy the
triangle identities, see Exercise 5.12.2
The reader may recall that, for preorders P and Q, two order-preserving
functions f : P ⇆ Q : g form an adjunction if, for any p ∈ P and q ∈ Q,
f (p) ⪯P q if, and only if, p ⪯Q g(q). An equivalent definition, given in
Exercise 1.8, says that the function 1P is pointwise below the function gf ,
and that f g is pointwise below 1Q , which shows why the notion of adjunction
between categories generalizes that between preorders. In the setting of
categories, we have the following statement, which is closer to the original
definition of adjunction between preorders.
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Proposition 5.16. If F : C ⇆ D : G is an adjunction, then there exists, for
any objects A in C and B in D, a bijection between the sets HomC (F A, B)
and HomD (A, GB).
In other words, the ‘number of morphisms’ from F A to B in C is ‘equal’
to the ‘number of morphisms’ from A to GB in D. Since, in a preorder,
the number of morphisms between two objects is at most one, the reader
should now clearly see the correspondence with the preorder definition of
adjunction.
We note here that Proposition 5.16 can also lead to an alternative definition of adjunction between categories, by adding the information that the
family of bijections HomC (F A, B) → HomD (A, GB) in fact forms a natural isomorphism between HomC (F −, −) and HomD (−, G−), when these
assignments are viewed as functors from Cop × D to Set. Proving that this
definition is equivalent to our Definition 5.15 is beyond the scope of this
book, and we will work with Definition 5.15 as the official definition of adjunction. For a treatment of adjunctions that takes the Hom-set definition
as primitive, see, for example, [56, Ch. 4].
Example 5.17.
a. Let U : DL → Set denote the forgetful functor of
Example 5.9.c. The left adjoint to this forgetful functor is the free
distributive lattice functor, FDL : Set → DL, whose object part was
constructed in Section 4.1. The universal property allows one to extend
this object assignment to a functor which is left adjoint to U . You are
asked to supply the details of this example in Exercise 5.13.
b. Similarly to the previous item, the Boolean envelope of a distributive
lattice (see Section 3.3) is the image of the left adjoint F : DL → BA
to the forgetful functor U : BA → DL.
c. Let DL+ denote the (non-full) subcategory of distributive lattices
that are isomorphic to a lattice of the form D(P ), for P a poset,
with complete homomorphisms between them. There is a (non-full)
inclusion functor I : DL+ → DL. The functor I has a left adjoint,
()δ , which may be constructed as follows. For any distributive lattice
L, let Lδ be the lattice D(XL ), where XL is the poset underlying the
Priestley dual space of L. For any distributive lattice homomorphism
h : L → M , let hδ be the complete homomorphism (fh )−1 : Lδ → M δ ,
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where fh : XM → XL is the (order-preserving) function dual to h.
The functor ()δ is (naturally isomorphic to) the so-called canonical
extension functor.3
The unit of the adjunction I ⊣ ()δ is the function ηL : L → D(XL )
that sends a ∈ L to â. The co-unit of the adjunction is defined, for C
an object of DL+ , as the map ϵC : D(XC ) → C which sends a downW
V
set D ⊆ XC to x∈D Fx , where the join and meet are taken in the
complete lattice C.
d. Another basic example of a free construction, which will become relevant in Chapter 8 of this book, is the free monoid on an input alphabet.
Recall from Example 5.3.b that a monoid is a small category with one
object; that is, a monoid is a tuple (M, ·, I) where · is an associative
binary operation on M , i.e., u·(v·w) = (u·v)·w for all u, v, w ∈ M , and
I is an identity, i.e., I · u = u = u · I for all u ∈ M . In this context, a
functor is called a monoid homomorphism, i.e., a function f : M → N
that preserves the multiplication and the identity element. We denote
the category of monoids by Mon, and we have an obvious forgetful
functor U : Mon → Set. This functor has a left adjoint, which we
denote (−)∗ : Set → Mon, and which sends a set X to the collection
of finite sequences over X, equipped with multiplication given by concatenation of sequences, for which the empty sequences is an identity
element. Exercise 5.14 asks you to show that this indeed yields a left
adjoint to the forgetful functor.
The similarity between items d and a in Example 5.17 is no coincidence:
general results of universal algebra, going back to Birkhoff, show that any
so-called variety of algebras admits a free construction; see Exercise 5.15
below. In fact, any adjunction between categories may be understood as ‘a
universal construction’, in the following sense.
Theorem 5.18. Let G : D → C be a functor. The following are equivalent:
(i) The functor G has a left adjoint,
(ii) For every object A of C, there exist an object F (A) of D and a morphism ηA : A → G(F (A)) of C such that, for any object B of D
and any C-morphism f : A → G(B), there is a unique D-morphism
f¯: F (A) → B such that f¯ ◦ ηA = f .
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This theorem generalizes the characterization of functors that are part
of an equivalence, Theorem 5.13, in the following sense: if a functor G is
essentially surjective, then one may always choose an object F (A) and an
isomorphism ηA : A → G(F (A)); if G is then moreover full and faithful,
then any such choice will satisfy the universal property stated in (ii) of
Theorem 5.18, and will thus have a left adjoint, with which G will then
form an equivalence. The proof of Theorem 5.18 is beyond the scope of this
book; see for example [16, Section 3.1].
We end our discussion of adjunctions by connecting it to equivalences in
a different useful way: one may always obtain a (dual) equivalence from a
(contravariant) adjunction. Indeed, Theorem 5.13 can be applied to prove
that any (contravariant) adjunction restricts to a maximal (dual) equivalence. This associated duality is obtained by restricting the functors to the
full subcategories given by the objects for which the natural map from the
object to its double dual is an isomorphism. We record this fact here, and
leave the precise proof as Exercise 5.17.
Corollary 5.19. Let F : C ⇆ D : G be an adjunction. Denote by Fix(C) the
full subcategory of C consisting of those objects A for which the unit ηA : A →
GF A is an isomorphism. Similarly, denote by Fix(D) the full subcategory
of D consisting of those objects B for which the co-unit ϵB : F GB → B is
an isomorphism. Then F and G restrict to an equivalence between Fix(C)
and Fix(D).

Isomorphisms
Finally, the notion of isomorphism between categories is easy to state, but
often too restrictive.
Definition 5.20. A pair of functors F : C ⇆ D : G is called an isomorphism
between categories C and D if G◦F is equal to the identity functor on C and
F ◦ G is equal to the identity functor on D. A dual isomorphism between C
and D is an isomorphism between C and Dop . Two categories C and D are
called isomorphic if there exists an isomorphism between them, and dually
isomorphic if there exists a dual isomorphism between them.
Note that an isomorphism between locally small categories is, by definition, a functor that is an isomorphism when viewed as a morphism in the
category of locally small categories.
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Example 5.21. As indicated in Exercise 2.20, the category Topf of finite T0
topological spaces is isomorphic to the category PreOSf of finite ordered
sets. Indeed, for a finite T0 space (X, τ ), let F (X, τ ) := (X, ≤τ ) be the
specialization order of (X, τ ), and, conversely, for a finite order (X, ≤), let
G(X, ≤) := (X, α(X)) the Alexandrov topology on X induced by ≤. These
object assignments F and G extend to functors by sending any function to
itself.
Example 5.22. In Section 2.3 in Chapter 2, we studied a bijective correspondence between compact ordered spaces and stably compact spaces: to
a compact ordered space (X, τ, ≤), assign the stably compact space (X, τ ↑ ),
and conversely to a stably compact space (X, σ), assign the compact ordered space (X, σ p , ≤σ ). We saw in Proposition 2.16 that these assignments
are mutually inverse. Compact ordered spaces form a category whose morphisms are the continuous order preserving maps. If we equip the class of
stably compact spaces with the proper maps defined in Exercise 2.38, then it
will become isomorphic to the category of compact ordered spaces; you will
be asked to supply the details in Exercise 5.18 below. In the next chapter,
Section 6.1, we will study the restriction of this isomorphism of categories
to the full subcategory of Priestley spaces; the image on the side of stably
compact spaces is the class of spectral spaces.

Exercises for Section 5.2
Exercise 5.5. This exercise guides you through a detailed proof that Posf
is isomorphic to a full subcategory of Priestley. One can give similarly
detailed proofs for the other full subcategory inclusions that we mentioned
in this chapter.
a. Prove that the topology on a finite compact Hausdorff space is discrete.
b. Prove that, if (X, ≤) is a finite poset, then ι(X, ≤) := (X, τ, ≤), where
τ is the discrete topology on X, is a Priestley space.
c. Prove that a function f : (X, τ, ≤) → (Y, τ, ≤) between finite Priestley
spaces is a morphism in Priestley if, and only if, f is order-preserving.
d. Conclude that the object assignment ι in item b extends to a full and
faithful functor ι : Posf → Priestley.
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Exercise 5.6. A category is called self-dual if C is equivalent to Cop .
a. Verify that the category Rel is self-dual, and in fact, isomorphic to
the category Relop .
We now outline a proof that Set is not self-dual.
b. Exhibit an object 1 in Set with the property that for any object X
there is exactly one morphism X → 1. (Such an object is called a
terminal object in a category, and is unique up to isomorphism, as we
will see in the next section.)
c. Show that Set has the following property: for any two distinct morphisms f, g : X → Y , there exists a morphism x : 1 → X such that
f x ̸= f y. A category with this property is said to be generated by its
terminal object.
d. What is the terminal object in Setop ?
e. Prove that Setop is not generated by its terminal object.
f. Conclude that Set is not self-dual.
Exercise 5.7. This exercise outlines the definiton of the skeleton of a category. The special case of preorders was already given in Exercise 1.5.
Let C be a category. As in Exercise 5.4, for objects A and B of C, write
A ∼ B iff A is isomorphic to B. Let C/∼ be a category whose objects
are the ∼-equivalence classes of objects of C, and, for any two equivalence
classes [A]∼ , [B]∼ , the Hom-class in C/∼ from [A]∼ to [B]∼ is defined to be
the Hom-class from A to B in C.
a. Prove that, if A ∼ A′ and B ∼ B ′ , then there is a bijection between
C(A, B) and C(A′ , B ′ ).
b. Show that C/∼ can be given the structure of a category in which no
two distinct objects are isomorphic.
Exercise 5.8. Let F, G, H : C → D be functors, let φ : F ⇒ G and ψ : G ⇒
H be natural transformations.
a. Give a definition of the composition φ ◦ ψ : F ⇒ H, and show that it
is again a natural transformation.
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b. Show that there is an identity natural transformation 1F : F ⇒ F .
c. Prove that, if ϑ : G → F is a natural transformation such that ϑ ◦ φ =
1F and φ ◦ ϑ = 1G , then φ and ϑ are natural isomorphisms.
d. Prove that, if φ is a natural isomorphism, then defining ϑA := (φA )−1
for every A ∈ ob C yields a natural transformation ϑ that is a twosided inverse for φ.
Exercise 5.9. Let F : C ⇆ D : G be an equivalence of categories. Prove
that the functors F and G are full, faithful and essentially surjective.
Exercise 5.10. This exercise asks you to complete the proof of the sufficiency direction of Theorem 5.13. Consider the family of morphisms
(αA )A∈ob C defined at the end of the proof of that theorem in the text.
a. Prove that α : 1C ⇒ GF is a natural transformation.
Hint. For a morphism f : A → A′ in C, show first the equality
βF A′ ◦ F (αA ◦ f ) = βF A′ ◦ F (GF (f ) ◦ αA ),
and then explain why this is enough to conclude that αA′ f = GF (f )αA .
b. Prove that αA is an isomorphism for every object A.
Hint. Consider a morphism γA : GF A → A such that F γA = βF A .
Exercise 5.11. Use Theorem 5.13 to show that the results from Chapter 3
imply that the functors from Example 5.9.c form a dual equivalence. In
other words, prove Theorem 3.27 (Priestley duality).
Note. We will give more details, and in particular a somewhat more
explicit proof of Priestley duality in Section 5.4 below.
Exercise 5.12. Show that every equivalence can be improved to an adjoint
equivalence. That is, let F : C ⇆ D : G be an equivalence of categories.
Prove that there exist natural isomorphisms η : 1C → GF and ϵ : F G → 1D
satisfying the triangle identities.
Hint. Consider the proof of Theorem 5.13.
Exercise 5.13. This exercise asks you to supply the details omitted in
Example 5.17.a, about the free distributive lattice on a set. For any set X,
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denote by ηX : X → U FDL (X) the embedding of X into the free distributive
lattice over X.
a. Prove that FDL extends to a functor Set → DL.
b. Explicitly define a co-unit ϵ : FDL U → 1DL .
c. Prove that η and ϵ are natural transformations satisfying the triangle
identities.
Exercise 5.14. Repeat Exercise 5.13 for the free monoid functor from
Example 5.17.d. (See Exercise 5.15 for a general result of which this exercise
and the previous one are specific instances.)
Exercise 5.15. This exercise generalizes Exercise 5.13 and 5.14 above. Let
V be a variety of finitary algebraic structures with at least one constant
symbol in the signature. Denote by V the category whose objects are the
algebras in V, and whose morphisms are the homomorphisms, and denote
by U : V → Set the forgetful functor. Prove that U has a left adjoint
FV : Set → V.
Hint. This exercise essentially asks to prove a well-known theorem of
Birkhoff, namely, that any finitary variety has a free algebra. The proof
mimicks exactly the algebraic construction of the free distributive lattice
given in Section 4.1. Also see [17, Ch. II].
The reason for assuming that the signature has a constant symbol is
that, if the signature has no constant symbol, then FV (∅) has to be empty,
and some authors do not allow the empty set as an algebra.
Exercise 5.16. Prove Proposition 5.16.
Exercise 5.17. Show that Corollary 5.19 indeed follows from Theorem 5.13.
Exercise 5.18. Using the results of Exercise 2.38, prove that the bijective
correspondence of Theorem 2.17 extends to an isomorphism of categories,
as outlined in Example 5.22. (Also see Theorem 6.4 in the next chapter.)

5.3

Constructions within a category

We now come to the internal perspective on a category. We will consider
many types of internal notions and constructions in a category: monomor-
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phisms and epimorphisms; products and coproducts; equalizers and coequalizers; and, most generally, limits and colimits. The reader will notice that
these notions come in pairs; why? As we discussed early on in Section 5.2,
any notion in a category C can also be considered in the so-called opposite
category Cop , in which the direction of the morphisms is reversed. This
means that, for any concept of a categorical ‘gadget’, one can also define
a ‘co-gadget’ in C to be “a thing in C that is a gadget when viewed in
Cop ”. The name for the dual notion is often formed by prefixing ‘co-’ to the
original name: product and coproduct, equalizer and coequalizer, limit and
colimit.4 In this section, we often explicitly introduce both a notion and its
dual. While not the most economical, this will allow the reader to see both
the formal similarity and the fact that these notions can have very different
concretizations in specific examples of categories.
Notation. Throughout the rest of this chapter, we will often omit the
symbol ◦ for composition within a category, and we write strings like ‘hgf ’
as shorthand for ‘h ◦ g ◦ f ’.

Monomorphisms, epimorphisms and coequalizers
We already saw one type of special morphism in a category: an isomorphism,
defined in Definition 5.4. We now introduce two related, but weaker, notions.
Definition 5.23. Let f : A → B be a morphism in a category C. We say
that f is a
• monomorphism if, for any g, h : A′ → A in C such that f g = f h, we
have g = h.
• epimorphism if, for any g, h : B → B ′ in C such that gf = hf , we have
g = h.
We often use the abbreviations ‘mono’ and ‘epi’, omitting the suffix ‘morphism’. It is not hard to prove that in any category, an iso is both
mono and epi. The converse, however, fails in many categories, see Exercises 5.19 and 5.22 for examples.
In the category of sets, monomorphisms are just injective functions, and
epimorphisms are surjective functions. However, this correspondence breaks
down in most other concrete categories! In particular, categories of algebras
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often have non-surjective epimorphisms; for an example, see Exercise 5.19
for the case of distributive lattices. An abstract notion that corresponds
more closely to ‘surjective’, at least in categories of algebras, is that of a
regular epimorphism, which we introduce now.
Definition 5.24. Let p1 , p2 : C → A and q : A → Q be morphisms in a
category C. We say that q is a coequalizer of (p1 , p2 ) if (i) qp1 = qp2 , and
(ii) for any morphism q ′ : A → Q′ in C such that q ′ p1 = q ′ p2 , there exists a
unique morphism α : Q → Q′ in C such that αq = q ′ .
A regular epimorphism q : A → Q in C is a morphism which is the
coequalizer of some pair of morphisms.
The terminology suggests that any morphism which arises as a coequalizer is in fact an epimorphism; you are asked to prove that this is indeed
the case in Exercise 5.23. In the following example, we explicitly compute
coequalizers in the category Set.
Example 5.25. Let p1 , p2 : C → A be functions between sets. Define ≡
to be the smallest equivalence relation on the set A that contains the pair
(p1 (c), p2 (c)), for every c ∈ C. Let Q := A/≡ be the quotient, and q : A → Q
the quotient map. We show that q is a coequalizer of (p1 , p2 ). Clearly,
qp1 = qp2 , since ≡ contains all pairs (p1 (c), p2 (c)). Suppose that q ′ : A → Q′
is any function such that q ′ p1 = q ′ p2 . Note that the equivalence relation
ker(q ′ ) = {(a, b) ∈ A2 : q ′ (a) = q ′ (b)} contains every pair (p1 (c), p2 (c)), and
therefore must contain the equivalence relation ≡, since this is the smallest
such. Therefore, there is a well-defined and unique factorization α : Q → Q′
such that αq = q ′ .
Exercise 5.25 outlines a proof that in the category of lattices, the regular
epimorphisms coincide with the surjective homomorphisms. Dually, we have
notions of equalizer and regular monomorphism, that we will discuss more
in detail below. In the category of lattices, a lattice homomorphism is a
monomorphism if, and only if, it is injective. Not every monomorphism is
regular in the category of distributive lattices; see Exercise 5.19.
The definition of coequalizer is an example of a universal property: it
states the existence of a ‘minimal solution’ for a configuration of morphisms
in a category; in this case, a coequalizer q of (p1 , p2 ) ‘solves for x’ the
equation xp1 = xp2 , and does so in a ‘minimal’ way, in the sense that any
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other solution q ′ factors through q. A coequalizer is a special case of a
colimit in a category, as we will explain below. Any concept defined by a
universal property is unique up to isomorphism. Concretely, for coequalizers
this means that if q1 and q2 are both coequalizers of (p1 , p2 ), then the unique
maps between the codomains of q1 and q2 which are guaranteed to exist by
the definition must be inverse to each other; see Exercise 5.24.
We will see several more examples of concepts defined by universal properties in this section. In fact, universal properties, limits and adjunctions are
all closely related concepts; the interested reader may find, after digesting
the definition of limit, an indication of the connection in Exercise 5.32.

Products and coproducts
As we saw in Example 5.25, coequalizers are an appropriate categorical
generalization of “quotient map”. Cartesian product and disjoint union
of sets admit a similar generalization, namely as product and coproduct,
respectively.
Definition 5.26. Let I be a set, and (Di )i∈I an I-indexed family of objects
in a category C. A product of the family (Di )i∈I is an object D together
with an I-indexed family of morphisms (πi : D → Di )i∈I such that, for any
object A and any I-indexed family of morphisms (ai : A → Di )i∈I , there
exists a unique morphism α : A → D such that πi ◦ α = ai for every i ∈ I.
Q
If a family has a product, we often denote it by i∈I Di , and, if I =
{1, 2}, simply by D1 × D2 . In the case I = ∅, a product of the unique
∅-indexed family is called a terminal object, and is often denoted by 1.
Note that an object T in a category C is terminal if, and only if, for
every object A in C, there is a unique morphism from A to T .
It is easy to verify that the Cartesian product of sets gives a product in
Set. In particular the terminal object in Set is the one-element set, and
the initial object is the empty set. Products exist in any category of finitary
algebraic structures and are given by Cartesian product in those categories;
in particular, the categorical product in categories of lattices is just given
as in Set; see Exercise 5.27. The product in Priestley spaces is also given
as in the category of ordered topological spaces, because the product of a
collection of Priestley spaces is a Priestley space (Exercise 5.28).
We now give the dual definition of coproduct.
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Definition 5.27. Let I be a set, and (Di )i∈I an I-indexed family of objects
in a category C. A coproduct of the family (Di )i∈I is an object C together
with an I-indexed family of morphisms (ιi : Di → C)i∈I such that, for any
object B and any I-indexed family of morphisms (bi : Di → B)i∈I , there
exists a unique morphism β : C → B such that β ◦ ιi = bi for every i ∈ I.
P
If a family has a coproduct, we often denote it by i∈I Di , and, if
I = {1, 2}, simply by D1 + D2 . In the case I = ∅, a coproduct of the
unique ∅-indexed family is called a initial object, and is often denoted by 0.
An initial object in a category is an object 0 such that there exists a
unique morphism from 0 to any object of the category. Coproducts in Set
are given by disjoint unions. However, coproducts are often more complicated to compute in other categories of algebras, and spaces. In particular,
P
for any set V , v∈V 3 is the free distributive lattice over the set of generators V , since 3 is the free distributive lattice on a single generator, see
Exercise 5.31. Finite coproducts in Priestley spaces are disjoint unions, but
infinite coproducts involve a compactification step, see Exercise 5.29.
Example 5.28. Let P be a preorder, viewed as a category, and let (pi )i∈I
be a family of objects in P. A product of (pi )i∈I is exactly an infimum, and
a coproduct is exactly a supremum. A terminal object in the category P is
a greatest element, and an initial object is a least element.

Limits and colimits
In our definition of limit and colimit below (Definition 5.30), the following
formal notion of diagram plays a central role. We have been drawing diagrams informally throughout this book, but a diagram can itself be seen as
a categorical object. We first give the formal definition.
Definition 5.29. Let C be a category and I a small category. An I-shaped
diagram in C is a functor D : I → C.
As a motivating example for this formal definition, which can look surprising at first, let us see how we would describe the following diagram
(Figure 5.1) according to Definition 5.29.
Let I be the category defined by ob I := {1, 2, 3, 4}, with the following five
non-identity morphisms: x12 : 1 → 2, x13 : 1 → 3, x24 : 2 → 4, x34 : 3 → 4,
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D1
Dx13
D3

Dx12
Dx14

Dx34

D2
Dx24
D4

Figure 5.1: An example of a commutative diagram, formally.
and x14 , which is by definition equal to both x24 ◦ x12 and x34 ◦ x13 . This
indeed defines a category I; associativity is trivial because there is no way
to compose three non-identity morphism in this category. Now note that a
functor D : I → C is essentially the same thing as a commutative square in C
as depicted in Figure 5.1, where we note that the value of Dx14 is determined
by functoriality of D and the equalities x24 ◦ x12 = x14 = x34 ◦ x13 holding
in I. Indeed, we have Dx14 = D(x24 ◦ x12 ) = Dx24 ◦ Dx12 , and similarly
Dx14 = Dx34 ◦ Dx13 , showing that the diagram commutes.
We are now ready to define limits and colimits. Two instances of this
very general concept that can be helpful to keep in mind while reading this
definition are the following:
• Let I be a set, and let I be the small category with ob I = I and
with only identity morphisms, no morphisms between distinct objects
– this is called the discrete category on I. An I-shaped diagram in
C is just given by an I-indexed family of objects in C. A product as
defined in Definition 5.26 above is a limit of an I-shaped diagram, and
a coproduct is a colimit of an I-shaped diagram.
• Let J be the small category with two objects, 1 and 2, and two morphisms from 1 to 2. A J-shaped diagram in a category C is a pair
of objects in C with a parallel pair of morphisms between them. A
colimit of a J-shaped diagram is a coequalizer as defined in Definition 5.24, and a limit of such a diagram is called an equalizer. Spelling
out the definition of the latter, an equalizer of a pair of parallel arrows f1 , f2 : A ⇒ B in a category C is an object E and a morphism
e : E → A such that f1 e = f2 e and, for any morphism a : C → A such
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that f1 a = f2 a, there exists a unique α : C → E such that a = eα.
We now give the general definition of limit and colimit of a diagram in a
category.
Definition 5.30. Let C be a category, let I be a small category, and let
D : I → C be an I-shaped diagram in C.
A cone above the diagram D is an object A together with an ob I-indexed
family of morphisms in C, (ai : A → Di)i∈ob I , such that, for any morphism
x : i → j in I, we have (Dx) ◦ ai = aj . A limit of the diagram D is a
universal cone above D. That is, a limit of D is an object L with an ob Iindexed family of morphisms, (πi : L → Di)i∈ob I , such that, for any cone
(ai : A → Di)i∈ob I above D, there exists a unique morphism α : A → L in
C such that πi α = ai for every i ∈ ob I.
Similarly, a cone below, or also co-cone under, D is an object B together
with morphisms bi : Di → B for every i ∈ ob I such that, for any x : i → j
in I, bj ◦ Dx = bi . A colimit is a universal cone below D, that is, an object
C together with morphisms ιi : Di → C for every i ∈ ob I such that, for any
cone (bi : Di → B)i∈ob I below D, there exists a unique β : C → B such that
βιi = bi for every i ∈ ob I.
We note here that a cone above a diagram D can be viewed more conceptually as a natural transformation from a constant functor to D, and a
cone below D as a natural transformation from D to a constant functor;
see Exercise 5.26 for more details. Using this observation, one may try to
impress one’s friends by stating that a limit of D is ‘just’ a terminal object in
a comma category (∆↓D); but we shall not be interested in such statements
in this book.
As we allowed the shape of the indexing category of the diagram to be
any small category in Definition 5.29, the reader may reasonably worry that
limits and colimits could have incredibly complicated shapes. While this
is true, the relevant shapes that we need to consider in practice are rather
limited, thanks to a few bits of general category theory that we will develop
in Proposition 5.35 below. In particular, we will explain why it is enough
for our purposes to understand the following three types of limits/colimits:
• product and coproduct;
• equalizer and coequalizer;
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• projective limit and directed colimit.
Only the last of these pairs has not yet been defined explicitly. The definition
uses the notion of directed poset: recall that a poset P is directed (sometimes
called up-directed) if it is non-empty, and any pair of elements p, q has a
common upper bound, and down-directed if P op is up-directed (see p. 24).
Definition 5.31. A diagram D : I → C is directed if I is the category
associated to an up-directed partial order, and projective if I is the category
associated to a down-directed partial order. A projective limit is a limit of
a projective diagram; a directed colimit is a colimit of a directed diagram.5
Some sources are more liberal in their definitions of directed colimit and
projective limit, by allowing the shape of the diagram, I, to be a directed
preorder rather than partial order. However, this does not give a more
general notion of limit, up to isomorphism, see Exercise 5.33. A seemingly
even more general definition is that of a colimit with respect to a filtered
category, that is, a non-empty category in which any pair of objects admits
a morphism to a common object, and any parallel pair of morphisms has a
cone under it. Surprisingly, colimits with respect to filtered categories are
no more general than colimits with respect to directed posets; the proof of
this fact is beyond the scope of this book, see for example [7, Theorem 1.5].
In a concrete category, projective limits and directed colimits of finite
objects are often particularly interesting to look at, as they often inherit
some of the properties of finite objects. As one example, in categories of
algebraic structures, every algebra is a directed colimit of finitely generated
algebras. This is essentially the defining property of what is known as an
ℵ0 -accessible category in the literature, see for example [7].
In the particular case of distributive lattices, the situation simplifies
further, since any finitely generated distributive lattice is in fact finite, as
follows immediately from the fact that free distributive lattices are finite.
Thus, every distributive lattice is a directed colimit of finite distributive
lattices. We now sketch a direct proof of the latter fact, which should give
an impression of the basics of the much more general theory.
Example 5.32. Let L be a distributive lattice. Let Subf (L) denote the
poset of finite sublattices of L, which is up-directed, because if F and G
are finite sublattices of L, then they are both contained in the sublattice
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generated by F ∪ G, which is still finite. Let D : Subf (L) → DL be
the diagram defined by D(F ) := F , and sending any inclusion F ⊆ G
to the inclusion homomorphism D(F ⊆ G) := iF,G : F ,→ G. A co-cone
under this diagram D is given by the inclusion maps ιF : F → L. Indeed,
this is a colimit: if (jF : F → M )F ∈Subf (L) is another co-cone under this
diagram, then a unique α : L → M may be defined by sending a ∈ L to the
element jLa (a), where La denotes the (at most three-element) sublattice of
L generated by a. To prove that α is indeed a homomorphism, one may use
the fact that any pair of elements generates a finite sublattice of L, and that
the jF form a co-cone.
Generalizing this example slightly, let P be a directed subset of Subf (L).
One may then prove that the union of the finite sublattices in P is a sublattice L′ of L, and that L′ is the directed colimit of the restricted diagram
D|P . In particular, the directed colimit of P is (isomorphic to) L itself if
and only if every a ∈ L lies in some sublattice in the collection P . This
characterization of directed colimits will be used in Section 7.3 to give a
concrete definition of bifinite distributive lattices.
For an example of the importance of projective limits of finite objects,
it is interesting to move to the topological side of Priestley duality. Indeed,
Priestley spaces may be characterized as the profinite posets, in a sense that
we make precise now in the following example.
Example 5.33. Consider the category TopOrd of ordered topological
spaces. For every finite poset P , we have an ordered topological space, that
we still denote by P , by equipping P with the discrete topology. With
this topology, P is a finite Priestley space. We now use Example 5.32
and Priestley duality to show that every Priestley space is a projective
limit of finite Priestley spaces. Indeed, let X be a Priestley space and
let L be its dual distributive lattice. Since L is the colimit of the diagram
D : Subf (L) → DL given in Example 5.32, it follows by a purely formal
argument, since DLop is equivalent to Priestley, that X is the limit of the
diagram D′ : (Subf (L))op → Priestley that sends a finite sublattice F of L
to the Priestley dual space of F . We may give a more direct description of
D′ using the sublattice-quotient duality of Section 4.2: the domain of D′ is
(isomorphic to) the poset of compatible pre-orders ⪯ on X for which X/⪯
is finite, and it sends such a pre-order ⪯ to the finite Priestley space X/⪯.
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Since finite Priestley spaces always have discrete topology, an equivalent way
to describe D′ is as the diagram of all continuous surjective maps X ↠ P
where P is a finite poset, and X is the limit of this diagram in the category TopOrd. Also, since any limit of finite posets is a Priestley space, we
conclude that Priestley spaces exactly coincide with the projective limits of
finite posets in TopOrd. As a special case, Boolean spaces exactly coincide
with the projective limits of finite sets with the discrete topology in Top,
and are therefore sometimes called profinite sets. The “profinite” point of
view on Stone-Priestley duality will play an important role in Chapter 8,
where it is linked to the theory of profinite monoids.
Remark 5.34. We remark that the arguments given here can be turned
around to give a categorical proof of the Priestley duality theorem itself from
Birkhoff duality for finite distributive lattices, as we now outline, without
giving all the details. Example 5.32 shows, in categorical terms, that the
category DL may be obtained by taking inductive colimits of objects from
the category DLf . Therefore, its (formal) dual category DLop can be
described by taking projective limits of the category (DLf )op . The latter
category is equivalent to the category of finite posets, by Birkhoff duality,
and this is isomorphic to the to the full subcategory TopOrdf,d of TopOrd
on the finite posets with the discrete topology. It follows that DLop is
equivalent to the closure of TopOrdf,d under profinite limits. This gives
a ‘formal’ version of Priestley duality. Note that in particular we have
not used any choice principles in deducing it, only Birkhoff duality and
abstract category theory. In this point of view on Priestley duality, the
choice principle needs to be used only in the very last step, namely, to prove
that the closure under profinite limits of TopOrdf,d is indeed the same as
the category of Priestley spaces. This requires in particular showing that
any product of finite spaces is compact, which is a ‘finite’ Tychonoff theorem,
and is in fact equivalent over choice-free set theory to the Stone prime ideal
theorem.
To understand the particular importance of products, equalizers, and
projective limits for understanding general limits, we now first look at a
special, finite case, where just binary products and equalizers will suffice. A
generalization of this result, also involving projective limits, will be proved
after that, in Proposition 5.35.
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Let C be a category, and consider two morphisms in C, f1 : A1 → B and
f2 : A2 → B, with a common codomain B, as in the diagram in Figure 5.2.
Such a pair of morphisms is called a co-span in category theory, and a limit
A1
f1
A2

f2

B

Figure 5.2: A co-span.
of such a diagram is called a pullback; the dual notions are called span and
pushout, respectively.
Now assume that binary products and equalizers exist in C. We show
that the limit (pullback) of any such co-span can be constructed in C, as
follows. First let P = A1 ×A2 be the product of A1 and A2 in C, and consider
two morphisms g1 , g2 : P ⇒ B defined by gi := fi πi for i = 1, 2, where
πi : P → Ai is the projection morphism. Now let e : E → P be the equalizer
of g1 and g2 . We may now prove that the pair of maps p1 , p2 : E → B,
defined by pi := πi e for i = 1, 2, is a limit cone for the co-span. Indeed,
using the above definitions, we have that
f1 p1 = f1 π1 e = g1 e = g2 e = f2 π2 e = f2 p2 ,
so that the pi form a cone over the diagram. Furthermore, if a1 : A → A1
and a2 : A → A2 are another cone over the same diagram, then we may
first uniquely construct a : A → P such that πi a = ai for i = 1, 2, by the
universal property of the product, and then we get
g1 a = f1 π1 a = f1 a1 = f2 a2 = f2 π2 a = g2 a,
using the definitions and the fact that the ai form a cone. Thus, there exists
a unique α : A → E such that eα = a. It follows that ai = πi a = πi eα = pi α
for i = 1, 2. Also, such α is unique: if α′ is such that a1 = p1 α′ and
a2 = p2 α′ , then πi eα′ = pi α′ = ai for i = 1, 2, so that eα′ = eα by the
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universal property of the product P . Therefore, α′ = α since equalizers are
monomorphisms (Exercise 5.23).
A generalization of the above construction allows one to show that, if
all equalizers and all set-sized products exist in a category, then the limit of
any diagram exists. We prove this fact now, and further connect it to the
construction of projective limits in a category.
Proposition 5.35. Let C be a category. The following are equivalent:
(i) Any small diagram has a limit in C.
(ii) Any finite diagram has a limit in C, and any projective diagram has
a limit in C.
(iii) All equalizers and small products exist in C.
Proof. It is trivial that the first item implies the second.
For the implication (ii) ⇒ (iii), since an equalizer is the limit of a finite
diagram, it suffices to prove that any set-sized product exists in C. Let
(Ai )i∈I be a family of objects of C indexed by a set I. We will show that a
product of the Ai can be constructed as a limit of a diagram, B, of shape
Pf (I)op , the poset of finite subsets of I, ordered by reverse inclusion – this is
clearly a down-directed poset, since it is a ∧-semilattice, so the limit of B will
exist by assumption. For each F ∈ Pf (I), let B(F ) be a product of the finite
set of objects {Ai : i ∈ F }, which exists in C by assumption, and, for i ∈ F ,
denote by πiF : B(F ) → Ai the projection of this cone on Ai . In the special
case where F is a singleton, we choose B({i}) = Ai , which is the product of
the single object Ai . If F ⊆ G, then we have a cone with summit B(G) over
{Ai : i ∈ F }, for each i ∈ F , we have i ∈ G, so we have πiG : B(G) → Ai .
Let βF,G : B(G) → B(F ) be the unique factorization of this cone, so that
for every i ∈ F , πiF βF,G = πiG , and define B(G ⊇ F ) := βF,G . Now let
L be a limit of the diagram B with λF : L → B(F ) the legs of the limit
cone, for each finite F ⊆ I. In particular, for every i ∈ I, write πi for the leg
λ{i} : L → B({i}) = Ai . We claim that πi : L → Ai gives a product of the Ai .
Indeed, if fi : A → Ai is any family of morphisms, then we may construct,
for each finite subset F ⊆ I, a unique morphism fF : A → B(F ) such that
πiF fF = fi for each i ∈ F , using the universal property of the product
B(F ). The morphisms fF give a cone over the diagram B, because for any
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morphism G ⊇ F in Pf (I)op , we have πiF βF,G fG = πiG fG = fi = πiF fF , so
that βF,G fG = fF , using the uniqueness part of the universal property of the
product B(F ). The unique factorization α : A → L in particular satisfies
πi α = fi , as required.
Finally, we sketch a proof that (iii) implies (i); we emphasize that this
is an infinite generalization of the construction of pullbacks from binary
products and equalizers, described just above this proposition. Let D : I →
C be a diagram indexed by a small category I. Observe that giving a cone
ai : A → Di over the diagram is the same thing as giving a single morphism
Q
a : A → i∈ob(I) Di with the property that, for all morphisms f : i → j in
I, A(f ) ◦ ai = aj . The latter property, in turn, can be more synthetically
Q
expressed as follows. Write P for the product i∈ob I Di, with projection
maps πi : P → Di for every object i of I, and write M for the product
Q
f ∈mor I D(cod(f ), with projection maps ρf : M → D(cod(f )) for every
morphism f of I. Now the crucial observation is that a : A → P is a cone
exactly if d ◦ a = e ◦ a, where d, e : P ⇒ Q are two morphisms of C, defined,
respectively, by requiring that for every morphism f of I:
ρf ◦ d := πcod(f ) ,

ρf ◦ e := D(f ) ◦ πdom(f ) .

From this observation, it follows that the equalizer of the parallel pair of
maps d, e is a limit cone of the diagram D. For more details on the proof
of this last claim, we refer to any standard text on category theory, e.g., [6,
Thm. 12.3].
A category is called complete if it satisfies the equivalent properties in
Proposition 5.35, and co-complete if Cop is complete. Observe that the dual
of Proposition 5.35 says that a category has all small colimits iff all coequalizers and set-sized coproducts exist, iff all finite colimits and directed
colimits exist. Note also that, if we specialize to the case of a posetal
category, then the equivalence of (i) and (ii) in Proposition 5.35 (and its
dual version) reduce to a familiar characterization of complete lattices: a
poset is a complete lattice if and only if all finite sets and all up-directed
sets have a supremum. This fact was already stated in Exercise 1.21 and also
plays an important role in the background in domain theory (Chapter 7).
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Exercises for Section 5.3
Exercise 5.19. Let f : L → M be a homomorphism between distributive
lattices.
a. Prove that f is a monomorphism if, and only if, f is injective.
b. Prove that if f is surjective, then f is an epimorphism.
c. Consider an order-embedding e of the three-element chain 3 into the
four-element Boolean algebra, 2 × 2, which is clearly not surjective.
Prove that e is an epimorphism in the category of distributive lattices.
d. Conclude that in DL, there exist morphisms which are both mono and
epi, but not iso.
e. Also prove that e is a non-regular monomorphism in DL.
Exercise 5.20. This exercise examines epimorphisms in categories of topological spaces; note in particular that the notion of “epimorphism” is not
stable under taking full subcategories.
a. Prove that in the category Top, any epimorphism is surjective.
b. Prove that the epimorphisms in the category of Hausdorff topological
spaces are exactly the continuous functions whose image is dense in
the codomain.
c. Deduce from the previous item that in Priestley, the epimorphisms
are exactly the surjective continuous functions.
Exercise 5.21. This exercise characterizes epimorphisms in the categories
DL and BA.
a. Prove that in BA, the epimorphisms are exactly the surjective homomorphisms. Hint. One direction always holds. For the other, use
Stone duality and the fact that the dual of a surjective homomorphism
is injective.
b. Let L be a distributive lattice and let eL : L → L− be its Boolean
envelope (Definition 1.16). Prove that eL is an epimorphism in DL.
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c. Prove that in DL, a homomorphism f : L → M is an epimorphism if,
and only if, the unique extension eM ◦ f : L− → M − of eM ◦ f : L →
M − is surjective.
Exercise 5.22. Let f : A → B be a morphism in a category C.
a. Prove that, if f is an isomorphism, then f is both a monomorphism
and an epimorphism.
b. Prove that, if f has a left inverse (i.e., there exists g : B → A such
that gf = 1A ), then f is a monomorphism.
c. Formulate the dual statement of (b) and conclude that it is true.
d. Consider the category with one object (i.e., a monoid), a countable set
of morphisms {fn : n ∈ N}, composition given by fn ◦ fm := fn+m ,
and identity f0 . Prove that, for every n ≥ 1, fn is mono and epi, but
not iso.
Exercise 5.23. Prove that any equalizer is a monomorphism, and any
coequalizer is an epimorphism.
Exercise 5.24. Suppose that q1 : A → Q1 and q2 : A → Q2 are both
coequalizers for the same pair of maps p1 , p2 : C → A.
a. Show that there exist morphisms α1 : Q1 → Q2 and α2 : Q2 → Q1 such
that α1 q1 = q2 and α2 q2 = q1 .
b. Prove that α2 α1 = idQ1 and α1 α2 = idQ2 .
Hint. Show first that α2 α1 is a factorization of q1 through itself, i.e.,
that α2 α1 q1 = q1 , and then use the uniqueness of α in the definition
of coequalizers.
Exercise 5.25. This exercise outlines a proof that the regular epimorphisms
in Lat are exactly the surjective homomorphisms. To readers with more
knowledge of universal algebra, it should be clear that the same argument
applies in any category whose objects are the algebras in a variety and whose
morphisms are the homomorphisms.
a. Prove that an equivalence relation ϑ on a lattice A is a congruence if,
and only if, ϑ is a (bounded) sublattice of the product algebra A × A.
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b. Let p1 , p2 : C → A be a pair of lattice homomorphisms. Define ϑ to be
the smallest congruence on A which contains (p1 (c), p2 (c)) for every
c ∈ C. Prove that the quotient q : A ↠ A/ϑ is a coequalizer of (p1 , p2 ).
Conclude that regular epimorphisms are surjective.
c. Let ϑ be a congruence on a lattice L. Prove that the quotient homomorphism q : A ↠ A/ϑ is the coequalizer of the pair of maps
p1 , p2 : ϑ → A, where pi is the projection onto the ith coordinate.
d. Conclude that a lattice homomorphism is a regular epimorphism if,
and only if, it is surjective.
Exercise 5.26. Let C be a category and let I be a small category.
a. Show that, for any object C ∈ C, the functor ∆C , defined by ∆C i = C
for every object and ∆C x = 1C for every morphism, is a diagram,
called the I-shaped constant diagram at C.
b. Let D be a diagram. Show that a cone above D is essentially the same
thing as a natural transformation p : ∆C ⇒ D, for some object C of
C.
c. Reformulate the definition of limit purely in terms of natural transformations, without ever referring to specific objects and morphisms in I
and C.
d. Dualize this exercise for cones below and colimits.
Exercise 5.27. Prove that the Cartesian product of posets/lattices/distributive
lattices is a product in the categorical sense of Definition 5.26.
Exercise 5.28. Prove that the Cartesian product of a family of Priestley
spaces, defined by equipping the product set with the product topology
and the point-wise parital order, is again a Priestley space. Conclude that
products exist in the category of Priestley spaces.
Exercise 5.29. Let (Xi )i∈I be a collection of Priestley spaces. For each
i ∈ I, write Li for the lattice of clopen down-sets of Xi . Prove that the
Q
P
Priestley dual space X of the product i∈I Li is the coproduct i∈I Xi in
Priestley spaces. Show that there is an injective function from the disjoint
union of the sets Xi to X, which is in general not surjective.
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Exercise 5.30. Let F : C → D be a functor, and suppose that F has a
right adjoint. Prove that F preserves any colimit that exists in C, i.e., if
D : I → C is a diagram in C and C is a colimit of D with a co-cone given
by λi : D(i) → C for each object i of I, then the image of this co-cone under
F , F λi : F D(i) → F C, gives a colimit of the diagram F ◦ D : I → D.
Exercise 5.31. This exercise elaborates on the comment made in Example 4.6 to the effect that the two element poset (2, ⪯) appearing in the
concrete incarnation of FDL (V ) derived in Section 4.1 is the poset dual to
3, the three element lattice.
a. Prove that 3 is a free distributive lattice over {p}, by exhibiting a
universal arrow.
b. Prove that for any set V we have FDL (V ) =

P

v∈V

FDL ({v}).

c. Conclude, via duality, that the Priestley dual of FDL (V ) is the product space (2, ⪯, δ)V , where δ is the discrete topology on 2, cf. Proposition 4.8.
Exercise 5.32. Let C be a category and let I be a small category. Denote
by [Iop , C] the category of I-shaped diagrams in C, with natural transformations between them.
a. Show that there is a functor ∆ : C → [Iop , C] which sends any object C
of C to the constant diagram ∆C (see Exercise 5.26), and a morphism
f : C → C ′ to the natural transformation ∆C → ∆C ′ that is f at
every component.
b. Suppose that ∆ has a left adjoint, L : [Iop , C] → C. Prove that, for
any diagram D ∈ [Iop , C], L(D) is a colimit of D.
c. Similarly, prove that if R is a right adjoint for ∆, then R(D) is a limit
of D, for any I-shaped diagram D in C.
Exercise 5.33. Let I be a preordered set that is directed, i.e., non-empty,
and any finite subset of I has an upper bound. Let π : I → J be the poset
reflection of I (see Exercise 1.5). Let D : I → C be a diagram.
a. Prove that J is directed.
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b. Prove that there is a diagram D′ : J → C such that D′ (π(i)) is isomorphic in C to D(i) for every i ∈ I.
c. Suppose that D has a colimit in C. Prove that the same object gives
a colimit of D′ in C.

5.4

Priestley duality categorically

In this section we apply the categorical point of view introduced in this
chapter to Priestley duality. While the general language of category theory is useful for expressing our duality theorem, we will also require some
knowledge that seems to be rather specific to Priestley duality. In particular, in this section we further elaborate on what the correspondences
between monomorphisms and epimorphisms on either side of the duality
concretely look like in the case of Priestley duality. This yields connections
between quotients and sublattices, and between subspaces and quotient lattices, which are crucial to some of the applications in the later chapters of
this book. Further, we show how Priestley duality can be used to easily
describe free distributive lattices.

Priestley’s dual 2-equivalence
Recall from Chapter 3 that, to any Priestley space X, we associated a distributive lattice ClpD(X) of clopen down-sets of X, and, to any continuous
order-preserving map f : X → Y , the distributive lattice homomorphism
f −1 : ClpD(Y ) → ClpD(X). In the reverse direction, if L is a distributive
lattice, we associate to it the Priestley space XL (Definition 3.20), and if
h : M → L is a distributive lattice homomorphism, then Proposition 3.24
showed that there is a unique continuous map f : XL → XM with the propd = f −1 (a
b) for every a ∈ M . In this section, we will write X(h)
erty that h(a)
for this unique map f .
With the categorical language developed in this chapter, we can now
properly state and prove Priestley’s duality theorem.
Theorem 5.36. The assignments L 7→ XL and (h : M → L) 7→ (X(h) : XL →
XM ) constitute a contravariant functor, X : DL → Priestley, and the pair
(ClpD, X) is a contravariant equivalence of categories.
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Proof. To see that X is a functor, let k : N → M and h : M → L be
morphisms in DL. Note that X(k) ◦ X(h) is a Priestley morphism for which
b)) = X(h)−1 (X(k)−1 (a
b)) =
it holds that, for any a ∈ N , (X(k) ◦ X(h))−1 (a
−1
d
\
X(h) (k(a)) = h(k(a)).
By the uniqueness of X(h ◦ k), we must have
X(h ◦ k) = X(k) ◦ X(h). The fact that X(1L ) = 1XL for any distributive
lattice L can be proved similarly.
For any distributive lattice L, let αL be the homomorphism defined by
b ∈ ClpD(XL ). For any Priestley space X, let βX be the function
a ∈ L 7→ a
defined by sending x ∈ X to the point y ∈ XClpD(L) with prime filter
Fy := {K ∈ ClpD(L) : x ∈ K}, the clopen-downset neighborhoods of x.
We leave it as an instructive exercise (Exercise 5.34) to verify that βX is a
continuous order preserving map, and that both α : 1DL → ClpD ◦ X and
β : 1Priestley → X ◦ ClpD are natural isomorphisms.
We now also prove that this duality has a further property, which, in
categorical terms, makes it a 2-equivalence. The general definition of 2equivalence is beyond the scope of this book; it involves extending the
definition of category to that of a 2-category, a structure in which the
collection of morphisms itself forms a (1-)category. The research field of
higher category theory takes this idea much further, to ω-categories and
∞-categories, but for our purposes here, a – from that perspective very
degenerate – 2-categorical structure suffices. In our categories DL and
Priestley, the 2-categorical structure amounts to the fact that the sets
of morphisms are in fact posets. That is, if L and M are distributive
lattices, then the set HomDL (L, M ) is partially ordered by the point-wise
order: for a parellel pair of homomorphisms h, h′ : L → M , we say h ≤ h′
if h(a) ≤M h′ (a) for every a ∈ L. Similarly, for any Priestley spaces X and
Y , HomPriestley (X, Y ) is also ordered point-wise. The fact that Priestley
duality is a 2-equivalence now boils down to the fact that the equivalence
functors are anti-order-isomorphisms between the Hom-posets, as we show
now.
Proposition 5.37. For any distributive lattices L, M , the function
X : HomDL (M, L) → HomPriestley (XL , XM )
is an anti-isomorphism of partial orders.
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That is, for any parallel pair of homomorphisms h, h′ : M → L, we
have h ≤ h′ if, and only if, X(h′ ) ≤ X(h), where the symbol ≤ denotes
the pointwise order between lattice homomorphisms and between Priestley
morphisms, respectively.
We note that a similar result to this proposition, in the context of duality
for relations and finite-meet-preserving functions, was already proved in the
proof of Proposition 4.29, compare in particular equation (4.11) in that
proof.
Proof. Recall (Exercise 3.23) that X(h) sends any point x ∈ XL to the point
X(h)(x) with associated prime filter FX(h)(x) := h−1 (Fx ). Suppose that
h ≤ h′ pointwise and let x ∈ XL . For any a ∈ M , h(a) ∈ Fx implies h′ (a) ∈
Fx , since Fx is an up-set. Hence, FX(h)(x) ⊆ FX(h′ )(x) , which means by
definition of the order on Priestley spaces that X(h′ )(x) ≤ X(h)(x). For the
converse, suppose that h ≰ h′ in the pointwise order. Pick a ∈ M such that
h(a) ≰ h(a′ ). By the distributive prime filter-ideal theorem (Theorem 3.10),
pick a prime filter Fx in L such that h(a) ∈ Fx and h′ (a) ̸∈ Fx . For
the corresponding point x ∈ XL , we have h−1 (Fx ) ̸⊆ (h′ )−1 (Fx ). Thus,
X(h′ )(x) ≰ X(h)(x).
We note in particular (see Exercise 5.35) that it follows from Proposition 5.37 that, for a pair of order-preserving maps between distributive
lattices f : L ⇆ M : g, (f, g) is an adjoint pair if, and only if, the pair
X(g) : XM ⇆ XL : X(f ) is an adjoint pair between the underlying posets
of the dual Priestley spaces, where the left and right adjoint have swapped
places. Essentially this fact (phrased in the setting of spectral spaces) will
be crucial in Section 7.3 of Chapter 7.

A categorical perspective on subs and quotients
Theorem 5.38. Let L be a distributive lattice and XL its dual space. The
complete lattice of sublattices of L is anti-isomorphic to the complete lattice
of quotient spaces of XL , and the complete lattice of quotients of L is antiisomorphic to the complete lattice of closed subspaces of XL .
Proof. Priestley duality restricts to a dual equivalence between Sub(L) and
Quot(XL ), and also between Quot(L) and Sub(XL ). These lattices are
concretely realized as stated in the theorem.
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A categorical perspective on operators
We revisit the duality for unary operators described in Section 4.3, giving in
particular the proof of the generalized duality Theorem 4.31, for which we
now have the required terminology in place. You are invited to fill in some
small details in Exercise 5.36.
Proof of Theorem 4.31. Let us write DLm for the category of distributive
lattices with finite-meet-preserving functions, and PriestleyR↑ for the category of Priestley spaces with upward-compatible relations; the latter is
indeed a category under relational composition, with the identity morphism
on a Priestley space X given by the upward Priestley compatible relation
≥ ⊆ X × X. We define a functor P□ : PriestleyR↑ → DLm by sending
an object X to the lattice of clopen down-sets of X, and sending an upward Priestley compatible relation R ⊆ X × Y to the finite-meet-preserving
function P□ (R) := ∀R−1 [−] : ClpD(Y ) → ClpD(X). It is straightforward to
verify that P□ is a well-defined functor. Moreover, Proposition 4.29 shows
that P□ is full and faithful. Finally, P□ is essentially surjective because any
distributive lattice L is isomorphic (also in DLm ) to ClpD(X) where X is
its dual Priestley space. It follows from Theorem 5.13 that P□ is part of a
dual equivalence.
We also show how a duality theorem for finite-join-preserving functions
can be deduced from this in a purely abstract way.
Theorem 5.39. The category of distributive lattices with finite-join-preserving
functions is dually equivalent to the category of Priestley spaces with downward Priestley compatible relations.
Proof. The category DLj of distributive lattices with finite-join-preserving
functions is isomorphic to the category of distributive lattices with finitemeet-preserving functions, via the isomorphism which sends a distributive
lattice L to its opposite Lop , and a morphism to itself. Similarly, the
category of Priestley spaces with downward Priestley compatible relations
is isomorphic to the category PriestleyR↓ of Priestley spaces with upward
Priestley compatible relations, via the isomorphism which sends a Priestley
space X to the space with the same topology, and the opposite order. The
claimed dual equivalence is obtained as the conjugate of the dual equivalence
of Theorem 4.31 under these isomorphisms.
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Since the proof of Theorem 5.39 is very abstract, we also give a more concrete description of the action of the dual equivalence functor, P♢ : DLj →
PriestleyR↓ , on morphisms. Fix two Priestley spaces X and Y . The bijection
P♢ (X, Y ) : PriestleyR↓ (X, Y ) → DLj (ClpD(Y ), ClpD(X))
may be defined as a composition of four bijections:
id

PriestleyR↓ (X, Y ) −→ PriestleyR↑ (X op , Y op )

(5.1)

4.31

−→ DLm (ClpU(Y ), ClpU(X))
id

−→ DLj (ClpU(Y )op , ClpU(X)op )
c

−→ DLj (ClpD(Y ), ClpD(X)).
Here, the first and third bijections are identity functions, using the obvious facts that a downward compatible relation from X to Y is the same as
an upward Priestley compatible relation from the opposite Priestley space
X op to Y op , and that a finite-meet-preserving function from a lattice L
to a lattice M is the same as a finite-join-preserving function from Lop
to M op . The second bijection is given by the dual equivalence of Theorem 4.31, modulo the fact that a clopen down-set of the Priestley space
X op is the same thing as a clopen up-set of X, and similarly for Y . The
fourth and last bijection is “conjugation by complementation”: c sends a
join-preserving map h : ClpU(Y )op → ClpU(X)op to the join-preserving map
c(h) : ClpD(Y ) → ClpD(X), defined by c(h)(K) := X \ h(Y \ K). Unraveling the definitions, the bijection P♢ (X, Y ) can be seen to send R to ♢R , as
defined in (4.12) at the end of Section 4.3.
Example 5.40. This example gives a functorial point of view on unary
modal operators on a distributive lattice, which we studied in Section 4.3.
Recall that a meet-semilattice is a poset (M, ≤) in which all finite sets
have an infimum; equivalently, a meet-semilattice is a commutative monoid
(M, ⊤, ∧) in which a ∧ a = a for all a ∈ M . For any meet-semilattice M ,
define the distributive lattice
F□ (M ) := FDL ({□a | a ∈ M })/ϑM
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where we recall from Section 4.1 that FDL (V ) denotes the free distributive
lattice over a set V , and we define
ϑM := ⟨(□

^

 ^

G ,

{□a | a ∈ G}) | G ⊆ M is finite⟩.

Writing □M for the set of variables {□a | a ∈ M }, we thus have F□ (M ) =
FDL (□M )/ϑM . Since this equivalence relation ϑM exactly says that ‘box
preserves finite meets’, the lattice F□ (M ) can be thought of as the lattice
generated by the act of ‘freely adding one layer of a box operation’. The
function a 7→ [□a]ϑM is an order-embedding that preserves finite meets; see
Exercise 5.37.
The constructor F□ may be extended to a functor from the category of
meet-semilattices to the category of distributive lattices, in such a way that,
for any finite-meet-preserving function h : M → M ′ of meet-semilattices, we
have F□ h([□a]ϑM ) = [□h(a)]ϑM ′ , see Exercise 5.37. Composing F□ with the
forgetful functor from distributive lattices to meet-semilattices, we obtain
a functor T□ from DL to itself. This functor T□ is closely related to the
category of positive □-modal algebras (Remark 4.37), as there is a one-toone correspondence between □ operations on M and so-called T□ -algebra
structures based on M , see Exercise 5.37.
The functor T□ : DL → DL is one of the program constructors in Abramsky’s program logic, which we will study in Chapter 7. It is dual to the
Vietoris space construction of topology, and is known in domain theory as
the Smyth powerdomain, see also Definition 6.21 in the next chapter.

Exercises for Section 5.4
Exercise 5.34. This exercise asks you to fill in some details of the proof of
Theorem 5.36.
a. Show that βX is a well-defined, continuous, order-preserving map.
b. Show that α and β are natural transformations.
c. Show that, for any Priestley space X, βX is an order-homeomorphism.
Exercise 5.35. Prove that, for any pair of order-preserving maps between
distributive lattices f : L ⇆ M : g, (f, g) is an adjoint pair if, and only if,
the pair X(g) : XM ⇆ XL : X(f ) is an adjoint pair between the underlying

CHAPTER 5. CATEGORICAL DUALITY

204

posets of the dual Priestley spaces, where the left and right adjoint have
swapped places.
Hint. Combine Proposition 5.37 and Exercise 1.8 of Chapter 1.
Exercise 5.36. This exercise asks you to fill in a few details of the proof of
Theorem 4.31.
a. Prove that the PriestleyR↑ , the category of Priestley spaces with
upward Priestley compatible relations, is indeed a category.
b. Prove that the functor P□ defined in the proof of Theorem 4.31 is
indeed a well-defined functor.
Exercise 5.37. For a meet-semilattice M , consider the lattice F□ (M ) defined in Example 5.40. For every a ∈ M , define e(m) := [□m]ϑM .
a. Prove that, for any distributive lattice L and any finite-meet-preserving
function f : M → L, there exists a unique homomorphism f¯: F□ (M ) →
L such that f¯ ◦ e = f .
b. Prove that e is finite-meet-preserving, injective, and that the image of
e generates F□ (M ).
c. Denote by SL the category of meet-semilattices. Prove that the object
assignment F□ extends to a functor SL → DL, which is left adjoint to
the forgetful functor U : DL → SL that sends any distributive lattice
(L, ⊤, ⊥, ∧, ∨) to its meet-semilattice reduct, (L, ⊤, ∧).
Note. It is a general fact in category theory that “universal arrows
yield left adjoints”, see for example Section 3.1 in [16] for the general
theory, which you only prove in a specific example here.
d. For a functor6 T from C to itself, an algebra for the functor T , or
simply T -algebra, is defined as a pair (A, h) where A is an object in
C and h : T (A) → A is a morphism in C. A morphism of T -algebras,
g : (A, h) → (A′ , h′ ), is defined to be a morphism g : A → A′ in C so
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that the following diagram commutes.
T (A)

T (g)

h′

h
A

T (A′ )

g

A′

Recall from Remark 4.37 that a positive modal □-algebra is a pair
(A, □) where A is a distributive lattice and □ is a unary operation on
A which preserves finite meets. Write T□ for the composite functor
U

F

□
DL → SL →
DL. Show that the category of T□ -algebras is isomorphic to the category of positive modal □-algebras.

Notes
1. More details and in-depth information about category theory can be found in, e.g.,
[56, 6, 8]. Moreover, recent research shows links between duality theory and the theory of
toposes; we mention in particular [18] and [61]. Since we want to keep category-theoretic
prerequisites to a minimum, we do not go into these connections in this book, but we hope
such connections will be strengthened and made more explicit in future work, perhaps by
a categorically minded reader of this book.
2. There is a slight subtlety here: not every pair of natural isomorphisms 1C → GF
and F G → 1D satisfies the triangle identities, but there is always some choice that
does. An equivalence together with explicit natural isomorphisms that satisfy the triangle
identities is sometimes called an adjoint equivalence in the literature, to distinguish it
from the non-adjoint situation, but for all of the (dual) equivalences in this book there is
a straightforward choice of natural isomorphisms that do satisfy the triangle identities, so
we need not make this distinction.
3. The class of distributive lattices that are isomorphic to the down-set lattice of some
poset may be characterized as “completely distributive lattices that have enough completely join-prime elements”. Completely distributive lattices will be studied extensively
in the next two chapters. Canonical extensions were first developed by Jónsson and Tarski
[47] for Boolean algebras, then for distributive lattices by the first-named author of this
book in collaboration with Jónsson, and later for much more general structures (see, e.g.,
([28] and references cited there-in). A major point in the theory of canonical extensions
is that they allow for an algebraic, point-free rendering of duality theory, that does not
require going through the dual space, as we have done in this example. While canonical
extensions are in the background of many results in duality theory, and while we believe
them to be crucial for fully appreciating the power of duality theory, we still chose to
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mostly avoid discussing them in this book. One reason for this is that we believe canonical extensions can be best appreciated after an introduction to duality theory. Another
reason is that we wanted to keep this book as concise and accessible as possible.
4. A notable exception to this terminological rule is ‘covariant’ vs. ‘contravariant’ functor, defined in the previous section, and also ‘monomorphism’ vs. ‘epimorphism’ introduced here.
5. In algebraic literature, what we call ‘directed colimit’ is sometimes called ‘direct limit’
or ‘inductive limit’. We avoid this terminology because we prefer to emphasize ‘co-’ in the
name of this concept, to signal the fact that this generalizes a ‘co-product’. On the other
hand, in category theory, what we call ‘projective limit’ is sometimes called ‘down-directed
limit’, or even, confusingly, just ‘directed limit’. We avoid this term because in this book
‘directed’ usually means ‘upwards directed’, as for example in ‘directedly complete poset’.
6. There is a related, but different notion, of algebra for a monad, which we do not treat
in this book (at least not explicitly).

Chapter 6

Ω-Pt duality
In this chapter we consider a Stone-type duality that applies to spaces more
general than the ones dual to distributive lattices. We begin (Section 6.1)
by showing how the ordered spaces in Priestley duality for distributive lattices can be replaced by a class of unordered topological spaces that we
call spectral spaces. This recasting of Priestley duality uses the correspondence between compact ordered spaces and stably compact spaces already
discussed in Section 2.3. Then we introduce an adjoint pair of functors (Section 6.2) between the category of topological spaces and a certain category
of complete lattice and we show that this adjunction restricts to a duality
between so-called sober spaces and spatial frames (Section 6.3). Throughout these sections, we in particular pay attention to how all these dualities
fit together. In the final section, Section 6.4, as an application of the duality between spectral spaces and distributive lattices, which will be used in
the next chapters, we study two classical constructions on spectral spaces:
powerdomains and function spaces. This leads us to introduce the notion of
preserving joins at primes, that will play a role in both of the application
chapters 7 and 8.

6.1

Spectral spaces and Stone duality

In the Priestley duality of Chapter 3, we obtain certain compact ordered
spaces as duals of distributive lattices. However, in the original formulation by Stone, the dual spaces of distributive lattices are certain stably
207
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compact spaces (Definition 2.14). In fact the relationship between Stone’s
dual spaces and Priestley spaces is given by restricting the bijective correspondence between compact ordered spaces and stably compact spaces
established in Theorem 2.17 of Chapter 2. The precise relationship between
distributive lattices, Priestley spaces, and spectral spaces will be given in
the commutative triangle of equivalences in Figure 6.1 below.
Theorem 6.1. Let (X, τ ) be a stably compact space. The following statements are equivalent:
(i) (X, τ p , ≤τ ) is a Priestley space;
(ii) (X, τ p , ≥τ ) is a Priestley space;
(iii) (X, τ ) has a basis of compact opens.
(iv) (X, τ ∂ ) has a basis of compact opens.
Proof. Since the definition of a Priestley space is self-dual with respect to
order-duality, it follows that (i) and (ii) are equivalent. Since, under the
correspondence of Theorem 2.17, (X, τ ) is the stably compact space corresponding to (X, τ p , ≤τ ) and (X, τ ∂ ) is the stably compact space corresponding to (X, τ p , ≥τ ), it suffices to show that (iii) is equivalent to (i) and/or (ii)
in order to show that all four statements are equivalent.
So suppose (X, τ ) is a stably compact space for which (X, τ p , ≤τ ) is a
Priestley space and let x ∈ X and U ∈ τ with x ∈ U . We will construct
a compact open set V such that x ∈ V ⊆ U . Note that C := U c is a
closed downset which does not contain x. Hence, for each y ∈ C we have
x ≰ y and thus there is a clopen upset Vy of the Priestley space (X, τ p , ≤τ )
with x ∈ Vy and y ∈ Vyc . It follows that {Vyc }y∈C is an open cover of C
in (X, τ p , ≤τ ). Since C is closed and thus compact, it follows that there is
a finite subset F ⊆ C so that {Vyc }y∈F is a cover of C. Consequently, the
T
set V := {Vy | y ∈ F } is a clopen upset of (X, τ p , ≤τ ) with x ∈ V ⊆ U .
Finally, since V is an open up-set in (X, τ p , ≤τ ), it is open in the topology
(τ p )↑ , which is equal to τ by Proposition 2.16. Also, since V is closed in
(X, τ p , ≤τ ), it is is compact in (X, τ p , ≤τ ), and thus also in the smaller
topology of (X, τ ), since the compact topologies are a down-set in Top(X)
(Exercise 2.15). We have thus shown that (X, τ ) possesses a basis of compact
opens.
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For the converse, suppose (X, τ ) is a stably compact space with a basis
of compact opens, and let x, y ∈ X with x ≰τ y. By definition of the
specialization order, it follows that there is an open U ∈ τ with x ∈ U and
y ̸∈ U . Also, since (X, τ ) has a basis of compact opens, it follows that there
is a compact open V ⊆ X with x ∈ V ⊆ U . The fact that V is open in
(X, τ ) implies that it is an open up-set in (X, τ p , ≤τ ). Furthermore, since V
is compact and open, and thus in particular saturated, it is closed in (X, τ ∂ ),
and thus also in (X, τ p , ≤τ ). Altogether, we have that V is a clopen up-set
in (X, τ p , ≤τ ) and that x ∈ V and y ̸∈ V , as required.
We recall from Chapter 3 that the morphisms of Priestley spaces are the
continuous and order preserving maps, see also Example 5.2. Thus, in order
to obtain a (non-full) subcategory of Top that is dual to the category of
bounded distributive lattices, we have to consider the corresponding stably
compact spaces with proper maps (see Exercise 2.38). Finally, if X and Y are
stably compact spaces satisfying the equivalent statements of Theorem 6.1,
one can simplify the definition of proper maps: a map f : X → Y is a proper
continuous map if and only if the pre-image of a compact-open is compactopen (see Exercise 6.1). In this context, proper maps are also known as
spectral maps.
The above considerations naturally suggest the following definition of
the category of spectral spaces. A shorter but more ad hoc definition can
be found in Exercise 6.3; alternative definitions in the literature often also
explicitly include the statement that a spectral space is sober (see Definition 6.18 below), but we will derive this as a consequence of our definition,
see Exercise 6.16 below. The spaces we call spectral spaces are also known
as coherent spaces or (non-Hausdorff) Stone spaces in less recent literature,
but these terms have also been used with other meanings, so we will avoid
using them1 .
Definition 6.2. A spectral space is a stably compact space satisfying the
equivalent statements of Theorem 6.1. A spectral map is a continuous function between spectral spaces such that the inverse image of any compactopen set is compact (and open). We denote by Spec the category of spectral
spaces with spectral maps.
Definition 6.3. Let L be a distributive lattice. The Stone dual space of L
or spectral space of L, denoted St(L), is a space (X, σ), where X comes with

CHAPTER 6. Ω-PT DUALITY

210

bijections F( ) : X → PrFilt(L), I( ) : X → PrIdl(L), h( ) : X → Hom(L, 2)
so that for all x ∈ X and all a ∈ L we have
a ∈ Fx

⇐⇒

a ̸∈ Ix

⇐⇒

hx (a) = ⊤,

and the topology σ is generated by the sets
η(a) = {x ∈ X | a ∈ Fx } = {x ∈ X | a ̸∈ Ix } = {x ∈ X | hx (a) = ⊤}
where a ranges over the elements of L. This object assignment extends to a
contravariant functor
St : DL → Spec
where a homomorphism h : L → M is sent to the function f : XM → XL
given by requiring that Ff (x) = h−1 (Fx ), for every x ∈ XM .
Given a topological space X we denote by KO(X) the collection of
compact-open subsets of X. Note that, if (X, σ) is a spectral space with
specialization order ≤σ , then KO(X) ordered by inclusion is the distributive
lattice which corresponds under Priestley duality to the Priestley space
(X, σ p , ≥σ ), where we recall that σ p denotes the patch topology, i.e., the
smallest topology containing both σ and σ ∂ . Indeed, the clopen down-sets
of (X, σ p , ≥σ ) are the clopen up-sets of (X, σ p , ≤σ ), which are exactly the
compact open sets of (X, σ) by Proposition 2.18.c. By definition, any proper
continuous map f : X → Y yields a distributive lattice homomorphism
f −1 : KO(Y ) → KO(X). In summary, we have the following commutative
triangle of categorical (dual) equivalences, where the equivalence between
Priestley and Spec is in fact an isomorphism, see Theorem 6.4 below.
Theorem 6.4. The categories Spec and Priestley are isomorphic. On
objects the isomorphisms are given, respectively, by the restriction of the
patch construction for stably compact spaces, equipped with the reverse of
the specialization order:
⟨( )p , ≥( ) ⟩ : Spec → Priestley
(X, σ) 7→ (X, σ ∨ σ ∂ , ≥σ )
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Priestley

Pr
op

DL

ClpD
Sp

( )↓

⟨( )p , ≥( ) ⟩

KO
Spec
Figure 6.1: A commutative triangle of equivalences. The equivalence between Priestley and Spec is an isomorphism of categories, see Theorem 6.4.
The dual equivalence between DL and Priestley is the one described in
Theorem 5.36. The functors between DL and Spec have been defined in
this section; it is a dual equivalence because it is the composition of a dual
equivalence with an isomorphism.

and by intersecting with the dual Alexandrov topology of the order:
( )↓ : Priestley → Spec
(X, π, ≤) 7→ (X, π ∩ D(X, ≤)).
On maps, the isomorphism of categories is simply the identity.
Proof. By Theorem 6.1 and the definition of spectral spaces, it follows that
all spectral spaces are stably compact spaces and that the correspondence of
Theorem 2.17, applied with a reversal of the orderings, between stably compact spaces and compact ordered spaces provides a bijective correspondence
between spectral spaces and Priestley spaces. Furthermore, Exercise 2.38
shows that this bijective correspondence extends to an isomorphism of categories between the category Priestley and that of spectral spaces with
proper maps. Finally, by Exercise 6.1, proper maps between spectral spaces
are precisely those for which the pre-image of a compact-open is compactopen, which in turn, by Definition 6.2, are the morphisms of the category
Spec.
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Exercises for Section 6.1
Exercise 6.1. Show that a map between spectral spaces is proper if and
only if the pre-image of a compact-open is compact-open. Further show that
a map between Boolean spaces is proper if and only if it is continuous.
Exercise 6.2. Show, by giving an example, that there may exist continuous
maps f : X → Y between spectral spaces X and Y which are not proper.
Exercise 6.3. Show that a topological space X is a spectral space if and
only if it is well filtered and KO(X) is a bounded sublattice of P(X) and a
basis for the topology of X.
Exercise 6.4. Using Priestley duality, Theorem 2.17 of Chapter 2, and
Theorem 6.1 above, show that
a. The assignment X 7→ KO(X) may be extended to a contravariant
functor from Spec to DL by sending a proper map f : X → Y to the
map
KO(f ) : KO(Y ) → KO(X), U 7→ f −1 [U ].
b. The pair of functors St and KO yield a duality between the categories
Spec and DL.
Exercise 6.5. Show that if (X, σ) is a spectral space, then the co-compact
dual of σ is generated by the complements of the compact-opens of (X, σ).
That is
σ ∂ = ⟨U c | U ∈ KO(X, σ)⟩.

6.2

The Ω-Pt adjunction

The collection of open subsets of a topological space is closed under arbitrary
unions and is thus a complete lattice in the inclusion order. If we restrict
to the compact-open subsets of a spectral space, we obtain a collection of
subsets closed just under finite intersections and finite unions and thus a
distributive lattice. In fact, Stone duality tells us, among other things,
that any distributive lattice occurs as KO(X) for an up to homeomorphism
unique spectral space X.
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Topological spaces that are not spectral spaces will in general not have
a basis of compact opens, but they will have lots of bases that are bounded
sublattices of the power set.2 If a compact space has a basis of compact
opens, then, by compactness, this is necessarily the smallest basis which is
closed under finite unions. Topological spaces that are not spectral spaces
will in general also not have a smallest bases. To obtain a canonical basis
beyond spectral spaces, we are forced to take the basis of all opens. However,
as noted above, this forces us to consider a category of complete lattices
instead of the category of all distributive lattices.
Definition 6.5. A frame is a complete lattice in which finite meets distribute over infinite joins, that is, it satisfies the Join Infinite Distributive
law (see (1.3)). A map between frames is said to be a frame homomorphism
provided it preserves finite meets and arbitrary joins. We denote by Frame
the category of frames with frame homomorphisms.
Example 6.6. Given a topological space X, the collection of all opens is
closed under binary intersections and arbitrary unions. Since (arbitrary)
intersections distribute over arbitrary unions, Ω(X) is a frame. Also, by the
very definition of continuity, a continuous map f : X → Y yields a map
Ω(f ) : Ω(Y ) → Ω(X)
given by U 7→ f −1 [U ]. Since the inverse image map preserves (arbitrary)
intersections and arbitrary unions, the map Ω(f ) is a frame homomorphism.
Proposition 6.7. Ω : Top → Frame is a contravariant functor.
Proof. It is straight forward to verify that Ω(idX ) = idΩ(X) for any topological space X, and that Ω(f ◦ g) = Ω(g) ◦ Ω(f ) whenever g : X → Y and
f : Y → Z are continuous maps.
If we want a way to recapture a space from its frame of open sets, first,
we need a way of distinguishing points using open sets. As soon as a space
is T0 this is possible via neighborhood filters.
Definition 6.8. Let X be a topological space and x ∈ X. The neighborhood
filter of x is given by
N (x) = {U ∈ Ω(X) | x ∈ U }.
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Definition 6.9. Let L be a frame. A subset F ⊆ L is a completely prime
filter of L if it is a proper filter satisfying, for all S ⊆ L,
_

S∈F

=⇒

S ∩ F ̸= ∅.

We denote by CompPrFilt(L) the collection of all completely prime filters
of L.
The proof of the following proposition is left as Exercise 6.8.
Proposition 6.10. Let X be a topological space and x ∈ X. Then N (x) is
a completely prime filter in Ω(X). Furthermore, X is T0 if and only if the
assignment x 7→ N (x) is injective.
Recall from Chapter 1 that, for any distributive lattice L, M(L) denotes
the set of meet-prime elements of L.
Proposition 6.11. Let L be a frame and F ⊆ L. The following statements
are equivalent:
(i) the set F is a completely prime filter of L;
(ii) the complement L \ F of F is a principal down-set ↓m, for some
m ∈ M(L);
(iii) the characteristic function χF : L → 2, where χF (a) = 1 if and only if
a ∈ F , is a frame homomorphism.
Proof. First suppose F is a completely prime filter of L. Define m := (L \
F ). Clearly, L \ F ⊆ ↓m. Since F is completely prime and (L \ F ) ∩ F = ∅,
it follows that m ̸∈ F . Therefore, since L \ F is a down-set, ↓m ⊆ L \ F ,
V
and thus ↓m = L \ F . Finally, for any finite M ⊆ L, if M ≤ m, then
V
M ̸∈ F , because m ̸∈ F and F is an up-set. So there is m′ ∈ M with
m′ ̸∈ F or equivalently m′ ≤ m. Thus, m ∈ M(L), and we have shown that
(i) implies (ii).
Now suppose that L \ F = ↓m for some m ∈ M(L). To see that χF
W
preserves arbitrary joins, note that, for any A ⊆ L, χF ( A) = 1 if, and
W
only if, A ≰ m, if, and only if, a ≰ m for some a ∈ A, which is equivalent
W
to χF [A] = 1. That χF preserves finite meets follows directly from the
V
definition of meet-prime: for any finite A ⊆ L, χF ( A) = 1 if, and only if,
W
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A ≰ m, which, since m ∈ M(L), happens if, and only if, a ≰ m for every
V
a ∈ A, and this is in turn equivalent to χF [A] = 1.
For the last implication, suppose that χF : L → 2 is a frame homomorphism. Since χF preserves finite meets, it follows that F = χ−1
F (1) is a filter.
W
W
If A ⊆ L with A ∈ F , then χF ( A) = 1 and thus χF (a) = 1 for some
a ∈ A. That is, A ∩ F ̸= ∅ and thus F is completely prime.
V

We are now ready to give the definition of the Pt functor which takes us
from frames back to topological spaces. The space of points of a frame may
be seen as based on the set of homomorphisms into the frame 2 or on the set
of completely prime filters. We give both descriptions here leaving it as an
exercise to check the details and the equivalence of the two descriptions, since
the proofs are very similar to those already given in Section 3.2 for Priestley
duality. Note, however, that we only obtain a contravariant adjunction here;
we will show how it restricts to a duality in the next section.
Definition 6.12. Given a frame L, we denote by Pt(L) a topological space
which is determined up to homeomorphism by the fact that it comes with two
bijections F : Pt(L) → CompPrFilt(L) and f( ) : Pt(L) → HomFrame (L, 2)
satisfying
∀x ∈ Pt(L)

∀a ∈ L

( a ∈ F (x)

⇐⇒

fx (a) = 1 ),

and the opens of Pt(L) are the sets
b = {x ∈ Pt(L) | a ∈ F (x)}.
a

where a ranges over the elements of L.
The assignment L 7→ Pt(L) extends to a contravariant functor
Pt : Frame → Top
by sending a frame homomorphism h : L → M to the continuous map
Pt(h) : Pt(M ) → Pt(L) given by
Pt(h)(x) = y

⇐⇒

h−1 (F (y)) = F (x)

⇐⇒

fy = fx ◦ h.
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Theorem 6.13. The functors Pt : Frame ⇄ Top : Ω form a contravariant
adjunction with corresponding natural transformations given, for L a frame,
by
ηL : L → Ω(Pt(L))
a 7→ {x ∈ Pt(L) | a ∈ F (x)}
and, for X a topological space,
εX : X → Pt(Ω(X))
sends an element of X to the element of Pt(Ω(X)) which corresponds to the
neighborhood filter of x.
Proof. In order to check that the pair (Pt, Ω) forms an adjunction it suffices
to check that, for each frame homomorphism h : L → M and each continuous
map f : X → Y , the following diagrams commute
L

ηL

Ω(Pt(h))

h
M

Ω(Pt(L))

ηM

Ω(Pt(M ))

X

εX

Pt(Ω(X))
Pt(Ω(f ))

f
Y

εY

Pt(Ω(Y ))

We leave these verifications as an exercise for the reader.

Exercises for Section 6.2
Exercise 6.6. Give an example of a topological space X such that:
a. Ω(X) is not closed under arbitrary intersections;
b. Ω(X) does not satisfy the Meet Infinite Distributive law (order dual
of JID);
c. There is a frame homomorphism from Ω(X) into 2 which does not
preserve arbitrary meets.
Exercise 6.7. Let X be a topological space and let L = Ω(X). Prove that,
T
for any S ⊆ L, the infimum of S is the interior of the set U ∈S U , i.e.,
V
T
S = int( S).
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Exercise 6.8. Prove Proposition 6.10.
Exercise 6.9. Show that Pt(L) is well-defined and that it is a topological
space. Also show that the bijection f( ) : Pt(L) → HomFrame (L, 2) embeds
Pt(L) as a closed subspace of the space 2L , where 2 has the Sierpinski
topology (see Exercise 2.15). Further, show that Pt(h) is well-defined and
that it is a continuous map. Finally show that Pt is a contravariant functor
as stated in Definition 6.12.
Exercise 6.10. Prove Theorem 6.13.

6.3

The Ω-Pt duality

Recall from Corollary 5.19 that any contravariant adjunction, such as the
one given by the functors Pt and Ω in the previous section, restricts to
a maximal duality. This associated duality is obtained by restricting the
functors to the full subcategories given by the objects for which the natural
map from the object to its double dual is an isomorphism.
Accordingly we want to characterise those frames for which ηL : L →
Ω(Pt(L)) is an isomorphism and those topological spaces for which εX : X →
Pt(Ω(X)) is a homeomorphism.
Proposition 6.14. Let L be a frame. The following statements are equivalent:
(i) ηL : L → Ω(Pt(L)) is an isomorphism;
(ii) ηL is injective;
(iii) For all a, b ∈ L, if b ≰ a then there is x ∈ Pt(L) with b ∈ F (x) and
a ̸∈ F (x);
(iv) For all a ∈ L,

a=

V

(M(L) ∩ ↑a).

Proof. By definition of Pt(L), the opens of this space are precisely the sets
in the image of ηL and thus ηL is always surjective. It follows that items
(i) and (ii) are equivalent since a frame homomorphism is an isomorphism
if and only if it is both injective and surjective.
Further, since ηL is always a frame homomorphism, it is always order
preserving. Thus, all that is needed for injectivity (or equivalently order
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embedding, see Exercise 1.16) is that ηL is order reversing. But (iii) is
exactly the contrapositive of the statement that ηL is order reversing.
We use Proposition 6.11 to prove the equivalence of (iii) and (iv).
In order to prove that (iii) implies (iv), we reason by contraposition:
suppose that (iv) fails, we show that (iii) also fails. Denote by b the element
V
(M(L) ∩ ↑a). We must then have b ≰ a, since a ≤ b always holds. Let
x ∈ Pt(L) be arbitrary such that b ∈ F (x) and, by Proposition 6.11, pick
m ∈ M(L) such that F (x) = (↓m)c . Then b ≰ m, so in particular a ≰ m,
by the very definition of b. Thus, a ∈ F (x). Since x was arbitrary, this
shows that (iii) also fails.
For the converse, suppose (iv) holds and let a, b ∈ L with b ≰ a. Since
V
V
a = (M(L) ∩ ↑a), we have b ≰ (M(L) ∩ ↑a) and thus there is m ∈ M(L)
with a ≤ m but b ≰ m. Again by Proposition 6.11, F = (↓m)c is a
completely prime filter of L, and thus there is an x ∈ Pt(L) with F (x) = F .
It follows that b ∈ F (x) and a ̸∈ F (x) and thus (iii) holds.
Remark 6.15. As we saw in Section 1.3, in a finite distributive lattice,
each element is a finite join of join irreducible elements and a finite meet
of meet irreducible elements. This is not the case for frames in general (see
Exercise 6.11).
Definition 6.16. A frame is said to be spatial provided it satisfies the
equivalent conditions of Proposition 6.14. We denote by SpFrame the full
subcategory of Frame given by the spatial frames.
As we have already observed, the natural morphism εX : X → Pt(Ω(X))
is injective if and only if X is a T0 space.
Proposition 6.17. Let X be a T0 space. The following statements are
equivalent:
(i) εX : X → Pt(Ω(X)) is a homeomorphism;
(ii) εX is surjective;
(iii) For all y ∈ Pt(Ω(X)) there is an x ∈ X so that F (y) = N (x);
(iv) The join irreducible elements of the lattice C(X) of closed sets in X
are precisely the closures of points, {x} = ↓x, for x ∈ X.
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Proof. Recall that the opens of Pt(Ω(X)) are, by definition, the sets of the
b = {y ∈ Pt(L) | U ∈ F (y)}, where U ∈ Ω(X). We have, for any
form U
x ∈ X and U ∈ Ω(X),
b ⇐⇒ U ∈ F (εX (x)) = N (x)
εX (x) ∈ U

⇐⇒ x ∈ U.
Thus εX is always an open continuous embedding of topological spaces and
therefore it is clear that (i) is equivalent to (ii). Also, by definition of εX ,
an x ∈ X is sent to the unique element y ∈ Pt(Ω(X)) with the property
that F (y) = N (x). Thus (iii) is simply spelling out the statement that εX
is surjective and therefore (ii) and (iii) are equivalent.
To prove that (iii) implies (iv), suppose that (iii) holds and let C ∈ C(X)
be join irreducible. Then, since the lattice of closed sets of X is order dual
to the lattice of open sets of X, we have that U = C c is a meet irreducible
element of the frame Ω(X). By Proposition 6.11, it follows that the set
FC = (↓U )c = {V ∈ Ω(X) | V ̸⊆ U } = {V ∈ Ω(X) | C ∩ V ̸= ∅}
is a completely prime filter of Ω(X). Now let y ∈ Pt(Ω(X)) be the point of
Ω(X) corresponding to FC , that is, the point with F (y) = FC . Since (iii)
holds, there is x ∈ X with FC = N (x). That is, for all V ∈ Ω(X) we have
C ∩ V ̸= ∅

⇐⇒

x ∈ V.

We use this to show that C = {x}. To this end let D be any closed subset
of X and let V = Dc be the complementary open set. Then we have the
following string of equivalences
C ⊆ D ⇐⇒ C ∩ V = ∅ ⇐⇒ x ̸∈ V ⇐⇒ x ∈ D.
Thus we obtain the desired conclusion
C=

\

{D ∈ C(X) | C ⊆ D} =

{D ∈ C(X) | x ∈ D} = {x}

\

and every join irreducible closed set is the closure of a singleton. The fact
that closures of singletons always are join irreducible in the lattice of closed
sets is left for the reader as Exercise 6.15.
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To prove that (iv) implies (iii), let y ∈ Pt(Ω(X)) and let F = F (y) be
the corresponding completely prime filter of Ω(X). By Proposition 6.11,
the complement of F is the down-set of some open set U which is meet
irreducible in the lattice Ω(X). It follows that C = U c is a closed subset of
X which is join irreducible in the lattice C(X) of closed sets in X. By (iv),
there exists x ∈ X with C = {x}. Now let V ∈ Ω(X), then we have
V ̸∈ F ⇐⇒ V ⊆ U ⇐⇒ C ∩ V = ∅ ⇐⇒ {x} ∩ V = ∅ ⇐⇒ x ̸∈ V
and thus V ∈ F if and only if x ∈ V so that F = N (x) as required.
Definition 6.18. A topological space is said to be sober provided it is a T0
space and satisfies the equivalent conditions of Proposition 6.17. We denote
by Sober the full subcategory of Top given by the sober topological spaces.
It now follows, using Corollary 5.19, that the functors Ω and Pt, properly
restricted and co-restricted, yield a duality between the category of spatial
frames and the category of sober spaces.
Theorem 6.19. The Ω-Pt adjunction cuts down to a duality between the
category of spatial frames with frame homomorphisms and the category of
sober topological spaces with continuous maps.
Ω
SpFrame

Sober
Pt

We end this chapter with a summary of the relationship between the
Ω-Pt, the Stone, and the Priestley dualities. Recall that we already showed
how Stone and Priestley duality for distributive lattices relate in Figure 6.1.
We now add the Ω-Pt duality into the mix.
Since the Ω-Pt duality is for unordered topological spaces rather than
ordered spaces, we compare it to Stone duality rather than to Priestley
duality. As we have seen in Exercise 6.16, every spectral space is sober, thus
Spec is a subcategory of Sober. Note that it is not a full subcategory, since
not every continuous map between spectral spaces is proper; see Exercise 6.2.
Also, Exercise 6.18 outlines a generalization of Stone duality for the category
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Specc of spectral spaces with continuous, rather than spectral functions –
the dual category of distributive lattices then has certain relations as its
morphisms.
The Ω-P t duality is not directly a generalisation of Stone duality as,
under the Ω-P t duality, a spectral space is sent to its entire open set lattice
rather than just to the lattice of compact-opens. However, the category
DL embeds into the category Frame via the ideal completion A 7→ Idl(A),
which freely adds directed joins to A. A compact element k of a frame F
W
is one such that, for every directed subset S of F , we have k ≤ S implies
k ≤ s for some s ∈ S, also see Section 7.1 for more on compact elements
in the more general setting of directedly complete posets. In particular, we
will encounter in the next chapter a more general version of this construction, P 7→ Idl(P ), which turns an arbitrary poset into a so-called algebraic
domain. For an arbitrary frame F , we denote by K(F ) the set of compact
elements of F , which always forms a join-subsemilattice of F . In Idl(A), the
compact elements are the principal ideals, thus we have A ∼
= K(Idl(A)). Finally, calling arithmetic frames those frames whose compact elements form
a sublattice which generates the frame by directed joins, we obtain the following diagram (Figure 6.2) which illustrates how to move back and forth
between the Stone duality and the Ω-Pt duality.
KO-St

DL
Idl-K

Sober ⊇ Spec
Ω-P t

ArFr ⊆ SpFrame

Figure 6.2: Comparing the Ω-Pt and Stone duality on objects.
This diagram is not the whole story as it does not specify what happens
with morphisms. Stone duality acts on maps in Spec, which is not a full
subcategory of the category Sober of sober spaces with continuous maps.
The Ω-Pt duality, on the other hand, works on the full subcategory given
by the spectral spaces. To get the maps dual to the proper maps we need
to restrict the frame homomorphisms between arithmetic frames to those
that carry compact elements to compact elements. An alternative way of
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seeing this is bitopological: a function between lattices is a homomorphism
if and only if it is a homomorphism between the order duals of the two lattices. In fact lattice homorphisms correspond precisely to those continuous
maps between spectral spaces that are also continuous with respect to the
co-compact dual spectral topologies. Working with spectral spaces equipped
with both these topologies and the corresponding notion of frames, one gets a
natural bitopological description of lattice homomorphisms, see [52]. Alternatively to restricting the morphisms on the spectral spaces and arithmetic
frames to fit those of bounded distributive lattices, we can weaken the notion
of morphism on DL to correspond to lattice homomorphisms A → Idl(B),
which in turn may be seen as certain ‘join-approximable’ relations from A
to B, see Exercise 6.18 below.

Exercises for Section 6.3
Exercise 6.11. Give an example of an infinite frame in which each element
is a finite meet of meet irreducible elements and one in which it is not the
case.
Exercise 6.12. This exercise contains material beyond the scope of this
book. It is given mainly as an indication of a means of getting one’s hands
on non-spatial frames.
a. Show that non-atomic complete Boolean algebras are examples of nonspatial frames. To this end you may proceed as follows.
(1) Every complete Boolean algebra is a frame, that is, it satisfies
(JID);
(2) A complete Boolean Algebra is a spatial frame if and only if it is
atomic i.e., for all b, c ∈ B, if b ≰ c then there is an atom a of B
with a ≤ b but a ≰ c.
b. Show that there exist non-atomic complete Boolean algebras. To this
end you may proceed via (1)–(3) or via (4) below.
(1) There exist non-atomic Boolean algebras (e.g. the LindenbaumTarski algebra of Classical Propositional Logic on a countable set
of primitive propositional variables, see Section 4.1, has no atoms
at all).
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(2) The MacNeille completion [64] of a Boolean algebra is atomic if
and only if the original Boolean algebra is atomic.
(3) There exist non-atomic complete Boolean algebras (e.g. the MacNeille completion of the Lindenbaum-Tarski algebra of Classical
Propositional Logic on a countable set of primitive propositional
variables).
(4) Alternatively, one can show that the regular open subsets of a
Hausdorff space form a complete Boolean algebra, where we recall
that an open subset in a topological space is called regular if it is
equal to the interior of its closure. Further, if the original space
has no isolated points then the Boolean algebra of regular opens
has no atoms and is thus non-atomic.
Exercise 6.13. Show that, if X is an infinite set equipped with the topology
generated by the cofinite subsets, then X is T0 , but not sober.
Exercise 6.14. Show that all Hausdorff spaces are sober but that some T1
spaces are not.
Exercise 6.15. Let X be a topological space. Prove that the closure of a
singleton set is join-irreducible in the lattice of closed subsets of X.
Exercise 6.16. Show that if X is a locally compact space, then X is well
filtered if and only if it is sober. Use this in combination with Exercise 6.3
to show that a T0 topological space is a spectral space if and only if the
following two properties hold:
a. The collection of compact-open subsets of X form a bounded sublattice
of P(X) and a basis for the topology of X;
b. X is sober.
Exercise 6.17. Let L be a frame.
a. Show that for x, y ∈ Pt(L) we have x ≤ y in the specialization order
if and only if fx ≤ fy if and only if F (x) ≤ F (y).
b. Show that binary joins and meets need not exist in a sober space.
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c. Show that the poset of completely prime filters of a frame is closed
under directed union. Conclude that any sober space is a dcpo in its
specialization order.
d. Show that each open of Pt(L) is Scott open with respect to the specialization order of Pt(L).
Remark. Item c of this exercise has a counterpart for distributive lattices
and spectral spaces, see Exercise 3.12. Also, in Proposition 7.4 we give a
direct, elementary proof of the results in this exercise that does not use Ω-Pt
duality.
Exercise 6.18. Let L and M be distributive lattices. A relation R ⊆ L×M
is called join-approximable (see, e.g., [2, Definition 7.2.24]) provided that,
for any a, a′ ∈ L and b, b′ ∈ M , the following four properties hold hold: (i)
if a′ ≥ aRb ≥ b′ , then a′ Rb′ ; (ii) if aRb and aRb′ then aRb ∨ b′ ; (iii) if aRb
and a′ Rb then a ∧ a′ Rb; (iv) if a ∨ a′ Rb then there exist c, c′ ∈ K such that
aRc, a′ Rc′ , and b ≤ c ∨ c′ .
Denote by X and Y the spectral spaces dual to L and M , respectively.
a. Show that there is a one-to-one correspondence between continuous
functions f : Y → X and DL homomorphisms h : L → Idl(M ).
Hint. Use the fact that Ω(X) is isomorphic to Idl(M ).
b. Show that there is a one-to-one correspondence between DL homomorphisms h : L → Idl(K) and join-approximable relations R ⊆ L × K.
c. Conclude that the category of distributive lattices with join-approximable
relations as the morphisms is dually equivalent to the category of spectral spaces with continuous functions between them.
Remark. A related result on algebraic domains will be stated in Exericse 7.11.

6.4

Duality for spaces of relations and functions

As an application of the spectral space duality, in this section, we will
develop a general duality theory for spaces of relations and functions, which
we will apply to domain theory in Chapter 7. We begin in the setting
of general spectral spaces, and we will start with a class of constructors,
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on the lattice side, which are central in logic applications as considered in
Chapter 4, namely that of freely adding one layer of a modal box, and of
an implication operator. We will see in particular that the dual of a layer
of implication operator gives a ‘binary relation space’ (Theorem 6.28). In
order to obtain from this binary relation space a function space, we identify
(Definition 6.32) a property that we call “preserving joins at primes”, which
we will encounter again in Chapters 7 and 8. We prove (Corollary 6.34)
that this property gives a lattice-theoretic description of the function space
construction, which will allows us to prove in the next section that bifinite
domains are closed under that construction.
Adding a unary operator layer to a lattice
An important idea from categorical algebra, see also Exercise 5.37, is that
the addition of algebraic structure to an object A in a category C can often
be understood as a homomorphism T A → A, where T is an endofunctor on
C. In particular, the cited exercise spells out how a positive modal □-algebra
(A, □) can alternatively be specified by giving a distributive lattice A and a
lattice homomorphism F□ (A) → A. Here, we can think of F□ as “adding a
layer of unary operator” to a given distributive lattice. Thus, an important
step in analyzing positive modal □-algebras is to analyze this ‘signature’
functor F□ itself. This is what we do in this subsection, and, in the next
subsection, we carry out a similar program for the functor F→ , that “adds
a layer of implication operator” to a distributive lattice.
Before treating general implication operators, we first consider the case
of a unary modal operator, which, as we will see, corresponds to the filter
space construction. We also show how this construction specializes to the
upper Vietoris space, which is also known as the Smyth powerdomain in the
context of spectral domains.
We recall the construction of the free distributive lattice over a meetsemilattice; also see Example 5.40 and Exercise 5.37 for more details. Let
(M, ∧) be a meet-semilattice. The lattice F□ (M ) is characterized uniquely
by the universal property that any finite meet-preserving function M → L,
with L a distributive lattice, lifts uniquely to a homomorphism F□ (M ) → L.
We may construct F□ (M ) as the quotient of the free distributive lattice
FDL (□M ) over the set of ‘formal boxes’ {□a | a ∈ M } under the congru-
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ence, ϑM , generated by pairs of the form
□

^



G ≈

^

{□a : a ∈ G}

(6.1)

where G ranges over the finite subsets of M . We follow here the same convention as in Section 4.2, that the pairs involved in generating a congruence
are denoted by a ≈ b instead of (a, b). We now give a method for calculating
the Stone-Priestley dual space of this lattice F□ (M ), which we will then
generalize to other settings.
Denote by X the Priestley dual space of F□ (M ) and by Y the Priestley
dual space of FDL (□M ). Recall from Proposition 4.8 that we may regard the
space Y as the ordered generalized Cantor space over □M , whose underlying
set is 2□M , ordered by the pointwise order ⪯ induced by the order on 2
in which 1 ≤ 0, with topology given by the sets of the form Jm 7→ iK =
{y ∈ 2□M : y(□m) = i}, where m ∈ M and i ∈ {0, 1}. Since F□ (M )
is the quotient of FDL (□M ) by ϑM , the space X is homeomorphic to the
closed subspace of Y consisting of the points of X that ‘respect’ all the
pairs generating ϑM , by Theorem 4.24. Now note that, for any finite subset
G ⊆ M , a point y ∈ 2□M respects the pair (6.1) if, and only if,
y(□

^



G )=

^

y(□a).

a∈G

In other words, the points y ∈ Y that respect all pairs of the form (6.1)
are exactly the points y ∈ 2□M that preserve finite meets when viewed as
functions □M → 2. Finally, note that a meet-preserving function □M → 2
can be described exactly by a filter of M , by considering the inverse image
of 1. Let us write φ for the induced bijection X → Filt(M ), which can be
defined concretely, for x ∈ X, by
φ(x) := {m ∈ M | x(□m) = 1}.
Under this bijection φ, the partial order ≤ on the space X corresponds
to the reverse inclusion on Filt(M ), that is, for any x, x′ ∈ X, x ≤ x′ iff
φ(x) ⊇ φ(x′ ). Since the set □M generates F□ (M ) as a lattice, the lattice
of compact-opens of the spectral topology τ ↓ on X is also generated by the
c as a ranges over the elements of M . Note that, for any
sets of the form □a,
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c is the set
a ∈ M , the direct image under φ of the set □a
e := {F ∈ Filt(M ) | a ∈ F }.
a
e, as a ranges over the elements of M , is closed
Note that the collection of sets a
˜ and a
e ∩e
under finite intersections, since Filt(M ) = ⊤
b = a]
∧ b for any a, b ∈
M . Denote by σ the topology generated by the basis {ã : a ∈ M }. It then
follows from the above calculations that the function φ, viewed now as a map
between topological spaces (X, τ ↓ ) → (Filt(M ), σ), is a homeomorphism.
Therefore, σ is a spectral topology, and F□ (M ) is isomorphic to the lattice
of compact opens of σ, via the unique homomorphism extending the function
e is
which sends □a to ã, for a ∈ M . In particular, each set of the form a
compact open in σ. Note also that any compact open set in (Filt(M ), σ) is
a finite union of sets from this basis, since any open set in σ is a union of
sets from the basis.
We summarize our findings in the following proposition.

Proposition 6.20. Let (M, ∧) be a meet-semilattice. The spectral space
dual to F□ (M ) is homeomorphic to the set of filters Filt(M ) of M , equipped
e : a ∈ M }. Moreover, the compact
with the topology generated by the basis {a
open sets of Filt(M ) are exactly the finite unions of sets in this basis.
To finish this first subsection, suppose that M is not just a meetsemilattice, but is itself also a distributive lattice. One may then directly
describe the space of filters Filt(M ) in terms of the spectral space dual to
M , using the following general construction.
Definition 6.21. Let X be a topological space. The upper Vietoris space
on X is the topological space V ↑ (X) whose points are the compact saturated
subsets of X, and whose topology is generated by the basis consisting of the
sets
□U := {K ∈ V ↑ (X) | K ⊆ U }, for U ∈ τ.
In the context of general non-Hausdorff topological spaces, the name
‘Vietoris hyperspace’ has been associated to various spaces whose points are
the subsets of a given topological space, with a certain topology induced
from that space. Often, the points of such a hyperspace are the closed sets,
and indeed, in our definition here, the points of V ↑ (X) are in fact the closed
subsets of the space X ∂ , the co-compact dual of X.
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Proposition 6.22. Let M be a distributive lattice, and let X be the spectral
space of M . The topological space Filt(M ) is homeomorphic to the upper
Vietoris space V ↑ (X).
Proof. Let f : V ↑ (X) → Filt(M ) be the function that sends a compact
b}. This function f
saturated set K of X to the filter {a ∈ M | K ⊆ a
↑
has a two-sided inverse, g : Filt(M ) → V (X), which sends a filter F of M
T
b | a ∈ F }, which is indeed compact and saturated in X.
to the set {a
Now, to see that g is a two-sided inverse to f , let F be a filter of M and
b ∈ M . Then, using well-filteredness of the spectral space X, g(F ) ⊆ bb if,
b⊆b
and only if, there exists a ∈ F such that a
b, which is clearly equivalent
to saying that b ∈ F . Thus, f g(F ) = F . Conversely, for any compact
T
b | K ⊆ a
b} = K, as can be
saturated set K of X, we have gf (K) = {a
∂
bc form a
seen from the fact that X is a spectral space in which the sets a
basis for the open sets.
To see that f is continuous, let a ∈ M be arbitrary. For any K ∈ V ↑ (X),
e iff K ⊆ a
b iff K ∈ □a
b, so f −1 (a
e) = □a
b, which is open in
we have f (K) ∈ a
↑
V (X).
Finally, to see that g is continuous, let □U be a basic open set of V ↑ (X),
where U is an arbitrary open in X. Let F be a filter of M and suppose
that g(F ) ∈ □U . We show that there exists an open set around F which
is mapped entirely inside □U by g. By definition of g and of □U , we have
T
b | a ∈ F } ⊆ U , and since X is a spectral space, we may write
g(F ) = {a
S
U as the union {bb : b ∈ M, bb ⊆ U }. Using the well-filteredness of X, pick
b ⊆ U . Then F ∈ a
e, and for any F ′ ∈ a
e, we have
some a ∈ F such that a
′
′
b
g(F ) ⊆ b ⊆ U , so g(F ) ∈ □U .
Note in particular that it follows from the above results that spectral
spaces are closed under the upper Vietoris construction. Indeed, for a
spectral space X, writing M := KO(X), the space V ↑ (X) is homeomorphic
to Filt(M ) by Proposition 6.22, which is the dual space of F□ (M ), and is
therefore a spectral space.
Corollary 6.23. Spectral spaces are closed under the upper Vietoris construction.
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Adding an implication operator layer to a lattice
The above calculation of the dual space of F□ (M ) suggests the following
general methodology, which we will follow here to construct function spaces
via their dual lattices. Suppose that a lattice K is described by a set of
generators V and a set of equalities R between distributive lattice terms
in the generators, and that we want to compute its Priestley dual space
(X, ≤, τ ). One starts from a free distributive lattice over V , whose dual
space is 2V . Then every equality (a, b) ∈ R between generators yields a
quotient of FDL (V ) and thus a closed subspace of 2V . Intersecting all these
subspaces, as (a, b) ranges over the equalities in R, yields the dual space X
of the distributive lattice in question. Moreover, one may prove properties
of this dual space by examining the corresponding properties of the lattice;
for example, the space (X, τ ↓ ) will automatically be a spectral space, by
virtue of being the dual space of a distributive lattice. This method will be
used in our study of domain theory in Section 7.4, and has also been used
in the study of free algebras in varieties of lattice ordered algebras, see for
example [35, 12, 34, 22].
We now apply the same methodology to implication operators. Let L
and M be distributive lattices and X and Y their respective dual spaces.
We will think of the free distributive lattice over the set L × M as generated
by ‘formal implications’
a→b
for a ∈ L and b ∈ M . For this reason we will here denote elements of L × M ,
when we consider them as generators of the free distributive lattice, by a → b
rather than the usual (a, b). We aim to calculate (see Theorem 6.28 below)
the quotient F→ (L, M ) of FDL (L × M ) given by the congruence generated
by the following two sets of equalities, which we also refer to as ‘schemes’ in
what follows:

_

^

{a → b | b ∈ G}, for each a ∈ L and finite G ⊆ M ,

(6.2)

{a → b | a ∈ F }, for each finite F ⊆ L and b ∈ M .

(6.3)

G≈

^

F →b≈

^

a→

Remark 6.24. Notice that the schemes (6.2) and (6.3) together precisely
say that →, viewed as an operation from L×M to the algebra we are building
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is an implication operator, in the sense of Definition 4.49 in Section 4.5.
Note also that the implication → that we build here will not in general be
a Heyting implication, i.e., it will not be adjoint to a meet operation ∧.
Again using Proposition 4.8, as we did in the case of a unary operator
above, we identify the points of the dual space of the free distributive lattice
on L × M with subsets of L × M . Concretely, any prime filter F of FDL (L ×
M ) gives a subset SF = F ∩ (L × M ) of L × M , and conversely, if S is any
subset of L × M , then the filter FS of FDL (L × M ) generated by S is prime.
Indeed, by Exercise 3.13, we have
FS = {u ∈ FDL (L × M ) |

^

T ≤ u for some finite T ⊆ S},

and this filter is prime: for any T ⊆ S finite,
M ), so that, for any finite U ⊆ FDL (L × M ),
^

T ≤

_

U

⇐⇒

V

T is join-prime in FDL (L ×

T ∩ U ̸= ∅.

Under this correspondence, if S ⊆ L × M is any subset and t ≈ u is a
pair of lattice terms in set of generators {a → b : a ∈ L, b ∈ M }, then
we say S satisfies the equation t ≈ u when the prime filter FS is in the
subspace Jt ≈ uK defined by the equality t ≈ u, in the sense of the quotientsubspace duality of Theorem 4.24. In other words, saying that S satisfies
t ≈ u simply means that t ∈ FS if, and only if, u ∈ FS . The dual space of
a congruence generated by a relation R on FDL (L × M ) may be identified
with the collection of subsets S ⊆ L × M that satisfy all the equalities in R.
In particular, in the following lemma we calculate the subspaces of 2L×M
corresponding to the schemes (6.2) and (6.3). For any S ⊆ L×M , a ∈ L, and
b ∈ M , we define Sa := {b ∈ M | a → b ∈ S} and S b := {a ∈ L | a → b ∈ S}.
Lemma 6.25. A subset S ⊆ L × M satisfies (6.2) if and only if, for each
a ∈ L, Sa is a filter of M and S ⊆ L × M satisfies schema (6.3) if and only
if, for each b ∈ M , S b is an ideal of L.
Proof. We prove just the first statement as the second follows by symmetry
V
V
and order duality. Since a → G is a generator, a → G ∈ FS if and
V
V
only if a → G ∈ S, while {a → b | b ∈ G} ∈ FS if and only if
{a → b | b ∈ G} ⊆ S. That is, S satsifies all equalities in (6.2) if and
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only if, for each a ∈ L, the set Sa is closed under finite meets. That is, if
and only if, Sa is a filter of M .
We will establish, in Theorem 6.28 below, a first connection between the
implication operator and the function space construction. To do so, we need
the following general definition of a topology on a function space.
Definition 6.26. Given two topological spaces Z1 and Z2 , we denote the
set of continuous functions from Z1 to Z2 by [Z1 , Z2 ]. The compact-open
topology on [Z1 , Z2 ] is defined to be the topology generated by the subbasis
consisting of the sets
K → U = {f ∈ [Z1 , Z2 ] | f [K] ⊆ U } for K ∈ K(Z1 ) and U ∈ Ω(Z2 ),
where we recall that K(Z1 ) denotes the collection of compact subsets of Z1
and Ω(Z2 ) denotes the collection of open subsets of Z2 .
See Exercise 6.21 for more detail and some basic properties used in the
proofs below.
Lemma 6.27. Let L be a distributive lattice with dual spectral space X, and
let M be a meet-semilattice. Then the compact-open topology on [X, Filt(M )]
b→e
is generated by the subbasis consisting of the sets a
b for a ∈ L and b ∈ M .
Proof. By Proposition 6.20, the space Filt(M ) with the topology generated
by the sets eb for b ∈ M is a spectral space, as it is the dual of F□ (M ).
b → V for a ∈ L and V
Thus it follows, by Exercise 6.21, that the sets a
compact open in Filt(M ) form a subbasis for the topology on [X, Filt(M )].
The compact opens of Filt(M ) are finite unions of sets of the form eb for
b ∈ M . Thus we must show that such sets are in the topology generated by
b →e
the a
b with a ∈ L and b ∈ M . To this end, let a ∈ L and G ⊆ M be
W
finite. Define C := {c ∈ LG | a ≤ g∈G cg }. We will prove that
b→
a

[
g∈G

ge =

[ \

{

(cbg → ge) | c ∈ C}.

g∈G

For the right-to-left inclusion, let c ∈ C be arbitrary and suppose that
T
W
b, since a ≤ g∈G cg , there is g ∈ G with
f ∈ g∈G (cbg → ge). For any x ∈ a
S
b → b∈G ge.
x ∈ cbg , and since f ∈ cbg → ge it follows that f (x) ∈ ge. Thus f ∈ a
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b → g∈G ge. For every x ∈ a
b, pick gx ∈ G with
For the converse, let f ∈ a
−1
f (x) ∈ gfx . Since f is continuous, f (gfx ) is open. Since X is a spectral
S
bx ⊆ f −1 (gf
b ⊆ x∈b
bx , and thus, by
space, pick ax ∈ L with x ∈ a
x ). Then a
aa
S
b, there is a finite F ⊆ a
b with a
b ⊆ x∈F a
bx .
compactness of a
W
Now, for each g ∈ G, define cg := {ax | ∃x ∈ F with gx = g}. Then
S
b ⊆ g∈G cbg , so c ∈ C, and
a
S

f∈

\
x∈F

bx → gex ) =
(a

\

([

[

g∈G gx =g

bx ] → ge) =
a

\

(cbg → ge).

g∈G

Using our results above, we will now give a concrete description of the
dual space of F→ (L, M ) for arbitrary distributive lattices. In the following
theorem, we will show that, viewed on the dual spectral spaces X and Y ,
the construction F→ corresponds to a space of compatible relations from X
to Y , compare Exercise 4.21.
Theorem 6.28. Let L and M be distributive lattices and let X and Y
be their respective dual spectral spaces. The spectral space dual to the distributive lattice F→ (L, M ) := FDL (L × M )/ϑ, where ϑ is the congruence
generated by the schemes (6.2) and (6.3) together, is homeomorphic to the
space [X, V ↑ (Y )] of continuous functions from X to the upper Vietoris space
of Y in the compact-open topology.
Proof. By Proposition 6.22, the space V ↑ (Y ) is homeomorphic to Filt(M ).
It is therefore equivalent to prove that the dual space of F→ (L, M ) is
homeomorphic to [X, Filt(M )] with the compact-open topology. Also, by
Lemma 6.25 and the considerations preceding it, the dual space of F→ (L, M )
is the subspace Z of 2L×M consisting of those subsets S of L × M for which
Sa is a filter of M for each a ∈ L and S b is an ideal of L for each b ∈ M .
To prove the theorem, we will define a mutually inverse pair of continuous
maps φ : Z ⇆ [X, Filt(M )] : ψ.
For S ∈ Z, define a function φ(S) by
φ(S) : X −→ Filt(M ),

x 7→

[

{Sa | a ∈ Fx }.

We need to show that φ(S) is a well-defined continuous function from X to
Filt(M ). To see that the function φ(S) is well-defined, i.e., that φ(S)(x)
is a filter for every x ∈ X, it suffices to show that the collection of filters

CHAPTER 6. Ω-PT DUALITY

233

{Sa | a ∈ Fx } is directed, by Exercise 3.12. To this end, note that the
assignment a 7→ Sa is order reversing; indeed, if b ∈ Sa′ , then a′ ∈ S b , so
a ∈ S b since S b is a down-set, so that b ∈ Sa . Thus, since Fx is downdirected, the collection {Sa | a ∈ Fx } is up-directed, as required.
We now show that φ(S) is continuous. Let b ∈ M . For every x ∈ X,
we have x ∈ φ(S)−1 (eb) iff there exists a ∈ Fx such that a → b ∈ S; in a
formula:
[
φ(S)−1 (eb) =
cb.
(6.4)
c∈Sb

In particular, φ(S)−1 (eb) is open for every b ∈ M , so φ(S) is a continuous
function from X to Filt(M ).
For the inverse function ψ, let f : X → Filt(M ) be continuous. Define
b ⊆ f −1 (e
ψ(f ) := {a → b ∈ L × M | a
b)}.

We first show that ψ(f ) ∈ Z. Note that, for any b ∈ M ,
b ⊆ f −1 (e
ψ(f )b = {a ∈ L | a
b)},

which is an ideal because (c) preserves finite joins. Similarly, for any a ∈ L,
b] ⊆ e
ψ(f )a = {b ∈ M | f [a
b},

and since (f) preserves finite meets, this is a filter. So ψ(f ) ∈ Z.
To show that φ and ψ are mutually inverse, first note that, for any
b ∈ M , f ∈ [X, Filt(M )] and x ∈ X, we have
b ⊆ f −1 (e
b ∈ φ(ψ(f ))(x) ⇐⇒ ∃a ∈ L, x ∈ a
b) ⇐⇒ b ∈ f (x),

where we use in the second equivalence that f is continuous. Thus, φ(ψ(f )) =
f . Also, for any S ∈ Z, a ∈ L, and b ∈ M , we have
b ⊆ φ(S)−1 (e
a → b ∈ ψ(φ(S)) ⇐⇒ a
b) =

[

cb,

c∈S b

recalling (6.4). By compactness of X and the fact that (c) is an order
embedding, the latter inclusion equivalent to: there exists a finite subset C
W
of S b such that a ≤ C. Since S b is an ideal, this is in turn equivalent to
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a ∈ S b , i.e., a → b ∈ S, as required.
It remains to prove that the bijection φ and ψ between Z and [X, Filt(M )]
is a homeomorphism. Observe that a basic open of Z, which is of the form
a\
→ b = {S ∈ Z | a → b ∈ S},
is sent by φ to the set
b→e
b ⊆ f −1 (e
a
b = {f ∈ [X, Filt(M )] | a
b)}.

By Lemma 6.27 these sets form a basis for [X, Filt(M )] with the compactopen topology, and thus both φ and ψ are continuous.
We may recover the upper Vietoris space construction itself as a special
case of the ‘relation space’ [X, V ↑ (Y )] used in Theorem 6.28. Indeed, notice
that V ↑ (X) = [X ∂ , 2↓ ] = [X ∂ , V ↑ (1)], where 2↓ is the Sierpinski space and 1
is the one element space, see Exercise 6.20.
Remark 6.29. Let X and Y be spectral spaces with duals L and M ,
respectively. Then we have shown that [X, V ↑ (Y )] is again a spectral space.
Even though V ↑ (Y ) is dual to the lattice F□ (M ), obtained by freely adding
a layer of unary dual operator to M , notice that the compact-opens are not
given by the compact-opens of L and F□ (M ), but rather by the compactopens of L and M , see Example 6.35.
Remark 6.30. Notice that in Theorem 6.28 we are considering only implication operators but, with some order flips, this result may be transposed to
other types of operators. For example, consider the construction that takes
distributive lattices L and M and produces a distributive lattice F• (L, M )
by freely adding a binary operation • that preserves finite meets in both
coordinates; i.e. keeping the analogue for • of scheme (6.2), and replacing
V
V
(6.3) by ( F ) • b ≈ {a • b | a ∈ F } for each finite F ⊆ L and b ∈ M .
The dual space of this construction is then [X ∂ , V ↑ (Y )], where X ∂ denotes
X equipped with the co-compact dual of the topology of X.

Preserving joins at primes
Let X and Y be spectral spaces with dual distributive lattices L and M ,
respectively. We are interested in the space of continuous functions [X, Y ],
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which can be regarded as a (generally non-spectral) subspace of the space
of compatible relations [X, V ↑ (Y )], as we explain now, see also Exercise 6.22
for more details.
Denote by η : Y → V ↑ (Y ) the embedding of Y in V ↑ (Y ) given by y 7→
↑y. Then we have an injective function [X, Y ] ,→ [X, V ↑ (Y )] by sending
f ∈ [X, Y ] to η ◦ f , and a basis for the topology on [X, Y ], now viewed as
b ⇒ b
b ⇒ e
a subspace of [X, V ↑ (Y )], is given by the sets a
b = (a
b) ∩ [X, Y ],
for a ∈ L and b ∈ M . Even though Y is a Priestley-closed subspace of
V ↑ (Y ), it is not in general the case that [X, Y ] is a Priestley-closed subspace
of [X, V ↑ (Y )], reflecting the fact that [X, Y ] is not in general a spectral
space; we give an explicit example of this occurrence in Example 6.35 below.
One would need to move to frames, sober spaces, and geometric theories
to describe [X, Y ] as the dual of a quotient. However, we have a finitary
approximation of the subspace [X, Y ], that we will give in Theorem 6.31.
Here, recall from Section 4.2 that if Z is a closed subspace of a Priestley
space P , then the corresponding congruence ϑ on the dual lattice A of P is
given by
b∩Z =b
ϑ = {(a, b) ∈ A2 | a
b ∩ Z},
so that, for any a, b ∈ A, we have
b then z ∈ b
[a]ϑ ≤ [b]ϑ if, and only if, for every z ∈ Z, if z ∈ a
b.

(6.5)

Theorem 6.31. Let L and M be distributive lattices, X, Y their respective
dual spaces, and Z be a Priestley-closed subspace of [X, V ↑ (Y )]. Denote
by ϑ the congruence on F→ (L, M ) corresponding to Z. The following are
equivalent:
(i) Z is a subspace of [X, Y ],
(ii) for every x ∈ X, a ∈ Fx , and finite subset G ⊆ M , there is c ∈ Fx
such that
_
_
[a → G]ϑ ≤ [ {c → b | b ∈ G}]ϑ .
(6.6)
Proof. In light of Proposition 6.22, we will work with Filt(M ) instead of
V ↑ (Y ), and we may consider Z as a subspace of [X, Filt(M )]. As explained
above, under the identification V ↑ (Y ) ∼
= Filt(M ), the subspace Y of V ↑ (Y )
corresponds to the subspace PrFilt(M ) of prime filters of M , so [X, Y ]
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corresponds to [X, PrFilt(M )].
First suppose that (i) holds, i.e., Z ⊆ [X, PrFilt(M )]. Let x ∈ X,
a ∈ Fx , and G ⊆ M finite. We need to show that there exists c ∈ Fx
such that (6.6) holds. We will first show that, for any f ∈ Z with f ∈
W
a\
→ G, there exist cf ∈ Fx and bf ∈ G such that f ∈ cf\
→ bf . To see
W
\
this, let f ∈ Z be arbitrary and suppose that f ∈ a → ( G). Then, by
b] ⊆ g
b, we have G ∈ f (x). Now, since
definition, f [a
G and thus, as x ∈ a
f ∈ Z ⊆ [X, PrFilt(M )], the filter f (x) is prime, so we may pick bf ∈ G
with bf ∈ f (x), or equivalently, f (x) ∈ eb. Since f is continuous, pick cf ∈ L
with x ∈ ccf and f [ccf ] ⊆ bff , or equivalently, f ∈ ccf → bff = cf\
→ bf . Now
W
\
the sets cf\
→ bf , for f ranging over the Priestley-closed set Z ∩ a →
( G),
W

W

are a cover of this set. By compactness, pick a finite subcover, indexed by
V
f1 , . . . , fn , say, and define c := ni=1 cfi . Then c ∈ Fx since each cfi is in Fx .
W
Let us show that for this c, (6.6) holds. Writing d := {c → b | b ∈ G},
W
W
we want to show that [a → G]ϑ ≤ [d]ϑ . For any f ∈ Z, if f ∈ a \
→ G,
b since
→ bfi for some 1 ≤ i ≤ n. It now follows that f ∈ d,
then f ∈ cf\
i
cfi → bfi ≤ c → bfi ≤ d
where we use first that → is order-reversing in the first coordinate, and then
W
→ G,
that bfi ∈ G. Thus, we have shown that for any f ∈ Z, if f ∈ a \
b Using (6.5), we thus conclude (6.6).
then f ∈ d.
Conversely, suppose (ii) holds. Let f ∈ [X, Filt(M )] be in Z and x ∈ X.
W
If G ⊆ M is finite and G ∈ f (x), then, as f is continuous, there is a ∈ L
W
W
W
\
b] ⊆ g
b → g
with f [a
G, or equivalently, f ∈ a
G = a→
( G). Now, using
(6.6), it follows that there is c ∈ Fx and b ∈ G with f ∈ c\
→ b. Thus x ∈ cb
and f [cb] ⊆ eb and thus b ∈ f (x). That is, we have shown that f (x) is a prime
filter and thus that f ∈ [X, PrFilt(M )] ∼
= [X, Y ] as required.
Definition 6.32. Let K, L, and M be distributive lattices, and let → : L ×
M → K be an implication operator. We say that → preserves joins at
primes if, for every prime filter F of L, a ∈ F , and finite subset G of M ,
there exists c ∈ F such that
a→

_

G≤

_

{c → b | b ∈ G}.

For a congruence ϑ on F→ (L, M ), we also say that ϑ makes → preserve
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joins at primes, or → preserves joins at primes modulo ϑ if the equivalent
properties in Theorem 6.31 hold.
Remark 6.33. To explain the above terminology, note that the property
of preserving joins at primes modulo ϑ is equivalent to the property that,
for each x ∈ X, the following operation preserves finite joins:
x → (−) : M → Idl(F→ (L, M )/ϑ)
b 7→ ⟨[a → b]ϑ | a ∈ x⟩Idl .
In a lattice with enough join primes, there is actually a largest congruence
that makes → preserve joins at primes, see Corollary 6.34 below.
The property of preserving joins at primes is closely related to being
determined by finite quotients. See Theorem ?? in Chapter 8 and [29,
Thm. 3.18] for another occurrence of this phenomenon in the setting of
topological algebras on Boolean spaces.
Recall that an element p in a lattice L is said to be join-prime provided
W
that, for any finite F ⊆ L, p ≤ F implies that there exists a ∈ F with
p ≤ a. Further, we say that L has enough join-primes provided every
element of L is the join of a finite set of join-prime elements. The following
special case of Theorem 6.31, where one of the two lattices is assumed to have
enough join primes, is central to the treatment of the function space operator
in Domain Theory in Logical Form [5], as we will also see in Section 7.4.
Corollary 6.34. Let L and M be distributive lattices and suppose L has
enough join-primes. Further, let X and Y be the dual spaces of L and M ,
respectively. The space [X, Y ] of continuous functions from X to Y in the
compact-open topology is dual to the congruence ϑjpp on F→ (L, M ) that is
generated by the schema, for every p ∈ J(L) and G ⊆ M finite,
p→

_

G≈

_

{p → b | b ∈ G}.

(6.7)

Proof. We first note that it suffices to prove that a congruence ϑ of F→ (L, M )
makes → preserve joins at primes if and only if ϑjpp is contained in ϑ. Indeed,
by Theorem 6.31, this claim implies that ϑjpp is the minimum congruence
whose dual closed set is contained in [X, Y ], and thus the dual Zjpp of
F→ (L, M )/ϑjpp is the maximum Priestley closed subspace of [X, Y ]. If Zjpp

CHAPTER 6. Ω-PT DUALITY

238

were a proper subset of [X, Y ], then there would be f ∈ [X, Y ] \ Zjpp , and
Zjpp ∪ {f } would still be Priestley closed, since singletons are closed in the
Priestley topology. Thus Zjpp must be the full subspace [X, Y ].
To prove that ϑjpp is indeed the minimum congruence that makes →
preserve joins at primes, suppose first that ϑ makes → preserve joins at
primes, and let p ∈ J(L) and G ⊆ M finite. Instantiating the condition
(6.6) for Fx = ↑p and a = p, pick an element c ∈ ↑p so that
[p →

_

G]ϑ ≤ [

_

{c → b | b ∈ G}]ϑ .

Now p ≤ c implies that c → b ≤ c → b in F→ (L, M ), so the latter join is at
W
most [ {p → b | b ∈ G}]ϑ . We conclude that
[p →

_

G]ϑ ≤ [

_

{p → b | b ∈ G}]ϑ .

The other inequality holds because → is order preserving in its second
coordinate. Thus, ϑjpp is contained in ϑ.
Conversely, suppose ϑ is a congruence that contains ϑjpp and let x ∈ X,
a ∈ Fx , and G ⊆ M be finite. Since L has enough join-primes, there is a
W
finite set F ⊆ J(L) so that a = F . Also, since a ∈ Fx and Fx is a prime
filter, there is p ∈ F with p ∈ Fx . Further, as the function → from L × M
to F→ (L × M ) is an implication operator, we have
a→(

_

G) =

_

G)]ϑ ≤ [p → (

^

{q → (

_

G) | q ∈ F } ≤ p → (

_

G).

It follows that
[a → (

_

G)]ϑ = [

_

{p → b | b ∈ G}]ϑ .

That is, taking c = p shows that ϑ makes → preserve joins at primes.
We finish this subsection by giving the promised example that [X, Y ]
itself is not always a Priestley closed subspace of [X, V ↑ (Y )].
Example 6.35. Let L be ⊥ ⊕ (Nop × 2) and X its dual space, both as
depicted in Figure 6.3. Here xi = ↑ai is a principal prime filter for each
i ∈ N, while x = L \ {⊥} and y = {bi | i ∈ N}. Further, we let Y be the
finite spectral space depicted in Figure 6.4. Note that [X, Y ] is not compact
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b0 = ⊤

x

a0
b1
a1
y

b2
a2

x2
x1
x0

⊥

Figure 6.3: The lattice L from Example 6.35 and its dual space X.
y0

y1

y2

Figure 6.4: The space Y from Example 6.35.
since we have the following infinite cover, that clearly cannot have a finite
subcover:
[X, Y ] = (X → ↑y1 ) ∪ (X → ↑y2 ) ∪

[h

b0 → ↑y1 ) ∩ (b
(a
bi → ↑y2 )

i

i∈N

∪

[h

i

b0 → ↑y2 ) ∩ (b
(a
bi → ↑y1 ) .

i∈N

This equality is saying that a continuous function f from X to Y either
misses y1 or it misses y2 and otherwise x0 gets sent to y1 or y2 and y gets
sent to the other. In these last cases only finitely many of the xi take the
same value as x0 and this means that there exists n ∈ N such that the direct
bn under f is {y0 }. Compare also to the proof of Lemma 6.27.
image of a
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Exercises for Section 6.4
Exercise 6.19. Let M be a distributive lattice with dual Priestley space
(X, π, ≤) and let (V ↑ (X), τ ) be the upper Vietoris space of the spectral space
(X, π ↑ ). This exercise makes a link between the calculation of the dual space
of the lattice F□ (M ) and the duality for unary operators □ of Section 4.3;
also see Exercise 5.37 and Exercise 4.21.
a. Prove that τ ∂ , the co-compact dual topology of τ , is generated by the
basis consisting of finite unions of sets of the form (□a)c , for a ∈ M .
b. Conclude that the Priestley dual space of F□ (M ) is order-homeomorphic
to (V ↑ (X), τ p , ≤), where τ p is the patch topology τ ∨ τ ∂ , and ≤ is the
inclusion order on closed down-sets.
c. Explain how the result from the preceding item, together with Theorem 4.31, gives an alternative proof of the main result of Exercise 4.21,
namely that upward compatible relations R ⊆ X × Y are in bijection
with continuous order-preserving functions f : X → V(Y ).
Exercise 6.20.
a. Let 1 be the one element space. Show that V ↑ (1) is
homeomorphic to 2↓ .
b. Let X be a spectral space. Show that V ↑ (X) is homeomorphic to
[X ∂ , 2↓ ] equipped with the compact-open topology.
Exercise 6.21. Let X and Y be topological spaces. Recall that [X, Y ]
denotes the set of continuous functions from X to Y .
a. Give an example to show that the generating family
{K → U | K ∈ K(X), U ∈ Ω(Y )}
may not be closed under intersection or union.
b. Let x ∈ X, K, K1 , K2 ∈ K(X), U, U1 , U2 ∈ Ω(Y ), U ⊆ Ω(Y ) a directed
family, and C ⊆ K(X) a filtering family, then
(a) (K1 → U ) ∩ (K2 → U ) = (K1 ∪ K2 ) → U ;
(b) (K → U1 ) ∩ (K → U2 ) = K → (U1 ∩ U2 );
(c) (↑x → U1 ) ∪ (↑x → U2 ) = ↑x → (U1 ∪ U2 );
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(d) K → ( U) =
S

S

{K → W | W ∈ U};

(e) If X is well-filtered then ( C) → U =
T

S

{K → U | K ∈ C}.

c. Suppose that X is a locally compact space, i.e., for any open set U
and x ∈ U , there exists a compact set K such that x ∈ K ⊆ U . Prove
that the specialization order on the space [X, Y ] coincides with the
pointwise ordering.
d. Suppose G ⊆ K(X) generates K(X) as a join semilattice and that B
is a basis for Y which is closed under finite unions. Show that
{K → U | K ∈ G, U ∈ B}
is a subbasis for for the compact-open topology on [X, Y ].
Exercise 6.22. Let M be a distributive lattice and Y its Stone dual space.
For every y ∈ Y , define η(y) := ↑y, which is a compact saturated subset of
Y , and thus an element of V ↑ (Y ).
a. Prove that η is a spectral embedding.
b. Show that the map η is dual to the quotient of F□ (M ) under the
congruence given by the scheme □(a ∨ b) ≈ □a ∨ □b for a, b ∈ M .
c. Prove that, under the isomorphism of V ↑ (Y ) ∼
= Filt(M ) of Proposition 6.22, the image of η is mapped to the set of prime filters of Y .
d. Let L be a distributive lattice with Stone dual space X. Using
Lemma 6.27 and the previous items, prove that a basis for the (not
necessarily spectral!) subspace [X, Y ] of [X, V ↑ (Y )] is given by the sets
b⇒b
b] ⊆ b
a
b := {f ∈ [X, Y ] | f [a
b}, for a ∈ L, b ∈ M.

Notes
1. The name ‘Stone space’ has also been used for the more restricted class of spaces that
we call Boolean spaces in this book. We prefer to avoid the name ‘Stone space’ for a class
of spaces, to avoid confusion. We do use the terminology ‘the Stone dual space of a lattice’
to refer to the spectral space associated to a distributive lattice through Stone’s duality.
Our choice of the terminology ‘spectral spaces’ follows in particular the recent monograph

NOTES

242

[24], the first chapters of which we recommend as useful complementary reading to the
material in this chapter.
2. Using lattice bases of spaces, equipped with certain proximity relations, leads to an
alternative duality for stably compact spaces [83, 53].

Chapter 7

Domain Theory
In this chapter we develop some of the order-topological theory of dcpo’s
and domains and provide the key duality theoretic elements that were used
in [5] to solve so-called domain equations.1
In denotational semantics, one seeks a category of mathematical objects,
so called denotational types, whose elements will model programs while the
objects themselves model the ‘types’ of the programs. In addition, program
constructors should be modelled by functors, so-called type constructors. In
particular, if X and Y are program types, then we want to be able to form
the type which, given a program of type X as input, outputs a program
of type Y . That is, we want Hom(X, Y ) to be an object of the category
whenever X and Y are; a formalization of this idea leads to the categorical
definition of a Cartesian closed category.2 In this setting, expressions involving the type constructors correspond to program specifications in terms of
program constructors and type equations of the form X ∼
= F (X) correspond
to recursive specifications, also known as inductive types. The sought-after
category should therefore be closed under a comprehensive set of type constructions, adequate for the needs of semantics of programming languages,
as well as under solutions of type equations involving the type constructors.
Finally, given the algorithmic nature of computing, it should also admit a
reasonable notion of effective presentability.
Scott and Strachey [76] proposed to look for such a category within the
category of dcpos with functions that are continuous with respect to the
Scott topology, which we already briefly encountered back in Section 2.2 and
will study in more detail starting in Section 7.1 of this chapter. Indeed,
243
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Scott originally considered the equation
X∼
= [X, X],
which corresponds to the pure λ-calculus given by the program constructors
of functional abstraction and composition. Scott’s solution for this equation
looks within the category of dcpos with Scott continuous functions and
seeks a dcpo X which is isomorphic to the dcpo of its Scott continuous
endomorphisms.
While the category of dcpos is Cartesian closed, the category as a whole
fails to admit a reasonable notion of effective presentation and the general
constructions get fairly wild. Domains, which we study in Section 7.1 of this
chapter, were introduced precisely as a subcollection of dcpo’s with a notion
of relatively finite presentability. Further restricting to algebraic domains
gives actual finite presentability. Indeed, Scott’s solution to X ∼
= [X, X] is
an algebraic domain. However, neither categories of domains or algebraic
domains are Cartesian closed, so they don’t provide quite the right setting
either. A further property of Scott’s solution is that it is profinite and thus
falls within Stone duality.
Much further work by a large number of researchers confirmed that categorical methods, topology and in particular topological duality are central
to the theory, cf. [76, 70, 81, 78, 58]. Abramsky went a step further in his
view on duality theoretic methods in this area. Rather than seeing Stone
duality and its variants merely as useful technical tools for denotational
semantics, he put Stone duality front and center stage. In [4, 5], he casts
Stone duality as the mechanism which links programs to their models. Thus
Abramsky defines a program logic, in which denotational types correspond
to theories, and the ensuing Lindenbaum-Tarski algebras of the theories are
bounded distributive lattices, whose dual spaces yield the domains as types.
The constructors involved in domain equations have duals under Stone duality which are constructors in the program logic, and solutions are obtained
as duals of the solutions of the corresponding equation on the lattice side.
For this purpose, one needs a Cartesian closed category of domains that are
spectral spaces in their Scott topology, and several such had in the meantime
been discovered. We will study such spectral domains in Section 7.2 below,
and the more general class of spectral dcpo’s. While the latter, larger class is

CHAPTER 7. DOMAIN THEORY

245

not directly used in domain theory in logical form, its characterization was
only previously announced in a conference abstract [26], and for completeness’ sake we give a complete proof of it in Section 7.2, see Theorem 7.36.
A reader who wants to quickly get to the domain theory in logical form
material may safely skip that part of Section 7.2 on first reading.
In [4] duality is restricted to the so-called Scott domains. These domains
are fairly simple and are closed under many constructors, including function
space, sums, products, and upper and lower powerdomains, but they are
not closed under the convex powerdomain (corresponding to the two-sided
Vietoris construction in topology). In [5], Abramsky shows that his program goes through for the larger category of bifinite domains, although the
mathematics, and especially the duality theory, is much more involved. We
introduce these bifinite domains and study them from a duality-theoretic
perspective in Section 7.3 below. This category, which was originally introduced by Plotkin, has further closure properties. In particular it is closed
under the convex powerdomain construction. As Smyth showed in [80],
this is optimal when restricted to countably based algebraic domains with
least element. In his 1988 PhD dissertation [49], Jung completely described
all Cartesian closed categories of algebraic domains and, shortly thereafter,
Jung introduced two new categories, of L- and F S-domains, respectively,
and showed these to be the maximal Cartesian closed categories of continuous domains [51].
This however is far from the end of the story as researchers in the area
turned towards the probabilistic powerdomain, which forces one into the
setting of continuous domains. In order to include the unit interval, which is
central in probability theory, one has to go beyond the profinite setting. This
leads to the problem of finding a Cartesian closed category of continuous
domains which is closed under the probabilistic powerdomain. See [54] for
more on this problem and [38] which surveys the state of the art as of 2019.
We finish this extended introduction by giving a short outline of the
chapter, pointing out in particular a roadmap for readers who want to get
to Section 7.4, in some sense the heart of the chapter, as quickly as possible.
Section 7.1 introduces the notion of a domain, which may be seen either
as a special kind of poset or as a special kind of sober topological space.
In Section 7.2, we study the intersection of this class of domains with the
class of spectral spaces, and show that, under Stone duality, the domains in
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this intersection correspond to a very natural class of distributive lattices
(Theorem 7.43). We also establish that these domains are exactly the same
as the “2/3 SFP” domains studied in the literature [5, 2].
Each of these first two sections also contains an excursion to a purely
duality-theoretic result; namely, in the first section, we show that the Ωpt duality of Chapter 6 restricts to the so-called Hoffmann-Lawson duality between completely distributive lattices and domains viewed as spaces
(Theorem 7.19); in the second section, in Theorem 7.36 we characterize the
dcpo’s that are spectral spaces in their Scott topology, a theorem first announced by Erné in [26]. These two results are not directly important for
the domain-theoretic applications in the later two sections of the chapter
and the rather intricate proofs may be skipped by a reader who wants to
get to the duality-theoretic view on bifinite domains and domain equations
as fast as possible.
In Section 7.3, we introduce and study bifinite domains, which form the
category of domains in which we will constructively solve domain equations,
and which moreover are interesting objects for a duality theorist because of
their self-dual nature. We finish the chapter in Section 7.4 by showing how
the duality-theoretic analysis of the function space construction done in the
previous chapter in Section 6.4 specializes in the case of bifinite domains, and
how this allows one to reconstruct solutions to Scott’s equation X ∼
= [X, X].

7.1

Domains and Hoffmann-Lawson duality

In a state space of computations, we may think of order as ‘further specification’. That is, two points p and q satisfy p ≤ q provided q is a further
specified state of the computation of the state p. A bottom element may
then be thought of as the state of no specification at all, and often domain
theorists will consider posets with bottom as a convenient set-up. A top
element, on the other hand, would further specify all computations in the
space. Since one usually would want to consider states leading toward different computations, it is most common in domain theory to consider posets
without a top. When a top is added, it is often thought of as the inconsistent, overspecified, state. Further, since a complex program which computes
its output by finite approximation may be seen as the directed join of the
finite approximations, the posets considered in domain theory are often as-

CHAPTER 7. DOMAIN THEORY

247

sumed to be closed under suprema of directed sets. The final ingredient is
that all points should be obtainable by directed suprema from ‘finite’ or at
least ‘relatively finite’ points below it. The pertinent mathematical notions
abstracting these ideas are as follows.
A poset P is a dcpo (directedly complete partial order) provided every
directed subset of P has a supremum in P . We denote the category of dcpos
with maps which preserve directed joins by dcpo. While this category is
given entirely in order theoretic terms, as we will see, it is actually isomorphic
to the full subcategory of Top consisting of (the underlying sets of) dcpos
equipped with the Scott topology of the dcpo.3 Recall from Section 2.2 that
the Scott topology on a poset P is the topology σ(P ) consisting of those sets
U ⊆ P which are up-sets in the order and which are inaccessible by directed
joins. That is, an up-set U ⊆ P is Scott open provided whenever D ⊆ P is
W
directed and D ∈ U then D ∩ U ̸= ∅. Equivalently, we have that a set
C ⊆ P is Scott closed if and only if C is a down-set, and whenever D ⊆ P
W
is directed and D ⊆ C then D ∈ C. That is, a down-set C is Scott closed
if and only if C is closed under directed joins. The specialization order of
the Scott topology on a poset P is equal to the original order on P ; see
Exercise 7.1.a. A function f : P → Q between dcpos is said to be Scott
continuous provided it is continuous with respect to the Scott topologies on
P and Q.
Remark 7.1. In this chapter, as in the modern literature on domain theory,
open sets are up-sets. As also noted in Remark 3.21, this clashes somewhat
with the tradition in Priestley duality theory, which we adhered to up until
the previous chapter in this book, that represents a distributive lattice L as
the clopen down-sets of its Priestley dual space X. We already encountered
a similar clash in Chapter 6: recall from Theorem 6.4 that the lattice of
compact-opens of (X, σ) is isomorphic to the opposite of the lattice of clopen
down-sets of (X, τ p , ≤), see also Figure 6.1 in the previous chapter.
Using up-sets or down-sets to represent lattice elements is ultimately
an arbitrary choice, and there are valid arguments for either choice. Being
flexible about this type of ‘order yoga’ is a somewhat cumbersome, but
necessary, part of every duality theorist’s life. As a consequence, certain
order-theoretic arguments in this chapter may sometimes look ‘upside down’
from those in the earlier chapters of this book. We made the choice to
adhere to the conventions from domain theory in this chapter and we will
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take care to warn the reader throughout the chapter when certain orders
are the opposite of the orders used when we discussed Priestley duality.
As a general remark, for later use in this chapter, we note already that,
since Priestley duality is order reversing on morphisms, cf. Proposition 5.37,
the duality we consider here is order preserving on morphisms. That is,
if f, g : X ⇒ Y are two spectral maps between spectral spaces, and K
and L are the lattices of compact-opens of X and Y , respectively, with
f ∗ , g ∗ : L ⇒ K the dual lattice homomorphisms, then f ≤ g in the pointwise
order on spectral maps with respect to the specialization order on Y , if, and
only if, f ∗ ≤ g ∗ in the pointwise order on lattice homomorphisms with
respect to the inclusion order on K.
Proposition 7.2. Let P and Q be dcpos, and f : P → Q a map. The
following conditions are equivalent:
(i) f preserves directed joins;
(ii) f is Scott continuous.
Proof. To show that (i) implies (ii), suppose f preserves directed joins and
let U ⊆ Q be Scott open. First, one may show that the fact that f preserves
directed joins implies that it is order preserving, see Exercise 7.1.b. Thus
W
f −1 (U ) is an up-set. Now suppose D ⊆ P is directed and D ∈ f −1 (U ).
Then f (D) is directed in Q by Exercise 7.1.c and, as f preserves directed
W
W
joins, it follows that f [D] = f ( D) ∈ U . Since U is Scott open, it follows
that there is d ∈ D with f (d) ∈ U and thus d ∈ f −1 (U ) and we have proved
that f −1 (U ) is Scott open.
For the converse, suppose f is Scott continuous. By Exercise 2.19 in
Chapter 2, any continuous function is order-preserving with respect to the
specialization order. Now, the specialisation order of a dcpo in the Scott
topology is simply the order of the dcpo, see Exercise 7.1.a. So f is order
preserving for the original orders on P and Q, respectively.
Now suppose D ⊆ P is directed. Since f is order preserving, f [D] is
W
directed and thus f [D] exists in Q. Also since f is order preserving, it
W
W
W
follows that f [D] ≤ f ( D). Now consider C = ↓( f [D]). Since it is
a principal downset, it is closed in the Scott topology. By (ii), f −1 (C) is
closed in the Scott topology on P . Also note that by the definition of C and
W
as f is order preserving we have D ⊆ f −1 (C). Therefore D ∈ f −1 (C) or,
W
W
W
equivalently, f ( D) ∈ C. That is, f ( D) ≤ f [D] as required.
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Corollary 7.3. The category dcpo is isomorphic to a full subcategory of
the category Top of topological spaces with continuous maps.
Domain theory often implicitly and harmlessly switches between the two
perspectives that are provided by Corollary 7.3. Strictly speaking, however,
a dcpo (P, ≤P ) ‘is’ not the same object as the associated topological space
(P, σ), where σ is the Scott topology associated to the partial order. To
be able to state our results in this section, it will sometimes be convenient
to keep the distinction between the two perspectives clear; to do so, when
(P, ≤P ) is a dcpo, we refer to (P, σ) as the space of the dcpo P .
We also note that, despite the isomorphism of categories, unexpected
things can happen in switching perspectives if one is not careful; for example,
the Scott topology on the Cartesian product of two dcpo’s with the pointwise
ordering need not be equal to the product topology of the Scott topologies
on the two dcpo’s, see [37, Exercise II-4.26]. From a categorical point of
view, this means that, if we temporarily denote by D the full subcategory of
Top that is the image of dcpo in the isomorphism of Corollary 7.3 above,
then products in D are not calculated as in Top. When we restrict to the
full subcategory of dcpo on the objects that are continuous, also known
as domains, see Definition 7.8 below, no such problems occur, and the
product of Scott topologies equals the Scott topology of the product, see [37,
Corollary II-4.14]. We will not need these gneeral results, as we will only
need to consider limits of dcpo’s in the very special case of finite domains,
where we will reason via duality, see Section 7.3 below.
The notions of dcpo and of Scott continuity also arise naturally from a
purely topological point of view, or more specifically, from the point of view
of the Ω-Pt duality, as follows.
Proposition 7.4. If (X, τ ) is a sober topological space, then (X, ≤τ ) is a
dcpo and τ ⊆ σ((X, ≤τ )).
Thus, any sober topological space X comes with a naturally associated
dcpo, that we call the dcpo of the sober space X. The above proposition then
says that the Scott topology of the dcpo of a sober space is always finer than
(i.e., has at least as many open sets as) the original sober topology itself.
Before giving a proof of this proposition, we note that a proof via Ω-Pt
duality was outlined for spaces of the form Pt(L) where L is any frame in
Exercise 6.17 in Chapter 6. Essentially, it is a direct consequence of the fact
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that the specialization order of Pt(L) is the inclusion order on completely
prime filters and that these are closed under directed unions. By the Ω-Pt
duality, the sober spaces are, up to homeomorphism, precisely the spaces
of the form Pt(L). Thus this proves the proposition. Here we give a direct
proof, not invoking the duality.
Proof. Suppose (X, τ ) is sober. It suffices to prove the following:
Claim. For any closed F ⊆ X and for any D ⊆ F directed in the
W
specialization order ≤τ , the supremum D exists and belongs to F .
Indeed, this claim implies the proposition, for the following reasons. First
of all, if D is an arbitrary directed subset of X, then choosing F = X we
W
just get that D exists. Further, since a subset of a poset is Scott closed
if and only if it is a down-set and is closed under directed joins, we will in
fact have shown that every τ -closed set (which is necessarily a down-set in
the specialization order) is Scott closed. Thus τ is contained in the Scott
topology as claimed.
We now prove the claim. Let F be closed and D ⊆ F directed in ≤τ .
Define
F = {U ∈ τ | U ∩ D ̸= ∅}.
It is easy to check that F is a completely prime filter; we only show that F
is closed under binary intersection and leave the other parts to the reader.
If U, V ∈ F, then there are p, q ∈ D with p ∈ U and q ∈ V . Since D is
directed, there is some r ∈ D which is above both p and q. Now since open
sets are always up-sets in the specialisation order, it follows that r ∈ U ∩ V
and thus U ∩V ∈ F thus showing that F is closed under binary intersection.
Now since F is a completely prime filter and X is sober, it follows from
the definition of sobriety (Definition 6.18) that there exists x ∈ X so that
W
F = N (x). We show that D = x. Let y ∈ D. We need to show that
y ≤τ x. Let U ∈ τ with y ∈ U . Then D ∩ U ̸= ∅ and thus U ∈ F = N (x).
That is, x ∈ U and thus we have shown that every open containing y contains
x. That is, y ≤τ x as required. On the other hand, suppose z ∈ X is an
upper bound for D. We show that x ≤τ z. Let U ∈ τ with x ∈ U , then
U ∈ N (x) = F and thus D ∩ U ̸= ∅. Let y ∈ D ∩ U . Since z is an upper
bound of D, y ≤τ z and thus z ∈ U . That is, x ≤τ z as required.
Remark 7.5. The space of a dcpo does not need to be sober, see [45]. In
fact, understanding the frames of Scott open sets of dcpos seems a difficult
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problem, see [41], in which it is shown that dcpos are not determined up to
isomorphism by their closed set lattices (which are of course isomorphic to
the order dual of the frames of Scott open sets). This will not be a problem
for us here, because we will soon restrict to a class of dcpos all of whose
spaces are sober, see Proposition 7.17 below.
Example 7.6. Let X be any set. Then (X, =) is a dcpo and
σ(X, =) = α(X, =) = δ(X, =) = P(X).
That is, relative to the trivial order, the Scott topology is equal to the
Alexandrov topology and these are equal to the discrete topology on X.
In particular, this example shows that the space of the dcpo of any T1
topological space is discrete. Thus, the inclusion in Proposition 7.4 may
very well be strict.
Example 7.7. The unit interval in its usual order ([0, 1], ≤) is a complete
lattice, so in particular a dcpo. Its Scott topology is generated by the halfopen intervals, i.e., the sets of the form (a, 1] = {x ∈ [0, 1] | a < x}, for a ∈
[0, 1], and is thus equal to the upper topology; the resulting topological space
is in fact a stably compact space (cf. Section 2.3). The reader may verify
that the corresponding compact ordered space carries the usual compact
Hausdorff topology of the unit interval inherited from the usual topology on
the real line and the order is the usual order inherited from the reals.
The following notions are of fundamental importance in computer science
applications of dcpos.

↠

Definition 7.8. An element k in a dcpo X is said to be a compact element
W
provided for all directed D ⊆ X with k ≤ D there is d ∈ D with k ≤ d. We
will denote the set of compact elements of X by K(X). Compact elements
are sometimes called finite elements in the literature.
Let x, y ∈ X. We say that x is way below y and write x << y provided
W
that, for all directed D ⊆ X, if y ≤ D, then there is d ∈ D with x ≤ d.
Further we denote by y the set of all elements of X that are way below y.
That is,
y = {x ∈ X | x << y},
↠

↠

and y is defined similarly.
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↠

We call a dcpo X a domain, also known as a continuous dcpo, provided
each element of X is the directed join of the elements way below it. More
explicitly, for a dcpo X to be a domain, for any x ∈ X, the set x must
be directed, and its supremum must be x. We call X an algebraic dcpo or
an algebraic domain provided each element of X is the directed join of the
compact elements below it.

↠

As the nomenclature “way below” suggests, x << y implies x ≤ y for any
elements x, y of a dcpo X. Also, an element x in a dcpo X is compact if,
and only if, x <
< x; see Exercise 7.3. We note that, in the definition of a
domain, it suffices to assume that each element x of the dcpo is the directed
join of some directed subset of the elements way below x; every element of
the domain will then in fact be equal to the directed join of the set x; see
Exercise 7.5. This fact can be quite useful in proofs, as we will see, e.g., in
the proof of Proposition 7.29.
We highlight an alternative characterization of algebraic domains that
will be particularly important later in this chapter. For a poset P , we call
an order ideal of P a down-set that is directed; note that this definition
generalizes the notion of ideal for a lattice L, see also the remarks following
Theorem 6.19. We denote by Idl(P ) the collection of ideals of P , ordered
by inclusion. Now, Idl(P ) is always an algebraic domain, and an algebraic
domain X is always isomorphic to Idl(K(X)); thus, a domain X is algebraic
iff it is isomorphic to Idl(K(X)). Exercise 7.10 asks you to prove this equivalence, via some other equivalent characterizations of algebraic domains.
Example 7.9. For any set X, all elements of the dcpo (X, =) are compact
and thus it is an algebraic domain.
Example 7.10. If (P, ≤) is any finite poset, then it is an algebraic domain;
indeed, any directed subset of P is also finite, and therefore contains a
maximum element. From this, it follows that x << y iff x ≤ y, so all
elements are compact.
Example 7.11. In ([0, 1], ≤), we have x << y if and only if x < y. It follows
that no element is compact, and that the unit interval is a domain which is
not algebraic.
Example 7.12. Let X be a set. The partial order (P(X), ⊆) is an algebraic
domain: we have x <
< y if and only if x ⊆ y and x is finite; see Exercise 7.4.

253

CHAPTER 7. DOMAIN THEORY

Thus, all finite subsets are compact elements of P(X), and each subset is
the directed union of its finite subsets.
Example 7.13. Let (X, τ ) be a topological space. An open subset K ⊆ X
is compact in the topological sense if, and only if, K is a compact element
of the frame ΩX. That is, K(Ω(X)) is equal to the set of compact-open
subsets of X, which was denoted by KO(X) in Chapter 6.
Example 7.14. Let Part(X) denote the poset of partial functions on a
set X with the order given by f ≤ g if and only if g extends f . That is,
dom(f ) ⊆ dom(g) and f (x) = g(x) for all x ∈ dom(f ). Then again the
finite partial functions (that is, those with finite domain) are the compact
elements, and Part(X) is an algebraic domain which is not a lattice; see
Exercise 7.4. It does however have the property that all principal downsets are complete lattices; in fact, they are complete and atomic Boolean
algebras. Note that the total functions on X are the maximal elements of
Part(X).
Definition 7.15. A relation R on a set X is called interpolating if R ⊆ R◦R.
Note that a relation R is idempotent, i.e, R ◦ R = R, iff R is transitive
and interpolating.

↠

↠

Lemma 7.16. Let X be a domain. Then << is transitive, interpolating and,
for each x ∈ X, the set x is Scott open. Furthermore, U ⊆ X is Scott open
if and only if
[
U=
x.
x∈U

Proof. Note that <
< is transitive on any dcpo; also see Exercise 7.3. To
see that <
< is interpolating, let x, y ∈ X be such that x << y. Since X is
continuous, we have
_

y=

↠

x<
<y=

_

{z | z ∈ X, z << y}

=

_

{

↠

=

_ _

z | z ∈ X, z << y}

Z,
↠

↠

S

↠

where Z := { z | z ∈ X, z << y}. Since y and z for each z << y are
directed, it follows that the set Z is directed. Thus, there exist z, z ′ ∈ X
with x ≤ z ′ <
<z<
< y. It follows that x(<< ◦ <<)y (see Exercise 7.3).
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To show that x is Scott open, let D ⊆ X be directed with x << D.
W
W
Then there is x′ ∈ X with x << x′ << D. Since x′ << D, there is
d ∈ D with x′ ≤ d. Now since x << x′ it follows that x << d and thus
x ∩ D ̸= ∅, showing that x is Scott open. Consequently, any set U
S
satisfying U = x∈U x is also Scott open.
Finally, let U ⊆ X be Scott open. Clearly, since U is an up-set, in
S
particular x∈U x ⊆ U . For the reverse inclusion, let y ∈ U . As X is a
W
domain, y =
y. Since U is Scott open it follows that there is x << y with
S
x ∈ U . Thus y ∈ x∈U x as required.
↠

↠

↠

↠

W

↠

↠

Proposition 7.17. Any domain is sober in its Scott topology.
Proof. Let X be a domain and suppose F ⊆ X is a join-irreducible closed
set for the Scott topology. We need to show that F = ↓x for some x ∈ X.
Note first that F , being join-irreducible, is non-empty. If F only contains
a bottom element ⊥ of X, then F = ↓⊥, and we are done. We may thus
assume that F contains at least one non-bottom element. Consider the set
↠

F = {y ∈ X | ∃x ∈ F y << x}
↠

= {y ∈ X | y ∩ F ̸= ∅}.
↠

We will first show that F is directed, so that it has a supremum, x, and
we will then show that F = ↓x. Since F contains an element other than ⊥,
and X is continuous, F is non-empty. Let y1 , y2 ∈ F be arbitrary. Define
Fi = ( yi )c for i = 1, 2. Then, since yi ∈ F , F ̸⊆ Fi for both i = 1, 2. Now
since F1 and F2 are closed in the Scott topology by Lemma 7.16 and since
F is a join-irreducible closed set, it follows that
↠

↠

↠

↠

↠

↠

F ̸⊆ F1 ∪ F2 = ( y1 ∩ y2 )c .

↠

↠

↠

↠

↠

↠

↠

↠

↠

↠

Thus, pick z ∈ F ∩ y1 ∩ y2 . Since yi is open for both i = 1, 2, it follows
W
that y1 ∩ y2 is open. Therefore, since
z = z ∈ y1 ∩ y2 , there exists
′
′
z <
< z with z ∈ y1 ∩ y2 . Thus, in particular, y1 ≤ z ′ and y2 ≤ z ′ . Also,
since z ′ <
< z ∈ F it follows that z ′ ∈ F and we have shown that F is
W
directed. Let x =
F . We show that F = ↓x. First, since F ⊆ ↓F ⊆ F
W
and since F is closed, it follows that x =
F ∈ F . Since F is a downset, we get the containment ↓x ⊆ F . Conversely, for any x′ ∈ F , we have
↠

↠

↠

↠

↠
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↠

↠

x′ ⊆ F and thus
x′ ≤

_

F = x.

↠

_

↠

x′ =
That is, F ⊆ ↓x as required.

As a consequence of Corollary 7.3 and Proposition 7.17, the category
Domain of domains with directed join preserving maps (or equivalently,
Scott continuous functions) is (isomorphic to) a full subcategory of the category Sober of sober topological spaces. Thus it is natural to ask which category of spatial frames is dual in the Ω-Pt duality to the category Domain.
The appropriate frames are the completely distributive ones and the resulting duality is the Hoffmann-Lawson duality, which we will state and prove
in the next subsection.4 As noted in the introduction to this chapter, while
this is an interesting excursion to a classical result in domain theory, it is
not directly needed for the applications in Section 7.4, and can be skipped
by readers wanting to get to those applications as quickly as possible.

Hoffmann-Lawson duality
Since all suprema exist in a frame, any frame is in fact a complete lattice;
see Exercise 1.11 and Exercise 6.7. This means that we can consider the
notion of complete distributivity for frames.
Definition 7.18. A complete lattice L is said to be completely distributive
provided, for any family {Ai }i∈I of subsets of L, we have
^_

Ai =

_ ^

{

Im(Φ) | Φ : I → L such that Φ(i) ∈ Ai for each i ∈ I}.

i∈I

For a family {Ai }i∈I of sets, the functions Φ : I → i∈I Ai such that Φ(i) ∈
Ai for each i ∈ I are called choice functions on {Ai }i∈I .
S

We will show that Ω-Pt duality further restricts to a duality between
domains and completely distributive complete lattices.
Theorem 7.19. The Ω-Pt duality between spatial frames and sober spaces
cuts down to a duality between the category CDFrame of completely distributive complete lattices with frame homomorphisms and the category Domain
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of domains.
Ω
CDFrame

Domain
Pt

The remainder of this section is dedicated to proving Theorem 7.19. We
first give an outline of the proof.
Outline of proof of Theorem 7.19. We have that:
a. If X is a domain, then X is sober (Proposition 7.17);
b. If X is a domain, then Ω(X) is completely distributive (Proposition 7.25);
c. If L is completely distributive, then L is spatial (Corollary 7.28);
d. If L is completely distributive, then Pt(L) is a domain and its topology
is the Scott topology (Proposition 7.29 and Lemma 7.31);
This is precisely what is needed to show that the Ω-Pt duality cuts down to
a duality between domains and completely distributive lattices.
Towards proving Proposition 7.25, we begin by studying in slightly more
detail the class of completely distributive lattices. First, we give a simpler
description of complete distributivity.
Proposition 7.20. A complete lattice L is completely distributive if and
only if, for all families (Di )i∈I of downsets of L, we have
^_
i∈I

Di =

(

_ \

Di )

i∈I

Proof. First note that for any family of sets (Ai )i∈I , i∈I Ai = i∈I ↓Ai
S
and, for any choice function Φ : I → i∈I ↓Ai , there is a choice function
S
V
Φ′ : I → i∈I Ai with Φ(i) ≤ Φ′ (i) for every i ∈ I, and thus with Im(Φ) ≤
V
Im(Φ′ ). It follows that it suffices to consider families of downsets in the
definition of complete distributivity.
V

W

V

W
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Now the proposition follows if we can show that, for any family {Di }i∈I
of down-sets of L, we have
\

Di = {

^

Im(Φ) | Φ is a choice function for {Di }i∈I }.

(7.1)

i∈I

Let a ∈ i∈I Di . Then the constant function Φa on I given by Φ(i) = a for
V
all i ∈ I is a choice function for {Di }i∈I and Im(Φa ) = a. This proves the
left-to-right containment in (7.1).
On the other hand, if Φ is any choice function for {Di }i∈I , then for any
V
T
i ∈ I, the element Im(Φ) is below Φ(i) ∈ Di , and is thus in i∈I Di .
T

In order to understand completely distributive lattices, we introduce a
strengthened variant of the way below relation,5 which is a relativized version
of complete join-primeness in the same way that the way below relation is
a relativized version of compactness for elements of a dcpo.
↠
↠

Definition 7.21. Let L be a complete lattice and a, b ∈ L. We write
b <<< a, or equivalently b ∈ a, provided that, for any subset S of L, if
W
a ≤ S, then there exists s ∈ S such that b ≤ s.
An element a in a complete lattice is called completely join-prime if
a <<< a. Note that a <<< b clearly implies a << b. The following theorem is
due to Raney [73].
Theorem 7.22 (Raney’s Theorem). A complete lattice L is completely
distributive if and only if
_

(7.2)

↠
↠

a=

∀a ∈ L

a.

Proof. Suppose (7.2) holds and let {Di }i∈I be a collection of downsets of L.
We define
!
d :=

^_
i∈I

Di ,

d′ :=

_

\

Di .

i∈I

We want to show that d = d′ . In fact, for each i ∈ I, since i∈I Di ⊆ Di
W
we have d′ ≤ Di , so d′ ≤ d. We now show the reverse inequality, d ≤ d′ .
V
W
W
To this end, let b <<< i∈I Di . Then b <<< Di for each i ∈ I. By the
definition of <<< there is, for each i ∈ I, an element di ∈ Di with b ≤ di .
T
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↠
↠

Since each Di is a downset, it follows that b ∈ Di for each i ∈ I and thus
T
b ∈ i∈I Di . That is,
\
d⊆
Di
i∈I

↠
↠

and thus by (7.2) we have the desired inequality d =
d ≤ d′ .
For the converse implication, suppose L is completely distributive. Note
that, for any a ∈ L, we have
W

a=

^ _

{

S | S ∈ D(L) and a ≤

_

S}.

This is because a is clearly a lower bound of the collection we are taking the
W
infimum of, and S := ↓ a is a downset of L with a = S. Now applying
complete distributivity we obtain
a=

(

_ \

{S | S ∈ D(L) and a ≤

_

S}).

Finally observe that
{S | S ∈ D(L) and a ≤

_

S} = a.
↠
↠

\

Corollary 7.23. Any completely distributive lattice is continuous.
This is a consequence of the relation between << and <<<, see Exercise 7.8.
Corollary 7.24. The relation <<< is interpolating on a completely distributive complete lattice.
The proof of this fact is a simpler version of the corresponding fact for
<
< on a domain, again see Exercise 7.8. For a more substantial consequence
of Raney’s result, we prove one direction of Hoffmann-Lawson duality.
Proposition 7.25. Let X be a domain. The frame σ(X) of Scott open
subsets of X is completely distributive.

↠

↠

↠

Proof. Let U ∈ σ(X). Recall Lemma 7.16, in which we showed that, if
X is a domain then, for each x ∈ X, the set x is Scott open and U =
S
x∈U x. Thus, by Theorem 7.22, we may conclude that σ(X) is completely
distributive if we can show that x <<< U for each x ∈ U . To this end, note
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that if x ∈ U and U = i∈I Ui , then there is i ∈ I with x ∈ Ui and thus
x ⊆ ↑x ⊆ Ui and indeed x <<< U .
↠

↠

S

To prove that, conversely, any completely distributive lattice L is isomorphic to one of the form σ(X) for some domain X, we need a few lemmas.
Lemma 7.26. Let L be a frame and let F, G be completely prime filters in
L. If there is a ∈ L with F ⊆ ↑a ⊆ G, then F << G.
Proof. If {Fi }i∈I is a directed family of completely prime filters and G =
S
i∈I Fi then a ∈ Fi for some i ∈ I and thus F ⊆ ↑a ⊆ Fi .
Lemma 7.27. Let L be a completely distributive lattice and a, b ∈ L, then
a <<< b if and only if there is F ∈ Pt(L) with ↑b ⊆ F ⊆ ↑a.
Proof. Suppose a <<< b. Since <<< is interpolating by Corollary 7.24, there
is a sequence {bn }n∈N with a <<< bn+1 <<< bn <<< b for all n ∈ N. One may
S
easily verify that F = n∈N ↑bn is a completely prime filter (see Exercise 7.9)
and that the element of Pt(L) given by F satisfies the required property.
W
For the converse, notice that if ↑b ⊆ F ⊆ ↑a and a ≤ S, then there is
s ∈ S with s ∈ F and thus b ≤ s. That is, a <<< b.
Corollary 7.28. Any completely distributive complete lattice is spatial.
Proof. Let L be a completely distributive complete lattice. If a, b ∈ L with
a ≰ b then, by Raney’s Theorem, there is c ∈ L with c <<< a but not c <<< b.
By Lemma 7.27 pick a completely prime filter F of L with ↑a ⊆ F ⊆ ↑c but
↑b ̸⊆ F . That is a ∈ F and b ̸∈ F and thus L is spatial.
Recall from Definition 6.12 that we adopt the ‘neutral space’ notation
for Pt(L), analogously to what we did in earlier chapters for the Priestley
dual space of a distributive lattice. That is, we consider the set underlying
Pt(L) as a fresh set of ‘names’ that is in bijection with the set of completely
prime filters of L. We denote elements of Pt(L) by x, y, z, . . . , and the
corresponding completely prime filters respectively by Fx , Fy , Fz , etcetera.
Proposition 7.29. If L is a completely distributive lattice then the dcpo
Pt(L) is a domain.
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↠
↠

Proof. Let y ∈ Pt(L) and b ∈ Fy . Since
b = b ∈ Fy , there is a ∈ Fy
with a <<< b. By Lemma 7.27, it follows that there is xb ∈ Pt(L) with
↑b ⊆ Fxb ⊆ ↑a. Therefore Fxb ⊆ ↑a ⊆ Fy and, by Lemma 7.26, we have
xb <
< y. Now notice that
W

Fy =

[

{↑b | b ∈ Fy } ⊆

[

{Fxb | b ∈ Fy }

⊆

[

{Fx | ∃a ∈ L

Fx ⊆ ↑a ⊆ Fy } ⊆ Fy .

Consequently
y=

_

{x ∈ Pt(L) | ∃a ∈ L

Fx ⊆ ↑a ⊆ Fy }.
↠

By Lemma 7.26, it follows that y is the join of a subfamily of y. If we can
show that this collection is directed, we can conclude that Pt(L) is a domain
by Exercise 7.5. To this end suppose Fx ⊆ ↑a ⊆ Fy and Fz ⊆ ↑b ⊆ Fy .
Since both a and b belong to Fy , we have c = a ∧ b ∈ Fy . Now since
W
c =
c, there is d <<< c with d ∈ Fy . By Lemma 7.27, it follows that
there is s ∈ Pt(L) with ↑c ⊆ Fs ⊆ ↑d. Since a and b are both above c, it
follows that Fx ⊆ ↑a ⊆ ↑c ⊆ Fs and Fz ⊆ ↑b ⊆ ↑c ⊆ Fs . Finally, since
d ∈ Fy , we have Fs ⊆ ↑d ⊆ Fy and thus x, z << s << y. We conclude that
{x ∈ Pt(L) | ∃a ∈ L Fx ⊆ ↑a ⊆ Fy } is indeed directed.
↠
↠

Corollary 7.30. If L is a completely distributive lattice and x, y ∈ Pt(L),
then x <
< y if and only if there exists an a ∈ L with Fx ⊆ ↑a ⊆ Fy .
Proof. By Lemma 7.26 the ‘if’ part is always true. For the converse, note
that, in the proof of Proposition 7.29, we proved that if y ∈ Pt(L) then
y=

_

{z ∈ Pt(L) | ∃a ∈ L

Fz ⊆ ↑a ⊆ Fy }

and that this join is directed. Thus, if x << y, then there is z ∈ Pt(L) and
a ∈ L so that Fz ⊆ ↑a ⊆ Fy and x ≤ z, but then Fx ⊆ ↑a ⊆ Fy .
Lemma 7.31. If L is a completely distributive lattice then the topology on
Pt(L) is equal to the Scott topology of its specialization order.
Proof. Since any space in the image of the Pt functor is sober, it follows by
Proposition 7.4 that the topology of Pt(L) is contained in the Scott topology.
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For the converse, let U ⊆ Pt(L) be Scott open. Recall from Definib = {x ∈ Pt(L) |
tion 6.12 that the topology of Pt(L) consists of the sets a
a ∈ Fx } for a ∈ L. Let
a=

_ ^

{

Fx | x ∈ U }.

b. First, if a ∈ Fy , then as Fy is completely prime, there
We claim that U = a
V
is x ∈ U with Fx ∈ Fy . It follows that Fx ⊆ Fy or equivalently that x ≤ y
b ⊆ U . On the other hand, if x ∈ U then, since
and thus y ∈ U . That is, a
Pt(L) is a domain, there is y ∈ U with y << x. By Corollary 7.30, there is
V
b ∈ L with Fy ⊆ ↑b ⊆ Fx . It follows that b ≤ Fy ≤ a. Finally, since b ∈ Fx
b.
also a ∈ Fx and x ∈ a

This concludes the last piece of the proof of Theorem 7.19.

Exercises for Section 7.1
Exercise 7.1. Let P and Q be dcpos, and f : P → Q a map.
a. Show that the specialisation order of the topological space (P, σ(P, ≤))
is the original order ≤ on P ;
b. Show that if f preserves directed joins then it is order-preserving;
c. Show that if f order-preserving and D ⊆ P is directed, then so is
f (D);
d. Show that
S : dcpo → Top
(P, ≤) 7→ (P, σ(P, ≤))
f 7→ f
is a functor whose image is a full subcategory of Top. Further show
that if S(P ) and S(Q) are homeomorphic as topological spaces, then
P and Q are isomorphic as posets.
Exercise 7.2. Let (X, ≤) be a partially ordered set.
a. Show that the Scott topology on the poset D = D(X, ≤) is equal to
its upper topology;
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b. Show that these topologies are generated by the principal up-sets Ux =
{V ∈ D | x ∈ V };
c. Show that the resulting space is stably compact;
d. Show that the associated compact ordered space is a Priestley space.
Exercise 7.3. Let (X, ≤) be a dcpo and x ∈ X.
a. Show that x is way below itself if and only if x is a compact element
of X;
b. Show that the way below relation is contained in the order relation;
c. Show that ≤ ◦ <
< ◦ ≤ = <<.
↠

d. Show that the set x is closed under any existing binary joins. That
is, if y, z ∈ x and y ∨ z exists in X, then y ∨ z ∈ x.
↠

↠

Exercise 7.4. Let X be a set.
a. Prove that in the dcpo (P(X), ⊆), x << y if, and only if, x ⊆ y and x
is finite.
b. Draw the Hasse diagram of the partial order Part(X) in case X has
two elements.
c. Characterize the way below relation in the dcpo (Part(X), ≤) of Example 7.14.
d. Show that (Part(X), ≤) is not a lattice when X has at least two
elements.
e. Show that, for any f ∈ Part(X), the sub-poset ↓f is isomorphic to
(P(dom(f )), ⊆).
Exercise 7.5. Prove that if X is a dcpo in which every element is the join
of some directed set of elements way below it, then X is a domain.
Exercise 7.6. Prove each of the following statements:
a. A complete lattice L is completely distributive if and only if its order
dual is completely distributive;
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b. There are frames which are not completely distributive;

c. There are completely distributive frames with no completely join irreducible or completely meet irreducible elements;
d. A complete Boolean algebra is completely distributive if and only if it
is atomic (cf. Exercise 6.12).
Exercise 7.7. This exercise compares the complete distributivity law to
the strictly weaker frame distributivity law.
a. Prove that a complete lattice L is a frame if, and only if, the complete
distributive law holds in L for finite collections, i.e., for any finite index
set I and collection {Ai }i∈I of subsets of L,
^_

Ai =

_ ^

{

Im(Φ) | Φ : I → L such that Φ(i) ∈ Ai for each i ∈ I}.

i∈I

b. (*) Formulate a ‘directed distributive law’ (DDL) such that a complete
lattice is completely distributive if and only if it is a frame that satisfies
(DDL).
Exercise 7.8. Let L be a complete lattice and a ∈ L.
a is in

a. Hint. Use

↠

↠
↠

a. Show that any finite join of a subset of
Exercise 7.3.d.
b. Show that L is continuous.

c. Show that <<< is interpolating. Hint. The proof is similar to the
corresponding proof for << given in Lemma 7.16.
Exercise 7.9. Let L be a frame and S ⊆ L which is filtering with respect
to <<<. That is, if a, b ∈ S then there is c ∈ S with c <<< a and c <<< b.
Show that F = ↑S is a completely prime filter of L.
Exercise 7.10. Let X be a domain. Recall that K(X) denotes the poset
of compact elements of X, and for a poset P , Idl(P ) denotes the collection
of order ideals of P , i.e., down-sets that are up-directed. Show that the
following conditions on X are equivalent:
(i) X is algebraic;
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(ii) X ∼
= Idl(K(X));
(iii) The frame of opens of X is isomorphic to U(K(X));
(iv) The frame of opens of X is isomorphic to U(P ) for some poset P ;
(v) X is isomorphic to Idl(P ) for some poset P .
Exercise 7.11. Let P and Q be posets. A relation R ⊆ P × Q is called
approximable provided ≥P ◦ R ◦ ≥Q = R and R[p] = {q ∈ G | pRq} is
directed for each p ∈ P . Show that the category Alg of algebraic domains
is equivalent to the the category Posapprox of posets with approximable
relations via the functors which send an algebraic domain to its poset of
compact elements and a poset to the algebraic domain of its order ideals.
Explain how Exercise 6.18 and this exercise are related. Hint. If f : X → Y
is a continuous map between algebraic domains, then
R = {(p, q) ∈ K(X) × K(Y ) | f (p) ≥ q}
is a join-approximable relation.6
Exercise 7.12. Let X be an algebraic domain. Show that U ⊆ X is
compact-open in X if and only if U = ↑F for some F ⊆ K(X). Conclude
that the compact-open subsets of an algebraic domain form a basis for the
Scott topology on X which is closed under finite unions.

7.2

Dcpos and domains that are spectral

It is particularly interesting to know which dcpos and domains are such
that their associated space is spectral. The topological spaces that are
simultaneously spectral and Scott topologies of their specialization order
have been characterised by Marcel Erné. While these spaces originally
went by the name hyperspectral spaces, we will call them spectral dcpo’s
here, in light of our convention that a dcpo is always equipped with its
Scott topology. The first result of this section, Theorem 7.36, characterizes
spectral dcpo’s as the coherent sober spaces which have a basis of open
finitely generated up-sets (called open teeth here). While this result is not
immediately needed for domain theory in logical form, we believe it answers
a very natural question about the relationship between spectral spaces and
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dcpo’s. We therefore include a full proof of it here, as far as we are aware
for the first time in writing, since the statement was so far only available
in a conference abstract [26]. Again, a reader who wants to get to the
applications of duality to domain theory in logical form as quickly as possible
may just read the relevant definitions and statement of Theorem 7.36.
An important class of spaces that is directly relevant to the rest of this
chapter and that we begin to study on p. 271 is obtained by restricting the
class of spectral dcpo’s to those that are also domains; we refer to these
objects as spectral domains here. These spaces have very nice descriptions
both as spaces and as posets, which we will study in detail in the second
part of this section. We will show in Theorem 7.45 that, in topological
terms, these domains are precisely the spectral spaces whose compact opens
are finite unions of union-irreducible compact opens, and in order theoretic
terms they are precisely the completions under directed joins of so-called
finitely MUB-complete posets, see Corollary 7.46 below.
In Section 7.3, we will introduce a further subcategory of the category
of spectral domains, namely the bifinite domains. These are central to
Abramsky’s Domain Theory in Logical form as treated in [5]. Figure 7.1
gives an overview of the relevant classes of spaces and their relationships.

Spectral dcpos
Our goal in this subsection is to characterize spectral dcpo’s, defined as
follows.
Definition 7.32. A topological space (X, τ ) is called a spectral dcpo if the
topology τ is spectral, and τ is equal to the Scott topology of its specialization order.
The characterization will make crucial use of the following notion of
“tooth”.
Definition 7.33. Let X be a poset. A tooth is an up-set T ⊆ X such that
T = ↑F for some finite subset F ⊆ X.
In a topological space X, a tooth in the specialization order of X is
sometimes called a hypercompact saturated subset of X, but we will also
use the term ‘tooth’ for this concept, where it is understood that we mean
‘tooth in the specialization order’.
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Top

dcpo

Sober

Domain

Stably Compact

Spec
Bif

Figure 7.1: The various spaces of interest: Within the sober spaces, the
stably compact spaces allow a duality between open and compact saturated
sets, and Spec is a special case of this (cf. Chapter 6). Within the dcpos,
Domain is a particularly important class of spaces allowing ‘relativelyfinite’ approximation. We will identify both the spaces in the intersection of
dcpo and Spec, namely spectral dcpos, and the spaces in the intersection
of Domain and Spec, namely spectral domains. Bifinite domains form a
Cartesian closed category, Bif, of spaces in the intersection of Domain and
Spec that is the setting of Domain Theory in Logical Form as elaborated
by Abramsky.
A tooth in a topological space X is clearly compact, since only finitely
many opens are needed to cover a finite set and, since opens are upsets,
they cover the upset of any set they contain. Importantly for us, in Scott
topologies, the converse also holds.
Lemma 7.34. Let X be a poset and V ⊆ X a Scott open subset. Then V
is compact in the Scott topology on X if, and only if, V is a tooth.
Proof. We only need to show the necessity, as sufficiency holds in any topological space. Any compact saturated subset of a topological space is the
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upset of its minimal points, see Exercise 7.13. We show that, for each
x ∈ min(V ), the set
Ux = (V − min(V )) ∪ {x}
is Scott open in X. To this end, let D be a directed subset of X with
W
W
W
D ∈ Ux . Then D ∈ V and thus there is y ∈ D ∩ V . If y ≥ D then
W
y = D ∈ Ux . Otherwise, there is z ∈ D with z ≰ y. Now, since D is
directed, there is s ∈ D with y, z ≤ s. In fact, since z ≰ y, y < s. Thus
s ∈ D ∩ (V − min(V )) ⊆ Ux as required.
It follows that {Ux | x ∈ min(V )} is an open cover of V . By compactness
it has a finite subcover. However, this implies that min(V ) is finite and thus
V is a tooth.
We note the following immediate corollary, which will be important in
the next subsection when we characterize spectral domains.
Corollary 7.35. Let X be a spectral dcpo. A subset of X is compact open
if, and only if, it is an open tooth. In particular, a finite intersection of open
teeth in X is an open tooth.
Proof. The first statement holds by Lemma 7.34. The in particular statement follows because the compact opens in a spectral space are closed under
finite intersections.
Recall from Section 2.3 that a space is called coherent provided it is
compact, and the intersection of any two compact-saturated subsets is again
compact. Also recall from Definition 6.2 that a topological space is a spectral
space provided it is coherent and sober and has a basis of compact open
subsets. Our goal in this subsection is to prove the following characterization
of spectral dcpo’s, first announced by Erné in [26].
Theorem 7.36. Let (X, τ ) be a topological space. Then X is a spectral
dcpo if, and only if, the topology τ is coherent, sober, and has a basis of
open teeth.
The proof of Theorem 7.36 will be a relatively straight-forward combination of things we have already seen, with the notable exception of one
crucial step, namely Proposition 7.39 below. We first prove a simple lemma
on spaces having a basis of open teeth.
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Lemma 7.37. Let X be a topological space. If X has a basis of open teeth,
then every compact open in X is a tooth.
Proof. Let U ⊆ X be compact open. Since it is open, it is the union of all the
open teeth it contains, and as U is compact, it is the union of finitely many
such open teeth, ↑F1 , . . . , ↑Fn . But generating upsets is union preserving
and thus
U = ↑F1 ∪ · · · ∪ ↑Fn = ↑(F1 ∪ · · · ∪ Fn ).
We also require Rudin’s Lemma, which is often useful in topology. Like
the Alexander Subbasis Theorem, it requires a non-constructive principle.
Our statement and proof is based on [36, Lemma III-3.3].
Lemma 7.38 (Rudin’s Lemma). Let X be a poset and F a collection of
finite non-empty subsets of X with the property that the collection
{↑F | F ∈ F}
is filtering. Then there is a directed set D ⊆
F ∈ F.

S

F so that D ∩ F ̸= ∅ for each

Proof. Consider the collection S consisting of all subsets E ⊆
following two properties

S

F with the

a. E ∩ F ̸= ∅ for all F ∈ F;
b. For all F, G ∈ F, if G ⊆ ↑F then E ∩ G ⊆ ↑(E ∩ F ).
Notice that F ∈ S and thus S is non-empty. We show that any chain C
T
in S has a lower bound in S. To this end, let D = C. We claim that D
has the required properties. First we show that D ∈ S. Fix F ∈ F then,
as C is a chain, so is {E ∩ F | E ∈ C}. Also, since F is finite, it is a finite
chain, and by (a), it consists of non-empty subsets of F . It follows that it
has a minimum ∅ =
̸ E0 ∩ F ⊆ F , where E0 ∈ C. It follows that
S

D∩F =

\

{E ∩ F | E ∈ C} = E0 ∩ F ̸= ∅.

Now consider F, G ∈ F with G ⊆ ↑F . As argued above, there are elements
E1 , E2 ∈ C so that D ∩ F = E1 ∩ F and D ∩ G = E2 ∩ G. Now since C is
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a chain E1 and E2 are comparable, and we let E be the smaller of the two.
Then, by minimality, we have
D ∩ F = E1 ∩ F = E ∩ F

and

D ∩ G = E2 ∩ G = E ∩ G.

Finally, since E ∈ S, we have D ∩ G = E ∩ G ⊆ ↑(E ∩ F ) = ↑(D ∩
F ) as required. It follows, by Zorn’s Lemma, that S contains minimal
elements (that is, maximal elements with respect to the order given by
reverse inclusion).
Before concluding, we make the following observation. Let E ∈ S and
x ∈ X with the following property
∀F ∈ F

E ∩ F ̸⊆ ↑x.

(7.3)

We claim that E ′ = E ∩ (↑x)c is again in S. To this end, first note that (7.3)
is equivalent to E ∩ F ∩ (↑x)c ̸= ∅ for all F ∈ F, so that (a) holds for E ′ .
For (b), first notice that for any S ⊆ X we have ↑S ∩ (↑x)c ⊆ ↑[S ∩ (↑x)c ].
Now if F, G ∈ F with G ⊆ ↑F then we have
E ′ ∩ G = E ∩ G ∩ (↑x)c ⊆ ↑(E ∩ F ) ∩ (↑x)c
⊆ ↑[E ∩ F ∩ (↑x)c ] = ↑(E ′ ∩ F )
Now let D ∈ S be minimal, then removing elements from D results in a
set not in S, thus the negation of (7.3) holds for each x ∈ D. That is,
∀x ∈ D ∃F ∈ F

D ∩ F ⊆ ↑x.

(7.4)

We show that this implies that D is directed: Let x, y ∈ D. Pick F, G ∈ F
with D ∩ F ⊆ ↑x and D ∩ G ⊆ ↑y. Since {↑H | H ∈ F} is filtering, there is
H ∈ F with H ⊆ ↑F, ↑G. Finally, as D ∈ S, there is z ∈ D ∩ H. It follows
that z ∈ D and
z ∈ H ⊆ ↑F, ↑G ⊆ ↑x, ↑y
and thus D is directed.
Proposition 7.39. Let X be a coherent sober space with a basis of open
teeth. Then any Scott open set in the specialization order of X is open in
X.
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Proof. Let U ⊆ X be Scott open. We want to show that for each x ∈ U ,
there is an open tooth ↑F with x ∈ ↑F ⊆ U . By contraposition, assume
that x ∈ X is such that for any finite F ⊆ X, if ↑F is open and contains x,
then F ̸⊆ U . We show that x ̸∈ U . Consider the collection
F := {F − U | F is finite and x ∈ ↑F is open}.
We show that G = {↑G | G ∈ F } is filtering. For this purpose let F1 , F2 be
finite subsets of X with x ∈ ↑Fi and ↑Fi open for i = 1, 2. Since ↑F1 and ↑F2
are compact open in the coherent space, so is ↑F1 ∩ ↑F2 . By Lemma 7.37,
there exists a finite subset F ⊆ X such that ↑F1 ∩ ↑F2 = ↑F . It follows
from this equality that x ∈ ↑F is open. We show that F − U ⊆ ↑(Fi − U )
for i = 1, 2. Since ↑F ⊆ ↑Fi we have F − U ⊆ ↑Fi . Let x ∈ F − U and let
y ∈ Fi with y ≤ x. If y ∈ U then x ∈ U since U is an upset. So y ∈ Fi − U
and thus F − U ⊆ ↑(Fi − U ) for i = 1, 2.
Therefore, by Rudin’s Lemma, there is a directed subset
D⊆

[

F ⊆X −U

with D ∩ (F − U ) ̸= ∅ for each finite subset F of X with x ∈ ↑F open. Now,
W
on the one hand, since U is Scott open, it follows that D ̸∈ U , and on the
other hand, since
D∈

\

{↑F | F is finite and x ∈ ↑F is open} = ↑x,

it follows that x ≤

W

D and thus x ̸∈ U as required.

_

With Proposition 7.39 in hand, we can now prove Theorem 7.36.
Proof of Theorem 7.36. First, assuming X is a spectral dcpo, the compact
open sets form a basis by definition of spectral spaces, but the compact Scott
open sets are the open teeth by Lemma 7.34; thus, X has a basis of open
teeth.
Now assume that X is coherent, sober, and has a basis of open teeth. The
specialization order of a sober space is a dcpo by Proposition 7.4, and the
topology is spectral because teeth are always compact in the Scott topology.
Also, by Proposition 7.4, τ is contained in the Scott topology of ≤τ . But
≤τ is also contained in τ , by Proposition 7.39.
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Spectral domains
Having characterized the spectral dcpos, we now restrict our attention to
domains whose associated space is spectral.
Definition 7.40. Let X be a domain. We call X a spectral domain if the
Scott topology on X is spectral.
If X is a spectral domain, then X is a spectral dcpo, and X is compact,
so by Corollary 7.35, X can only have a finite number of minimal elements.
In any poset, it is clear that the union of two teeth is again a tooth. On the
other hand, it is not true in a general that the open teeth of a domain are
closed under binary intersection (see Exercise 7.14), while this must be true
in a spectral dcpos, and thus in particular in spectral domains.
For a general spectral dcpo, it is hard to understand in order-theoretic
terms what it means for the open teeth to be closed under binary intersections, as we do not know which finite subsets F ⊆ X generate opens.
However, if X is not just a dcpo but a domain, then the description of the
compact open subsets simplifies substantially, as we show now.
Proposition 7.41. Let X be a spectral domain. Then U ⊆ X is compact
open if and only if U = ↑F for some finite set F ⊆ K(X) of compact
elements of X. In particular, X is an algebraic domain.
↠

Proof. For any x ∈ K(X), we have ↑x = x, which is Scott open by
S
Lemma 7.16. Thus, for any subset F ⊆ K(X), ↑F = {↑x | x ∈ F } is
open. Since any tooth is compact, it follows that ↑F is compact open when
F ⊆ K(X) is finite.
For the converse, suppose that U ⊆ X is compact open. Then, by
Corollary 7.35, U is an open tooth. Write F for the finite set of minimal
elements of U . We show that F ⊆ K(X). Let x ∈ F . By Lemma 7.16, since
U is open, there is y ∈ U with y << x and thus, in particular, y ≤ x. Since
x is minimal in U , it follows that y = x, so that x << x, i.e., x is a compact
element of X.
For the ‘in particular’ statement, let y ∈ X be arbitrary. We need to
W
W
prove that y = ( y ∩ K(X)). Since X is a domain, we have that y =
y,
′
so it suffices to prove that, for any y << y, there exists a compact element
x <
< y with y ′ ≤ x. Let y ′ << y be arbitrary. Since << is interpolating
by Lemma 7.16, pick z ∈ X with y ′ << z << y. Since z ∈ y ′ , which is
↠

↠

↠
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↠

open, and since X is a spectral space, there is a compact open set U such
that z ∈ U ⊆ y ′ . Since U is the upward closure of finitely many compact
elements, there exists a compact element x ∈ K(X) ∩ U such that x ≤ z.
Since x ∈ U , we have y ′ <
< x, so in particular y ′ ≤ x. Also, x ≤ z << y, so
x<
< y, as required.
Recall that and element p in a lattice L is said to be join-prime provided
W
that, for any finite F ⊆ L, p ≤ F implies that there exists a ∈ F with
p ≤ a. Further, we say that L has enough join-primes provided every
element of L is the join of a finite set of join-prime elements.
Also recall that, when X is a spectral space, “the distributive lattice
dual to X” is by definition the lattice KO(X) of compact-open sets of X,
also see Figure 6.1.
Corollary 7.42. Let X be a spectral domain. Then the distributive lattice
L dual to X is isomorphic to the poset of finitely generated upsets of K(X)
with the set theoretic operations of intersection and union. In particular, L
has enough join-primes.
Proof. Consider the function from the poset of finitely generated upsets (i.e.,
teeth) of K(X) to KO(X) that sends T ⊆ K(X) to the upset ↑T of X. By
Proposition 7.41, this is a well-defined surjective map, and it is clearly an
order-embedding. The poset of finitely generated upsets of K(X) clearly has
enough join-primes, as each ↑x with x ∈ K(X) is join-prime, and finitely
generated upsets of K(X) are finite unions of such.
The spectral domains are in fact precisely the duals of the distributive
lattices with enough join-primes.
Theorem 7.43. Stone’s duality between spectral spaces and distributive lattices restricts to a duality between spectral domains and distributive lattices
with enough join-primes.
Proof. Corollary 7.42 establishes that the distributive lattice dual to a spectral domain has enough join-primes. It remains to prove that the spaces of
the form St(L), where L is a distributive lattice with enough join-primes, are
precisely the spectral domains. Let L be a distributive lattice with enough
join-primes and X its Stone dual. Then X is clearly spectral. We show that
it is a domain in its specialization order. Each join-prime p of L gives rise to
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a principal prime filter x = ↑p and any such element x is a compact element
of X. Now let x, y ∈ X with x ≰ y, then there is a ∈ L with a ∈ x but
a ̸∈ y. Since a is a finite join of join-primes and x is a prime filter, there is
p ∈ J(L) with p ≤ a and p ∈ x. Since a ̸∈ y it follows that p ̸∈ y. That
is, the ↑p ≤ x and ↑p ≰ y and thus each element of X is a join of compact
elements. It remains to show that this join is directed. Let p, q ∈ J(L) and
x ∈ X with p, q ∈ x. Then p ∧ q ∈ x and thus, as above for a, there is
r ∈ J(L) with r ≤ p ∧ q and r ∈ x. It follows that ↑p, ↑q ≤ ↑r ≤ x in X and
thus we have shown that X is a spectral domain.
We end this section by giving an order-theoretic characterization of the
domains that are spectral in their Scott topology.
Definition 7.44. Let X be a poset, x ∈ X, and M ⊆ X. Then we will
write M ≤ x provided x is a common upper bound of all the elements of
M . That is, x belongs to the set UB(M ) := {x ∈ X | ∀m ∈ M m ≤ x}.
Further, we denote by MUB(M ) the set of all minimal upper bounds of M .
That is,
MUB(M ) := min(UB(M )).
We are now ready to characterize, in order-theoretic terms, the spectral
domains among the algebraic domains.
Theorem 7.45. Let X be an algebraic domain. Then the following conditions on X are equivalent:
(i) the Scott topology on X is spectral;
(ii) for all finite subsets F ⊆ K(X), the following two properties hold:
(a) MUB(F ) is finite and contained in K(X);
(b) UB(F ) = ↑MUB(F ).
(iii) the Scott-open teeth of X are closed under finite intersections.

↠

Proof. First suppose X is a spectral domain and let F ⊆ K(X) be finite.
Then ↑x = x is compact open in X for each x ∈ F and thus the finite
intersection,
\
UB(F ) =
↑x
x∈F
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is also compact open. Thus, by Proposition 7.41, there is a finite antichain
G ⊆ K(X) such that UB(F ) = ↑G. It follows that
MUB(F ) = min(UB(F )) = min(↑G) = G.
That is, G = MUB(F ) is a finite subset of K(X) and UB(F ) = ↑MUB(F ),
as required.
Now suppose that X is an algebraic domain satisfying the two properties
in (ii). Recall from Exercise 7.12 that, in any algebraic domain, the open
teeth are precisely the sets ↑G with G ⊆ K(X) finite. Thus, by distributivity,
it suffices to show that finite intersections of sets of the form ↑x, with
T
x ∈ K(X), are open teeth. Let F ⊆ K(X) be finite and U := x∈F ↑x.
Then, using (ii)(b),
U = UB(F ) = ↑MUB(F )
and by (ii)(a), MUB(F ) is a finite subset of K(X), so that U is an open
tooth.
Finally, to see that (iii) implies (i), recall that a topological space X
is spectral if and only if it is sober and the collection of compact-open
sets is a bounded sublattice of P(X) which is a basis for the topology, cf.
Definition 6.2 and Exercises 6.3 and 6.16. Any algebraic domain is sober, and
by Exercise 7.12, the open teeth form a basis closed under finite unions, and
any compact open is an open tooth. Now, since open teeth are closed under
finite intersections by (iii), it follows that the finite intersection of compactopens is an open tooth, and thus in particular compact again. Thus, the
Scott topology on X is spectral.
Now combining Proposition 7.41 and Theorem 7.45, we obtain the following order-theoretic characterisation of spectral domains, which have also
been called “2/3 bifinite” or “2/3 SFP” domains in the literature (see e.g.
[2, Prop. 4.2.17]), because they satisfy two of the three properties that characterize bifinite domains, see Corollary 7.61 in the next section.
Corollary 7.46. Let X be a domain. Then the Scott topology on X is
spectral if, and only if, X is algebraic, and for all finite subsets F ⊆ K(X)
the following two properties hold:
(i) MUB(F ) is finite and contained in K(X);

CHAPTER 7. DOMAIN THEORY

275

(ii) UB(F ) = ↑MUB(F ).
Remark 7.47. Posets P satisfying property (ii) for every finite subset
F ⊆ P are called MUB-complete in [2], and property (i) is sometimes
referred to as ‘property (M)’. Combining Corollary 7.46 with Exercise 7.10,
it follows that spectral domains are, up to isomorphism, the posets of the
form Idl(P ), for P a MUB-complete poset in which MUB(F ) is finite for any
F ⊆ P ; we will call such posets finitely MUB-complete. By Corollary 7.42
the dual bounded distributive lattice is Uf in (P ), see also Exercise 7.15.
Definition 7.48. Let P be a poset. We say P is finitely MUB-complete if,
for any finite subset F ⊆ P , MUB(F ) is finite, and UB(F ) = ↑MUB(F ).
To summarize the results in this section: a spectral domain X is always
the domain of ideals of a finitely MUB-complete poset P , whose lattice of
finitely generated up-sets is the dual distributive lattice of X.

Exercises for Section 7.2
Exercise 7.13. Let X be any T0 space, and K ⊆ X a compact saturated
subset of X. Then K = ↑ min(K). Hint. Given x ∈ K, use Zorn’s Lemma
on the collection of closed sets ↓y for x ≥ y ∈ K with reverse inclusion order
to show that every element of K is above a minimal one.
Exercise 7.14. Let X be a poset and M, N ⊆ X.
a. Show that ↑M ∪ ↑N = ↑(M ∪ N ) and conclude that the open teeth of
any topological space are closed under binary unions;
b. Show that ↑M ∩ ↑N =

S

{UB({m, n}) | m ∈ M and n ∈ N };

c. Give an example of a topological space, and open teeth U and V so
that U ∩ V is not a tooth;
d. (*) Give a domain whose associated space gives an example as in (c).
e. Give examples showing that, even if UB(M ) is non-empty, MUB(M )
may be empty, and even if MUB(M ) is non-empty, we may not have
UB(M ) = ↑MUB(M );
f. Show that if X = Idl(P ) and F ⊆ P is finite, then MUB(F ) ⊆ P .
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Exercise 7.15. Let X be a spectral domain. Show that the following three
posets are isomorphic.
a. KO(X), the distributive lattice dual to X;
b. Uf in (K(X)) = {↑F | F ⊆ K(X) is finite} in the inclusion order;
c. The order reflection of the quasi-ordered set Pf in (K(X)) equiped with
the quasiorder given by
F ⪯ G ⇐⇒ ∀y ∈ G ∃x ∈ F (x ≤ y).

7.3

Bifinite domains

Bifinite domains7 are the spectral space version of bi-limits. These are
mathematical structures obtained simultaneously as limits and colimits of
finite adjoint ‘embedding projection pairs’, which we will introduce below.
Bi-limits play an important role in the solution of so-called domain equations
in denotational semantics. Limits of finite posets clearly make profinite
posets, i.e., Priestley spaces (recall Example 5.33), pertinent to the subject,
but it is only over time that the duality theoretic point of view came into
focus, fully expressed in the work of Samson Abramsky in [5].
Here we introduce these bifinite domains as a subclass of the spectral domains studied in the previous section, and we consider them from a duality
theoretic point of view. In particular, in Corollary 7.61 we give the characterization of bifinite domains via MUB-completeness, and in Theorem 7.63
we give a dual characterization in terms of a condition of ‘conjunctive closure’ on distributive lattices.
A central notion in the definition of bifiniteness is that of a (finite)
embedding-projection-pair, which we introduce now. This definition will be
applied both to distributive lattices and to spectral domains. In the following
definition, the category C can be thought of as either DL or Spec, or in fact
any category equipped with a faithful functor to Poset.
Definition 7.49. Let C be a concrete category in which each object is
equipped with a partial order and each morphism is order preserving. We say
that a pair of morphisms C

g
f

D of C is an embedding-projection-pair
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(EPP) provided (f, g) is an adjoint pair, f is injective, and g is surjective.
Here, f is called the embedding and g is called the projection of the pair.
Further, such an EPP is said to be finite if C is finite, and we call it an
EPP ‘of’ D.
Recall from Exercise 1.9 that, for an adjoint pair between posets, the
left adjoint is injective if, and only if, the right adjoint is surjective; so, for
an adjunction to be an EPP, it suffices to check one of the two conditions;
also see Exercise 7.16 below.
For any object P in a concrete category C as in Definition 7.49, we can
form two different diagrams in C: the diagram consisting of the embedding
parts of finite EPP’s into P , and the diagram consisting of the projection
parts of finite EPP’s coming out of P . An object P in the category C is then
called bifinite if the diagram of embeddings is directed and P is its colimit,
and the diagram of projections is co-directed and P is its limit. We will see
below that in the case of distributive lattices and of domains, assuming just
one of the two conditions suffices, as in that setting, it implies the other.
Towards characterizing bifinite distributive lattices and bifinite domains,
we will first characterize the finite EPP’s for distributive lattices and spectral spaces in Propositions 7.52 and 7.53 below.
Notation. In what follows, we often consider pairs of functions between
spectral spaces and distributive lattices. If X and Y are spectral spaces,
p

then we use the notation X e Y for a pair of spectral maps between
these spaces. We then call the dual pair of homomorphisms the pair of
functions K

h
i

L , where K is the lattice dual to X, L is the lattice

dual to Y , i is the homomorphism dual to p, and h is the homomorphism
dual to e.
p

Lemma 7.50. Let X

e

spaces X and Y and let K

Y be a pair of spectral maps between spectral
h
i

L be the dual pair of homomorphisms.

Then e is lower adjoint to p if, and only if, i is lower adjoint to h.
Proof. The function e is lower adjoint to p iff e ◦ p ≤ idY and idX ≤ p ◦ e
(see Exercise 1.8). The dual of the composite map e ◦ p is i ◦ h and the dual
of idY is idL , so, using Remark 7.1, e ◦ p ≤ idY is equivalent to i ◦ h ≤ idL .
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Similarly idX ≤ p ◦ e is equivalent to idK ≤ h ◦ i. Thus e is lower adjoint to
p if, and only if, i ◦ h ≤ idL and idK ≤ h ◦ i. This, in turn, is equivalent to
saying that i is lower adjoint to h.
We have the following corollary of Lemma 7.50 and Exercise 7.16.
Corollary 7.51. Under Stone duality, the dual of a (finite) embeddingprojection-pair on either side of the duality is a (finite) embedding-projectionpair on the other side.
Note that the dual of the embedding on either side is the projection on
the other. The following propositions identify the nature of finite EPP’s on
either side of Stone-Priestley duality.
Recall that a map f between topological spaces is said to be an embedding
provided it is injective and the inverse function f −1 : im(f ) → X is also
continuous. If Y is a spectral space and X ⊆ Y is a subspace of Y which
is itself a spectral space in the subspace topology, then we call the inclusion
map e : X ,→ Y a spectral subspace embedding. The following proposition
allows us to see EPP’s on a spectral space Y as certain spectral subspaces
X of Y .
Proposition 7.52. Let Y be a spectral space and e : X ,→ Y a spectral
subspace embedding. Then the following two conditions are equivalent:
(i) the function e has an upper adjoint p, and p is spectral,
(ii) the subspace X has the following two properties:
(1) for all y ∈ Y , the down-set ↓y ∩ X is principal;
(2) for all U ⊆ X compact-open, the up-set ↑U is open in Y . If, in
addition, X is finite, then it suffices that ↑x is open in Y for all
x ∈ X.
Proof. Note first that, essentially by definition, e has an upper adjoint if, and
only if, for every y ∈ Y , ↓y ∩ X has a maximum. Thus, (ii)(1) is equivalent
to the existence of an upper adjoint. Now suppose the upper adjoint exists,
and consider the map p : Y → X, y 7→ max(↓y ∩ X). We show that (ii)(2) is
equivalent to p being a spectral map.
Notice that, for any upset U of X we have p−1 (U ) = ↑U . Thus p being
spectral is the statement that ↑U is compact-open whenever U ⊆ X is
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compact-open. Also note that U compact in X implies U compact in Y ,
which, in turn, implies that ↑U is compact in Y . Thus we just need to know
that ↑U is open in Y . If, in addition, X is finite, then every compact-open
of X is a finite union of principal upsets ↑X x and thus it suffices to consider
these.
Proposition 7.53. Let L be a bounded distributive lattice and i : K → L a
bounded sublattice inclusion. Then the following conditions are equivalent:
(i) the homomorphism i has an upper adjoint that is also a homomorphism;
(ii) the sublattice K has the following two properties:
(1) For all b ∈ L, ↓b ∩ K is a principal downset;
(2) For any prime filter F of K the filter ↑F in L is again prime.
Proof. Again, the existence of an upper adjoint is equivalent to (ii)(1) since
the upper adjoint of the embedding must be given by h(b) = max(↓b ∩ K).
We show that (ii)(2) is equivalent to this upper adjoint being a bounded
lattice homomorphism.
Consider the map h : L → K, b 7→ max(↓b ∩ K). Since h is the upper
adjoint of the inclusion, it preserves all existing meets. Also clearly h(⊥) =
⊥. We show that (ii)(2) is equivalent to h preserving binary joins. For this
purpose, assume h preserves binary joins and let F be a prime filter of K.
Then as F is proper, so is ↑F . If b1 ∨ b2 ∈ ↑F in L, then there is a ∈ F
with a ≤ h(b1 ∨ b2 ) = h(b1 ) ∨ h(b2 ) in K. Now since F is a prime filter, it
follows that h(b1 ) ∈ F or h(b2 ) ∈ F and, since h(bi ) ≤ bi , it follows that
b1 ∈ ↑F or b2 ∈ ↑F as required. Conversely, suppose that (ii)(2) holds. We
want to show that h preserves binary joins. Since h is order preserving we
have h(b1 ) ∨ h(b2 ) ≤ h(b1 ∨ b2 ). Since any filter is the intersection of the
prime filters containing it (Exercise 3.17), it suffices to show that any prime
filter of K containing h(b1 ∨ b2 ) must contain h(b1 ) ∨ h(b2 ). To this end, let
F be a prime filter of K with h(b1 ∨ b2 ) ∈ F . Since h(b1 ∨ b2 ) ≤ b1 ∨ b2 , we
have b1 ∨ b2 ∈ ↑F and by (ii)(2), it follows that bi ∈ ↑F for i = 1 or 2. Now
bi ∈ ↑F implies there is a ∈ F with a ≤ bi , and as a ∈ K, it follows that
a ≤ h(bi ) and thus h(bi ) ∈ F . That is, h(b1 ) ∨ h(b2 ) ∈ F as required.
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Just as for spectral spaces, Proposition 7.53 allows us to see EPP’s on a
distributive lattice L as certain sublattices K of L, namely those satisfying
the two conditions of Proposition 7.53(ii). Interestingly, Corollary 7.51
then yields a duality between certain subspaces and certain sublattices,
rather than the usual matching in duality of subs and quotients. This is
of course because these subs are also quotients, but viewing this as a duality
between sublattices and subspaces is interesting relative to a phenomenon we
will meet in our second application in Chapter 8, where certain residuated
Boolean algebras are dual to certain profinite algebras, namely profinite
monoids.
We will be particularly interested in finite EPP’s. Since any inclusion
of a finite (join semi-)lattice in a lattice has an upper adjoint, and since any
prime filter in a finite lattice is principal, generated by a join-prime element,
we obtain from Proposition 7.53 the following much simpler description of
finite EPP’s in a distributive lattice.
Corollary 7.54. Let L be a distributive lattice and K ⊆ L a finite bounded
sublattice, with i : K ,→ L the inclusion map. Then the following conditions
are equivalent:
(i) there exists a bounded lattice homomorphism h : L → K such that (i, h)
is an EPP in the category DL;
(ii) J(K) ⊆ J(L).
Definition 7.55. Let L be a distributive lattice. We say that a finite
bounded sublattice K of L is a finite EPP-sublattice if it satisfies the equivalent conditions of Corollary 7.54.
Note that, if K is a finite EPP-sublattice of L, then K has ‘enough joinprimes’, in the sense that every element of K is a finite join of join-prime
elements (see Lemma 1.17), and every join-prime of K is also a join-prime of
L. However, an infinite lattice L need not have any join-prime elements at all
(see e.g. Example 3.1), and such a lattice does not have any finite EPP. Thus
having ‘enough’ finite EPP’s is special. For L to be bifinite, in addition, we
require that the finite EPP-sublattices of L form a directed diagram. Here,
recall that “directed” means that for any two finite sublattices K1 and K2 of
L which give rise to EPP’s, there is a finite sublattice K0 of L which gives
rise to an EPP and contains both K1 and K2 .
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Definition 7.56. Let X be a spectral space, L its dual lattice. We say
that X and L are bifinite provided either and then both of the following two
equivalent conditions are satisfied:
(i) X is the projective limit in Spec of the projections of its finite EPP’s;
(ii) L is the directed colimit in DL of the embeddings of its finite EPP’s.
In light of Definition 7.55 and the fact that directed colimit of a collection of sublattices of a distributive lattice can be computed as a union
(cf. Example 5.32), an equivalent definition for a distributive lattice L to
be bifinite is that the finite EPP-sublattices of L form a directed diagram
whose union is equal to L.
Remark 7.57. The definition we give here is not identical to any of the
standard ones. The definition is usually given for algebraic domains, and
not for spectral spaces, but as we will observe shortly, any bifinite spectral
space is an algebraic domain. That is, the spaces we call bifinite are exactly
the same objects as the bifinite domains of the domain theory literature.
Another interesting fact is that these spaces are in fact simultaneously
projective limits of the projection parts of their finite EPP’s and filtered
colimits of the embedding parts of their finite EPP’s in the category of
domains. We are stipulating only half of this as part of the definition, but
for such systems of EPP’s one always has coincidence of limits and colimits,
see [2, Subsection 3.3.2].
Corollary 7.58. Let X be a spectral space and L its dual lattice. If X and
L are bifinite then X is a spectral domain, or, equivalently, L has enough
join-primes.
Proof. If a distributive lattice L is bifinite, then every element a ∈ L is
contained in a finite EPP-sublattice K. In K, a is a finite join of join-prime
elements, and, by Corollary 7.54, these join-prime elements are also joinprime in L. Thus every element of L is a finite join of join-prime elements.
Now by Theorem 7.43 this is equivalent to X being a spectral domain.
We now give an order theoretic characterisation of bifinite spectral spaces.
By Corollary 7.58, if X is bifinite with dual lattice L, then X is a spectral
domain. That is, by Remark 7.47, the poset P := K(X), which is isomorphic to J(L)op , is finitely MUB-complete and we have X ∼
= Idl(P ) and
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L∼
= Uf in (P ); also see Exercise 7.15. In Proposition 7.60, we characterize
bifinite domains in terms of order theoretic properties of P .
Definition 7.59. Let X be a poset and F ⊆ X. We say that F is MUBclosed provided, for all G ⊆ F , we have MUB(G) ⊆ F . The MUB-closure
of F ⊆ X is the least F ′ ⊆ X such that F ⊆ F ′ and F ′ is MUB-closed.
Proposition 7.60. Let P be a finitely MUB-complete poset, and let X :=
Idl(P ) be the corresponding spectral domain. Then a finite subspace F ⊆ X
gives rise to an EPP in the category Spec if and only if F ⊆ P and F is
MUB-closed. Furthermore, the spectral domain X is bifinite if, and only if,
the MUB-closure of any finite subset of P is finite.
Proof. A finite subspace F ⊆ X gives rise to an EPP if and only if it satisfies
the equivalent conditions of Proposition 7.52. The finite case in condition
(ii)(2) of that proposition is equivalent to F ⊆ P . We show that (ii)(1) is
equivalent to F being MUB-closed.
Let F ⊆ P be finite and suppose that max(↓x ∩ F ) exists for each
x ∈ X. Let G ⊆ F and let p ∈ MUB(G) and consider the set ↓p ∩ F .
By our assumption, there is p′ = max(↓p ∩ F ). Also, clearly G ⊆ ↓p ∩ F ,
so p′ ∈ UB(G). Since P is MUB-complete, there is p′′ ∈ MUB(G) with
p′′ ≤ p′ . Thus we have p′′ ≤ p′ ≤ p with both p′′ , p ∈ MUB(G). It follows
that p′′ = p′ = p and thus p ∈ F since p′ ∈ F . That is, F is MUB-closed.
For the converse, again let F ⊆ P be finite, suppose F is MUB-closed,
and let x ∈ X. Further set G = ↓x ∩ F . Since x ∈ UB(G), there is a
p ∈ MUB(G) ⊆ F with p ≤ x. But then p ∈ G and thus p = max(G) =
max(↓x ∩ F ) as required.
Finally, X is bifinite if and only if every finite subset F of P is contained
in a finite subset F ′ which gives rise to an EPP, which we showed happens
iff F ′ ⊆ P and F ′ is MUB-closed. Thus, X is bifinite if and only if the
MUB-closure of any finite subset of P is finite.
Corollary 7.61. Let X be an algebraic domain. Write P := K(X), so that
X∼
= Idl(P ). Then X is bifinite if and only if, for all finite subsets F of P ,
the following three properties hold:
a. MUB(F ) is finite;
b. UB(F ) = ↑MUB(F );
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c. The MUB-closure of F is finite.
A poset P is called a Plotkin order if it satisfies the three properties in
Corollary 7.61 for all finite subsets F of P . Thus Corollary 7.61 shows that
an algebraic domain X is bifinite iff K(X) is a Plotkin order. Note that the
properties (a) and (b) in Corollary 7.61 are equivalent to saying that the
corresponding domain X = Idl(P ) is spectral (this is the 2/3’s of SFP), cf.
Theorem 7.45 and the remarks following it.
We finish the subsection with a characterisation of the lattices dual
to bifinite domains. For this purpose we define the notion of conjunctive
closure.
Definition 7.62. Let L be a lattice and S ⊆ L. We say that S is conjunctively closed provided, for each finite subset F ⊆ S, there is a finite G ⊆ S
such that
^
_
F = G.
Theorem 7.63. Stone’s duality between Spec and DL restricts to a duality
between bifinite domains and bounded distributive lattices L with enough
join-primes satisfying the following property: for every finite S ⊆ J(L),
there exists S ′ ⊆ J(L) finite, such that S ′ ⊇ S and S ′ is conjunctively
closed.
Proof. By Theorem 7.43 spectral domains are dual to bounded distributive
lattices L with enough join-primes, so we just need to verify that the additional property in the theorem corresponds dually to condition (iii) in the
definition of bifinite domains. See Exercise 7.17.
Note that this dual correspondence in the above theorem concerns the
poset P = K(X) of X, which is also present in the dual lattices (upside
down) as the subposet J(L) of join-prime elements of L. An interesting
feature of spectral domains, and of bifinite domains in particular, is that
there is a significant overlap between such spaces X and their dual lattices
L since the subposet P = K(X) of X is isomorphic to the opposite of the
poset J(L) of join-prime elements of L and this poset uniquely determines
∼ Idl(P ) and L ∼
both X and L since X =
= F∨ (P op ), the free join semilattice
of P op . Note that the characterisations of bifinite domains among spectral
domains as well as of their duals make heavy use of this poset, which lives
on both sides of the duality.
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Example 7.64. We show that (N, |), the divisibility lattice of N, is a bifinite lattice. Recall that we computed the Priestley dual space of (N, |) in
Example 3.17. To prove that the lattice L := (N, |) is bifinite, let n ∈ N be
arbitrary. Denote by Dn the subset of natural numbers that are 0 or divisors
of n, that is, the down-set of n in L, with the top element 0 added. This is
a finite bounded sublattice of L; we apply Corollary 7.54 to show that it is
an EPP-sublattice. Let j be join-prime in Dn . Then j|n, and we show that
j must in fact be a positive power of a prime number: since 1 is the bottom
element of Dn , j ̸= 1, and we may write j as the join of pk11 , . . . , pkr r , for some
r ≥ 1, prime numbers p1 , . . . , pr and k1 , . . . , kr ≥ 1. Then each pki i divides
j, and hence, since j ∈ Dn , pki i is also an element of Dn . Moreover, by the
assumption that j is join-prime and the fact that each pki i is incomparable
k
to pj j , we must have r = 1. Thus, j is also join-prime in L. Recall that we
gave an example of a quotient space of the dual of (N, |) in Example 3.26.
For any n ∈ N, the finite EPP-sublattice Dn defined here dually yields a
different, finite quotient of the Priestley dual space of (N, |).

Exercises for Section 7.3
Exercise 7.16. This exercise concerns Lemma 7.50.
a. Prove that (ii) implies (i);
b. Show that all of the following are equivalent:
(i) e is injective;
(ii) p is surjective;
(iii) i is injective;
(iv) h is surjective,
and that if these hold, then e and i are embeddings.
Exercise 7.17. Let X be a spectral domain, P := K(X) and L the lattice
dual to X. Show that the following are equivalent:
(i) for every finite F ⊆ P , the MUB-closure of F is finite;
(ii) for every finite S ⊆ J(L), there exists finite S ′ ⊆ J(L) such that
S ′ ⊇ S, and S ′ is conjunctively closed.
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Hint. Use the isomorphism between J(L)op and P , and the fact that, for a
finite collection F ⊆ P , if G = MUB(F ), then
UB(F ) =

\

↑p =

p∈F

7.4

[

↑q.

q∈G

Domain theory in logical form

In this section, we analyze the Domain Theory in Logical Form (DTLF)
program in the setting of bifinite domains as in [5], emphasizing the duality
theoretic aspects. We will illustrate DTLF by considering duality for the
function space construction and a domain equation based on this constructor.

Bifinite domains are closed under function space
In this subsection we use the duality developed for function spaces in Section 6.4 to show that the category Bif of bifinite domains with Scott continuous functions is closed under the function space construction. Recall that,
for topological spaces X, Y , the set [X, Y ] of continuous functions from X
to Y is equipped with the compact-open topology: a basis is given by the sets
of functions K ⇒ U := {f | f [K] ⊆ U }, for K ⊆ X compact and U ⊆ Y
open, see Definition 6.26. We aim to prove here (Theorem 7.66 below) that
this space [X, Y ] is bifinite if both X and Y are. Recall that, if X and Y are
bifinite, then in particular they are spectral domains by Corollary 7.58 and
thus, by Corollary 6.34, [X, Y ] is a spectral space. We will need to prove
that [X, Y ] can still be approximated by finite EPP’s, if both X and Y have
this property. To this end, we first prove a lemma about lifting finite EPP’s
to function spaces.
Lemma 7.65. Let X, Y be two spectral spaces such that [X, Y ] is a spectral
space, and let X ′ , Y ′ be finite posets, equipped with the Alexandrov topology.
If X ′

pX
eX

X and Y ′

pY
eY

Y are EPP’s, then the functions

e : [X ′ , Y ′ ] → [X, Y ] : p
f′

7→ eY f ′ pX

pY f eX ←[

f.
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are spectral, and form an EPP between [X ′ , Y ′ ] and [X, Y ]. Moreover, for
−1
′
′
any up-sets K ′ ⊆ X ′ , U ′ ⊆ Y ′ , p−1 (K ′ ⇒ U ′ ) = p−1
X (K ) ⇒ pY (U ).
Proof. Let X ′

pX
eX

X and Y ′

pY
eY

Y be finite EPP’s. We define

e : [X ′ , Y ′ ] → [X, Y ] : p
f′

7→ eY f ′ pX

pY f eX ←[

f.

Note that, for any f ′ ∈ [X ′ , Y ′ ], we have
pe(f ′ ) = pY eY f ′ pX eX = idY ′ f ′ idX ′ = f ′ ,
showing that p ◦ e = id[X ′ ,Y ′ ] . Also, for any f ∈ [X, Y ], we have
ep(f ) = eY pY f eX pX ≤ idY f idX = f,
showing that e ◦ p ≤ id[X,Y ] . Thus, (e, p) is an adjoint pair of monotone
functions between the underlying posets, e is injective, and p is surjective.
It remains to show that e and p are spectral maps.
Thus, in order to prove that e is continuous, and hence spectral because
′
[X , Y ′ ] is finite, it suffices to show that e−1 (K ⇒ U ) is an up-set for every
K ⊆ X compact and U ⊆ Y open. Recall that the specialization order
on a function space coincides with the pointwise order when the domain is
locally compact (Exercise 6.21.c), and so certainly in this case. Suppose that
e(f ′ ) ∈ K ⇒ U for some f ′ ∈ [X ′ , Y ′ ], and that f ′ ≤ g for some g ∈ [X ′ , Y ′ ].
We show that e(g) = eY gpX ∈ K ⇒ U . Let x ∈ K be arbitrary. Note that
′
f ′ pX [K] ⊆ e−1
Y (U ) by assumption, and that f pX (x) ≤ gpX (x). Thus, since
−1
e−1
Y (U ) is an up-set by continuity of eY , it follows that gpX (x) ∈ eY (U ),
that is, eY gpX (x) ∈ U , as required.
Note that the fact that p is spectral will follow from the “moreover”
statement, because both pX and pY are spectral, and the sets of the form
K ′ ⇒ U ′ , with K ′ and U ′ up-sets of X ′ and Y ′ , respectively, form a basis
for the topology on [X ′ , Y ′ ]. Thus, to prove the moreover statement, let
K ′ ⊆ X ′ and U ′ ⊆ Y ′ be up-sets and let f ∈ [X, Y ] be arbitrary. We will
−1
′
′
show that p(f ) ∈ K ′ ⇒ U ′ iff f ∈ p−1
X (K ) ⇒ pY (U ). For the left-to-
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right direction, suppose that p(f ) ∈ K ′ ⇒ U ′ and let x ∈ X be such that
pX (x) ∈ K ′ . Then, using the adjunction between eX and pX ,
pY f (x) ≥ pY f eX pX (x) = p(f )(pX (x)),
and the latter is an element of U ′ by assumption, so that pY f (x) ∈ U ′ since
−1
′
′
U ′ is an up-set. Conversely, suppose that f ∈ p−1
X (K ) ⇒ pY (U ) and let
′
x′ ∈ K ′ be arbitrary. Using that pX eX (x′ ) = x′ , we get f eX (x′ ) ∈ p−1
Y (U ),
which shows that p(f )(x′ ) ∈ U ′ , as required.
Theorem 7.66. Let X and Y be bifinite domains. Then [X, Y ] is a bifinite
domain.
Proof. Denote by L and M the bifinite distributive lattices of compact-opens
of X and Y , respectively. Note that L in particular has enough join-primes,
by Corollary 7.58. Thus, Corollary 6.34 applies, and we obtain that the
space [X, Y ] is spectral, and its distributive lattice of compact-opens is (up
to isomorphism) the lattice K := F→ (L, M )/ϑjpp . By duality, it is thus
equivalent to show that this lattice K is bifinite, i.e., that every element
of K lies in some finite EPP-sublattice. Since the elements of the form
a ⇒ b, with a ∈ L and b ∈ M , generate the lattice K, it suffices to show
the result for these elements. Let a ∈ L and b ∈ M . Since L and M are
bifinite, pick finite EPP-sublattices L′ and M ′ of L and M , respectively,
with dual EPP’s X ′

pX
eX

X and Y ′

pY
eY

Y . Combining Lemma 7.65

with Lemma 7.50, the lattice of compact-opens of [X ′ , Y ′ ] is isomorphic to a
finite EPP-sublattice K ′ of K, with embedding given by p−1 and projection
given by e−1 . This sublattice K ′ in particular contains the element a ⇒ b
−1
because p−1 (a ⇒ b) is equal to p−1
X (a) ⇒ pY (b). Thus, K is a bifinite lattice.
Finally, since X and Y are bifinite, they are spectral domains and thus carry
their Scott topologies. It follows in particular that [X, Y ] is the set of Scott
continuous functions from X to Y . Finally, since [X, Y ] is bifinite, it is also
a spectral domain by Corollary 7.58, so that the spectral topology on [X, Y ]
coincides with the Scott topology of its specialization order.
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Variations on a domain equation
In the above proof of Theorem 7.66, we proved a fact about the type constructor of function spaces of domains by transferring it to a dual construction on the corresponding distributive lattices. This is the fundamental idea
of Domain Theory in Logical Form [4]: all of the domain or type constructors of interest (sums, products, various forms of power domains, functions
spaces, etc.) are dual to endofunctors on the category of bifinite lattices
that automatically preserve directed colimits of sequences since they are
given ‘algebraically’, that is, freely by generators and relations. It follows
that any composition F of these endofunctors also preserves directed colimits. This allows one in particular to build fixed points, i.e., solutions of
equations of the form X ∼
= F (X), by iterating F , starting from a morphism
A → F (A) (i.e. a co-algebra for the functor F ). A canonical such fixed
point is the least fixed point of F , which can be constructed as the colimit
of the following sequence, starting from the free distributive lattice on the
empty set, 2:
e0
e1
e2
2 −→
F (2) −→
F 2 (2) −→
....
(7.5)
Here, F is any directed-colimit-preserving functor on DL, e0 is the unique
morphism from 2 to F (2), given by the fact that 2 is initial in DL, and
en+1 := F (en ). If in addition the maps of the sequence consist of EPP’s
then we can conclude that the fixed point obtained as the colimit of (7.5) is
again bifinite.
We now illustrate these ideas by considering the most classical example
of a domain equation, namely X ∼
= [X, X]. One may first look for the
least solution of this equation, but, as classical as this case is, it is also
an anomaly, in that the least solution is not so interesting, since it is the
one-element space. On the dual side, this is reflected in the fact that the
iterative sequence (7.5), applied in the case where F is the functor sending
a lattice L to F→ (L, L)/ϑjpp , never ‘gets off the ground’, i.e., the very first
map e0 : 2 → F→ (2, 2)/ϑjpp is already an isomorphism. This follows from
∼ 1 and Corollary 6.34, but it is also not hard to
the observation that [1, 1] =
give an elementary algebraic proof directly from the definition of the lattice
F→ (2, 2)/ϑjpp : notice first that already in F→ (2, 2), we have the equalities
0→0=1,

0→1=1,

1→1=1

CHAPTER 7. DOMAIN THEORY

289

because an implication operator by definition sends any pair with ⊥ in the
first coordinate or ⊤ in the second coordinate to ⊤; indeed, these are the
‘empty set’ instances of the schemes (6.2) and (6.3) that define F→ (L, M ).
Moreover, since ϑjpp makes → preserve joins at primes, and 1 is a joinprime element in 2, we must have 1 → 0 = 0 in F→ (2, 2)/ϑjpp . Thus, all
four generators of F→ (2, 2)/ϑjpp are equal to 0 or 1.
For the rest of this section, let Fend denote the functor on bifinite lattices
that sends L to F→ (L, L)/ϑjpp , which is the dual lattice of the endomorphism
type constructor X 7→ [X, X] on bifinite domains, by Corollary 6.34. The
previous paragraph shows that the least fixpoint of Fend is 2, so we can
not directly use the construction in (7.5). There are, essentially, two ways
around this problem. One is to change the functor with which we induct;
the other is to start the induction ‘higher up’. Among the amended functors,
a minimal and very natural choice is to consider T (X) = ⊥ ⊕ [X, X], usually
denoted [X, X]⊥ , which takes the function space and adds a new bottom.
Clearly the dual is L 7→ Fend (L) ⊕ 1, which adds a new top. This functor is
natural from the programming languages point of view and has been studied
extensively, because X ∼
= [X, X]⊥ is the domain equation corresponding to
what is known as the “lazy lambda calculus”, in which lambda terms are
identified with their so-called weak head normal form [1, 3]. In this case
the canonical solution, i.e. the least fixed point of the sequence (7.5), is
non-trivial but its function space, is a retract of X, and not isomorphic to
X. This construction is the subject of Example 7.68 below.
From the theoretical point of view, it is of course also important to
show that there exist non-trivial, on-the-nose, solutions to the equation
X ∼
= [X, X]. The way to obtain this is to stick with the original functor
Fend as the functor we iterate, but to start the iterative process in (7.5)
with a bigger lattice than 2. This is the approach taken by Scott at the very
start of domain theory, see e.g. [77, 75]. This however inherently involves
an ad hoc choice of a starting point for the iterative sequence. In [82] this
approach is cast in a general scheme based on solving the domain equation
in a comma category. The solution of X ∼
= [X, X] starting from Sierpinski
space, or, on the lattice side, from the 3-element chain, is the subject of
Example 7.67.
It is also worth mentioning the treatment in the book by Lambek and
Scott on categorical logic [55], which solves a three-way equation X ∼
=
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[X, X] ∼
= X × X. More generally, modelling the lambda calculus and associated programming languages is a vast field in theoretical computer science
which goes far beyond the confines of duality theory, see for example [11],
and also [65] for a more recent survey on universal algebra in lambda theories.
Example 7.67. We want a solution to the domain equation X ∼
= [X, X],
starting the iterative process from the Sierpinski space S. In dual form,
this means we want a solution to the equation L ∼
= Fend (L) within bifinite
lattices, starting from the three element chain, which we will denote by 3.
As we have explained above, in order to get started, we need an embedding
3 → Fend (3) or, dually speaking, a projection [S, S] → S. Also, as we
shall see, it will be important that these morphisms are part of embeddingprojection-pairs. So let’s first see whether this is possible. As the calculation
is easier on the space side, we look at it there. First, [S, S] is the poset of
all order-preserving endo-functions on S. There are 22 = 4 functions from
a two-element set to itself. In the case of a two element chain, just one is
not order preserving. That is, [S, S] = {0, idS , 1}, where 0 is the constantly
0 function, idS is the identity function, and 1 is the constantly 1 function.
Since the projection map [S, S] → S must be surjective, 0 and 1 must be
sent to 0 and 1, respectively. There are now two choices for where to send
idS : for k ∈ {0, 1}, let p(k) denote the function [S, S] ↠ S that sends 0 to 0,
1 to 1, and idS to k, see Figure 7.2.
1

1

idS

1

1

idS

0

0

0

p(0)
[S, S]

p(1)
S

e(0)

0

[S, S]

S
e(1)

Figure 7.2: The two embedding-projection pairs in Example 7.67. The solid
lines represent the projections p(0) and p(1) , the dotted lines represent the
embeddings e(0) and e(1) .
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Both p(0) and p(1) have lower adjoints, e(0) and e(1) , respectively. Note
that e(1) sends 0 to 0 and 1 to idS , while e(0) sends each element of S to the
corresponding constant function. Note also that for each k ∈ {0, 1}, the pair
(e(k) , p(k) ) is an EPP, since all order preserving maps between finite sets are
spectral maps. We now choose to work with (e(0) , p(0) ), because the function
e(0) is the more natural embedding of S into [S, S]. Using Lemma 7.65, we
obtain by induction a sequence of spaces
Y0 := S

and

Yn+1 = [Yn , Yn ] for all n ≥ 0,

and a sequence of EPP’s
e0 := e(0) , p0 := p(0)

and

en+1 := en ◦

◦ pn , pn+1 := pn ◦

◦ en

and thus we have a sequence of finite EPP’s between domains
S ⇆ [S, S] ⇆ [[S, S], [S, S]] ⇆ . . .
and dually a sequence of finite EPP’s between finite distributive lattices
3 ⇆ Fend (3) ⇆ Fend (Fend (3)) ⇆ . . .
It remains to show that the inverse limit of the spaces, or equivalently, the
colimit of the lattices is bifinite. This is easier to do on the lattice side, as
we show now.
Let L be the colimit of a sequence or EPP’s en : Ln ⇆ Ln+1 : pn . As
in the proof of Theorem 7.66, we use the fact that a directed colimit of
inclusions is, up to isomorphism, just given by union, so that each Ln is
an EPP-sublattice of L. The embedding en : Ln → L is the one given
by the colimit, and the projection pn : L → Ln is given for a ∈ Lm by
pn ◦ · · · ◦ pm−1 (a) if m > n, by the identity if m = n, and by en−1 ◦ · · · ◦ em
if m < n. We leave it as an exercise to check that this is a well-defined
embedding-projection-pair, see Exercise 7.18.
Example 7.68. We want to construct the least solution to the domain
equation X ∼
= [X, X]⊥ , or dually, to the equation L ∼
= F→ (L, L)/ϑjpp ⊕ 1
within bifinite distributive lattices. The development is precisely the same
as in the above example once we have an EPP to initialize the process.
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Again, it is simplest to argue on the space side. The terminal bifinite space
is the one-element space, which we will denote by 1, and [1, 1]⊥ is the twoelement ordered space ⊥ < 1. The difference here, which makes the process
canonical, is that we have only one choice for p : [1, 1]⊥ → 1. Its lower adjoint
is e : 1 → [1, 1]⊥ , 1 7→ ⊥. Once we have this initial EPP, the arguments are
identical to the ones in Example 7.67. We leave the details as an exercise.
See [3, Section 4] for further details and the computational intuition behind
the equation X ∼
= [X, X]⊥ .

Exercises for Section 7.4
Exercise 7.18. Denote by Bif EPP the category of bifinite lattices with as
morphisms the EPP’s. Let U : Bif EPP → DL be the functor that is the
identity on objects, and sends a morphism (e, p) to e. Let D : I → Bif EPP
be a directed diagram. Prove that the colimit of the diagram U ◦ D is again
a bifinite lattice.
Exercise 7.19. Fill in the details of the construction in Examples 7.67
and 7.68.
Exercise 7.20. Let 2≤ω be the set of pairs (I, f ), where I is a down-set of
the ordinal ω and f is a function I → 2. We put the strict prefix ordering
on 2≤ω , i.e., (I, f ) ≤ (J, g) iff I ⊆ J and g|I = f . Show that (2≤ω , ≤) is a
bifinite domain.

Notes
1. The treatment here focuses on this material as an application of Stone-Priestley
duality and is based on this book’s authors’ interpretation of some of the material in
[5]. For more insight into denotational semantics and domain equations, we refer the
interested reader to the specialized literature; we recommend [11] and [2].
2. We do not need to formally define this notion for our purposes in this chapter, the
intuition of ‘Cartesian closed’ meaning ‘has internal Hom-objects’ suffices. We refer to,
for example, p. 46 in [57] for the precise definition.
3. One significant and interesting feature of dcpos is that viewing them as posets, they
are first-order structures. This allows access to a class of topological spaces (non firstorder) based on first-order structures. However, being closed under directed joins is not a
first-order property.
4. The Hoffmann-Lawson duality was established independently by Rudolf-Eberhard
Hoffmann [42] and Jimmie Lawson [60].
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5. The results on completely distributive lattices presented in this Chapter are due
to George N. Raney. He introduced the relation <<< in 1953, many years before the
introduction of the relation <
< by Dana Scott in 1972, see [77]. Thus it is somewhat
backwards to introduce <<< as a more specialized version of <
< as, given the chronology,
<
< was in fact a generalization of the already existing <<<.
6. The notion of bases and approximable relations between them allows one to generalise
the equivalence between Posapprox and algebraic domains in this exercise to continuous
domains in general [2, Section 2.2.6].
7. Bifinite domains are a slight generalisation (dropping second countability and pointedness) of SFP domains. The name ‘SFP’ is an acronym for ‘sequences of finite posets’.
The SFP domains were introduced by Gordon Plotkin in [71] as certain profinite posets.
The minimal upper bounds point of view was developed by Smyth [79] and in the thesis
of Gunter [40]. Plotkin introduced SFP domains along with a powerdomain construction
under which they are closed. Smyth showed that it is the largest Cartesian closed category
of domains.

Chapter 8

Automata Theory
In this chaptera we discuss applications of duality theory to automata theory.
We started our introduction to duality theory with the discrete duality
for finite distributive lattices, cf. Section 1.3. The finite case came first
chronologically and, while it is simpler than the full topological theory,
it contains many of the central ideas of the subject in embryonic form.
For applications of duality theory in the theory of regular languages, a
similar role is played by the result that one may associate, to each finite
state automaton, a finite monoid with a universal property. We start by
showing that this foundational result of algebraic automata theory is a case
of discrete duality for complete and atomic Boolean algebras with additional
operations.
In the first section of this chapter, we consider regular languages one
at a time, and we show that the dual of the residuation ideal generated by
such a language is finite – essentially by virtue of the simple fact that any
finite state machine can only be equipped with finitely many choices of pairs
(I, F ), of initial and final states. We place this result within discrete duality,
and, as a consequence, we see that regular languages over an alphabet A are
precisely those subsets of P(A∗ ) that are recognised by finite monoids.
In Section 8.2, we want to consider the set of all regular languages
together as a whole. We will see that the set of all regular languages over
A form a Boolean residuation ideal in P(A∗ ), albeit not a complete one. So
we have to switch from the discrete duality to Stone’s topological duality.
a
The content of this chapter is omitted from this preprint version, but we give the
reader an impression its contents.
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We will be rewarded by seeing that its dual is a very natural object from
topological algebra, namely, the free profinite monoid over A.
Next, we apply the subalgebra–quotient-space duality to the pair: regular languages over A and its dual space, the free profinite monoid over
A, focussing in on subalgebras that are residuation ideals. This will culminate in an account of the pairing of so called (pseudo-)varieties of regular
languages and relatively free profinite monoids that is known in automata
theory via the combination of Eilenberg’s Theorem and Reitermann’s Theorem. We will explain all this jargon in detail along the way. We will also
give a few classical examples of decidability results provided by equational
axiomatizations of such pseudo-varieties.
Finally, in Section 8.4, we again apply the subalgebra–quotient-space
duality to the pair: regular languages over A and its dual space, the free
profinite monoid over A, albeit this time we focus on subalgebras closed
under concatenation. This points in the direction of categorical logic and
Lawvere’s hyperdoctrines rather than automata theory and is beyond the
scope of this book. We just give a few elementary observation in the short
final section.

8.1

The syntactic monoid as a dual space

8.2

Regular languages and free profinite monoids

8.3

Equations, subalgebras, and profinite monoids

8.4

Open multiplication

Index
MUB-closed, 282
MUB-complete, 275
absorption laws, 20
abstract nonsense, 173
adjoint
between categories, 174
between preorders, 16
adjoint functor theorem for complete lattices, 28
adjoint pair, 126
dual relation, 130
adjunction
between categories, 173
between preorders, 16
Alexandrov topology, 48
algebra for an endofunctor, 204
algebraic dcpo, 252
algebraic domain, 221, 244, 252
anti-chain, 12
approximable, 264
associative, 20
atom, 33
atomic, 222
atomless, 106
Axiom of Choice, 41
back-and-forth morphisms, 136
basis, 40
bifinite, 277, 281, 282
2/3, 274
bilinear maps, 141
Birkhoff duality, 33, 34

Boolean algebra, 25
dual space of, 90
Boolean algebra on 2 atoms, 12
Boolean envelope, 25, 34, 87, 105, 158,
175
Boolean space, 90
Booleanization, 37
bottom, 15
bounded morphism, 136, 146, 154
butterfly poset, 16
canonical, 138
canonical extension, 176
canonical model, 135
Cantor space, 103
Cartesian closed category, 243
Cartesian product, 21
category, 160, 161
concrete, 162
locally small, 162
monoid as a, 163
posetal, 164
preorder as a, 162
skeleton, 179
small, 162
chain, 12
choice functions, 255
clopen, 38
closed mapping, 39
closed sets, 38
closure, 40
co-compact dual, 55
co-complete, 193
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INDEX
co-cone, 187
co-finite, 75
co-restriction, 43
co-span, 191
co-unit, 174
coequalizer, 183
is an epimorphism, 195
coherent, 54, 267
coherent spaces, 209
colimit, 187
commutative, 20
compact, 41, 221
compact element, 251
compact ordered space, 51
compact-open topology, 231
compact-saturated, 46
compactification, 91
comparable, 11
compatible relation of implication type,
143
complement, 30
complete, 193
complete Heyting algebra, 23
complete lattice, 20
completely distributive, 255
completely join-prime, 257
completely prime filter, 214
concrete categories, 168
cone, 187
congruence, 22
conjunctively closed, 283
constant diagram, 196
continuous, 39
continuous dcpo, 252
contravariant adjunction, 16
converse, 126
convex, 47
convex set, 29
coproduct
in categories, 185
special case of colimit, 186

dcpo, 25, 247
spectral, 244
diagram
constant, 196
diamond poset, 12
dictionary order, 14
direct image, 21
directed, 24
directed join, 24
directedly complete partial order, 247
directedly complete poset, 25
discrete category, 186
discrete topology, 39, 50
distributivity, 22
failure of, 23
divisibility, 66
domain, 244, 252
algebraic, 252
bifinite, 245
spectral, 244
down-directed, 24
down-set, 29
dual Alexandrov topology, 49
dual distributive lattice, 31
dual isomorphism, 177
dual poset, 31
dual relation, 144
duality
Birkhoff, 33
for finite Boolean algebras, 34
for finite distributive lattices, 33
Priestley, 86
dually isomorphic, 177
embedding, 39, 278
embedding-projection-pair, 276
enough join-irreducibles, 30
epimorphism, 182
regular, 183
equalizer, 183, 186
is a monomorphism, 195
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essentially surjective, 167
faithful, 167
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characteristic function of, 71
generated, 74
maximal, 90
prime, 64
filtering, 24
filtering collection, 24
filters
partial order on, 65
finite element, 251
finite model property, 155
finitely generated distributive lattice, 106
first isomorphism theorem, 22
forgetful functor, 168, 175
frame, 23, 213
frame homomorphism, 23, 213
free Boolean algebra, 105
free Boolean extension, 25
free distributive lattice, 98, 175, 203
free monoid, 18, 176
free ultrafilters, 92
full, 167
full infinite binary tree, 14
full subcategory, 166
functor, 167
contravariant, 168
covariant, 168
forgetful, 168, 175
Galois connection, 16
generalized Cantor space, 103
greatest lower bound, 14
Gödel translation, 158
Gödel-Löb logic, 135
Hausdorff maximality principle, 41

Heyting algebra, 148
Heyting algebras, 141, 148
Heyting homomorphism, 23, 148
Hoffmann-Lawson duality, 255
Hom-class, 161
Hom-set, 161
homeomorphism, 39
homomorphism
between Boolean algebras, 25
between lattices, 21
dual function, 83, 130
dual relations, 130
hypercompact, 265
hyperspectral spaces, 264
ideal, 68
generated, 75
prime, 68
idempotent, 20
idempotent relation, 253
identity element, 26
implication operator, 140
inclusion order, 29
incomparable, 11
indiscrete topology, 39
infimum, 14
initial object, 185
interior, 39
interpolating, 253
interval topology, 49
intuitionistic formula, 154
intuitionistic Kripke model, 155
inverse image, 31
isomorphic, 177
isomorphism, 163, 177
between categories, 177
join, 15
join infinite distributive law, 23
join preserving
at primes, 237
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join-prime, 237, 272
kernel, 22
Kripke Boolean space, 132
Kripke frame, 132
lattice
algebraic definition, 20
bounded, 36
congruence on a, 22
distributive, 22
first isomorphism theorem, 22
order from operations, 21
order-theoretic definition, 20
lattice embedding, 21
lattice homomorphism, 21
lattice term, 99
Lawson topology, 49
least fixed point, 288
least upper bound, 14
lexicographic order, 14, 18
limit
in categories, 187
Lindenbaum-Tarski algebra, 101
linear order, 12
locally compact, 42
locally finite, 106
lower bound, 14
lower topology, 49
Löb’s axiom, 135
M3 , 23
max, 15
maximal consistent set, 138
maximal vs. maximum, 15
meet, 15
meet-irreducible, 30
meet-semilattice, 202
meet-semilattice reduct, 204
min, 15
minimal upper bounds, 273

monoid, 176
monoid homomorphism, 176
monomorphism, 182
morphism between ordered spaces, 51
MUB-closure, 282
MUB-complete, 275
finitely, 275
MV-algebras, 141
N5 , 23
neighborhood filter, 213
neutral dual space, 80
one-point compactification, 77, 92
open cover, 41
open mapping, 39
open sets, 38
operator of implication type, 140, 150
opposite, 13
opposite category, 165, 166
order ideal, 252
order preserving, 13
order reflecting, 13
order-embedding, 13
surjective, 18
order-homeomorphism, 52
order-isomorphism, 13
order-preserving
and injective, 18
order-separation property, 52
ordered generalized Cantor space, 102,
103, 226
ordered space, 51
morphism, 51
p-morphism, 154
partial order, 11
patch topology, 55, 210
Plotkin order, 283
point-closed, 121
points, 80
poset, 11
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positive modal □-algebra, 205
power set, 29
prefix order, 14
preorder, 11
preserve joins at primes, 237
modulo a congruence, 237
Priestley duality, 86
prime filter, 64
characteristic function of, 69
complement, 69
prime ideal, 68
characteristic function of, 69
complement, 69
principal up-set, 29
product, 21
in categories, 184
special case of limit, 186
product space, 40
profinite posets, 189
profinite sets, 190
proper map, 61
pullback, 191
pushout, 191
quotient space, 45
regular epimorphism, 183
regular monomorphism, 183
relational composition, 120
relational converse
and adjunction, 126, 130
relational direct image, 120
relational inverse image, 120
relational universal image, 120
relative pseudocomplement, 148
remainder, 92, 112
retract, 61
Rudin’s Lemma, 268
satisfies the inequation, 114
saturated, 46

Scott closed, 247
Scott continuous, 247
Scott open, 247
Scott topology, 48, 243, 247
separation axioms, 40
Sierpinski space, 55
skeleton, 163, 179
Smyth powerdomain, 203, 225
sober, 209, 220
span, 191
spatial, 218
specialization order, 46
spectral dcpo, 264, 265
spectral domain, 244, 265, 271
spectral map, 209
spectral space, 209
spectral space of a lattice, 209
spectral subspace embedding, 278
stably compact space, 55
Stone dual space of a lattice, 209
Stone duality
finite case, 34
Stone spaces, 209
Stone’s Prime Filter-Ideal theorem, 69
Stone-Čech compactification, 91
strict part, 12
strong unit, 141
subbasis, 40
subcategory, 166
sublattice, 21
subspace, 40
supremum, 14
vs. maximum, 15
term, 99
terminal object, 184
tooth, 265
top, 15
topological space, 38
topology generated by S, 40
total order, 12
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triangle identities, 174
ultrafilter, 90
ultrafilters, 90
unbounded sublattice, 21
unit, 174
up-directed, 24
up-set, 29
upper bound, 14
upper Priestley continuous, 121
upper topology, 48
upper Vietoris space, 128, 225, 227
upward order-compatible, 120
upward Priestley compatible, 121
Vietoris space, 203
way below, 251
well-filtered, 54
Zorn’s Lemma, 41
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