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We now rebwm to the sav\hoﬁc side, and deline whot b weans ko prove.  somekling .
b Lack, there are many  possible definitions o “proo”; amd we el o proo) syskm or caloulus one Such dhoice .
We bogin withh a systun called matucal deduction, amd we fist bok ab  propositional Logie.
les B, be a sk f obowic propotibion. A seuort is an dovek of T(Form()) = Foem(P) .
el gy o (G e b
We ddaw e sk D o (nabwrnl deduckion) decivaole sequens hduckively by

A o i qel', M M2 ¢ is dedvable

WDl - i M= and T2, we dviwde, Hon Mol @@ re s duduwlde,

WE) - > Ay & docuwble, o (26 i dervable ad T2y is dedvoble,

BT) - L T ovhel o i deioble , Hen [ = gy s daivable,

(=€) - L Do « dorvade amd (L D0y i deiwde, Ko [ 0T, D4 s diriwble .

(LE) - L Ul is derivble, then | for am «, r‘.—.—»c( is denudble.

(e) » if [olagl oLl s deinbe, tham [ =5cp 3¢ dedvoble.
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Theoron. Lok ("= ¢ be a sequent. Theu
(¢ is deivabla 1, om mly i, thee exish a froo(_ tree with labed r'=3c( ok s reok .
Brool . “enly i by on the decivability o "= @, we comstruct o proof kree 05 clatmed.
- cose (Ax):t the proof bree hos o sindde mode, Gabelled [
ccase (AL): we hawe geae, amd [=[T 0l wibh ('1=>te,‘ ond [}, 96 dedvoble sequanks.
By Ho M, i groof brees m for i@, foritn. Creake o new oo Wiz moumuft}
with Hhe some labllvg oo T, ad LEL) 37 (g, This is agoln o proof toee: for ol t#bs Hais Rllsws
because T, and T, are proo| rees, omd fu t,, we bore an imslamer d@ e cule (1I).
The other cooes are proved similady
e by on Mo heget 4 U pood tree , we shar Mot (he.
s heighb =0 2 o mut ke oon st  (A), sha IFs e ody e withonk premises. S [TFe.

. e\.ef\%k\',:‘h‘\-‘lz .%_((E_[.{.:'_'.]) 'S o ingtance 4. a rule (R) We d o cove disHachon o~ (R) .
to)



hv£ (c'f'J) * COsR R-‘-‘Ax : \‘mPossiL(o Shee tm’a“ 2 0.
ccase R=pATl: we howe 40 & with -Ul’q) '((_Lﬁ an ml-amu,oj (AI). b (=12, +ha_
N/ -
. 0Lt
subliee  focted ok b s o preol dree ) ol e\o’ua\n‘: ". Bg M, &) and Ut a
dwrived\e . Ba (AT) ™ He dsbinibion o destvelilly , UE,) @ deduobde doo.
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Fack. 18 Tha, and g s omy fasle, e DEtevy. (1)
Preo(_, Le,k‘ T ~ r‘ " Ce - (TL\.&S meons - "n is a ?""" kree with root Qu\nQ r‘"b(e“.)
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For [ o finke set of fowulas, ve define o formula AT by induckion wn T
Ng =T wh A(Modgd) = (AM)~e.
Similady , V= L ad V(Mofe]) = (VMve.
Deduckion Theoren . Leb T be @ finle sk of formulss amd ¢ o formala.
Then [TF  § ond enly if, - (AL) = «.

Proof . . , we need b oshew Fe iff FToe.
It o, then we com 0dd T on e Lt weryuhere it prodf tree o gt The ( ).
This, TE@ , od by OT) w gt FT e, ) _
T nlE SO
Fe
I Che, then by (2T) we have ClbEgog. By s 1 we gt FAM = (y¢).
New wse (8= (y ) -—»((Omﬂ—*ce) to gt l—(/\f')—?q».

((ﬁ F(/\m-ét( , use the converse o‘ﬁs Yo ook “(/\\'")—*(‘lt-’*te). By 11 and (), ' F . Q



Note . The g,ooJ cri Qaaic ¢ mk b {f,rma“ta wrte  pogf brees anl inftritum.
Ru\-\m, Ll TOE S_\'_u_dn ‘eoalesx wmokins |, we\id/\ i) {-vj‘nul\.a one ot Mo ko lgw.l

For exam\pb.‘ we will next prove

Theorem . FO(' Mn ce,qumk r‘=-'>C( ,  we howe:
P\‘Ce ig_‘ ond on\g i‘,, r‘\=ce

The (1{,{'-&0- riak‘t ditechion s aalled sownd ness °£ He noture] deduckion S&SM.

right-to~{e}t
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Proo{. of sowndness . Leb [P = be a dervalde sequeat . We  prove by that
FEw@, e, for vom kcpdebion M, i MEY e omy yel', then ME .

- cose (Ax). Thew we must dhowe pe [ , se CEe er:uee\“n.

K ‘;‘iv :‘;i:-» c Owppese M E (0l By, M kg ad ke,
o w, Lo, In=1 ond (b=t By ad of €Ty, weron Bginglt

. cose (AEJ" Cheny Suppose ME . &6 . [Eyway, so MF PAY. Thus, M. .

- Cowe (/\T—\I

Tk oo
. cose (a€p): o~ — MFy,
oo v
- Comae (.""’I) P:Cei\\' . S\;PPQK Nhr‘ T(NO Cones ' ‘\) Hb .T"\LM- La r F\‘l So Hkq\’
. Cowe (LE: reL (€ ‘C"“\’ L‘a"%‘ -
M e @«a M, MEL. So e domg pek exist M such tat MEC, § ClEep.
cone (Q):  Drett &,ﬂm MED. Towods a se M E. Thun ME-c,
M e CME L, anbodichon it the Adulion £" i3
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Tab\%ux ‘Prw%&e, on A\Jori'HMm \Akc\n ) .@? o f‘ofos'\‘ﬁonnj -Fcrww\a. X, ow\‘?\‘s’ﬂ one 6£. -‘;h- ‘g)“bwb%:
(1) a  natural deduckion ?w{ d) e , or
(&) aw iAkxfre.\'a\-ion v Po(q\ — 2 sutn Hhat v [7‘ e -

B«a soundness , we know Hhet the “or” is exdustve.

T\'\o gn\' '\"rm\‘ sudh o o\aor‘c-\-hm cxis\‘s ’C\M-u " gw\-icu\ar impliu D

cLo\\.a»b (\A)e.ak completeness Q\_ - )
Rf wwa ?l‘o?ﬁ'\‘komx BOM\A- . i(. VFC( {o“ &]\ Mkfpm‘ht\"ov\s o-'.‘P,(cc) -52" H,\w ¢=>C( s 6‘6(;(/&,4(.6-

P(ﬁ)‘- thet a\jo&\"l\m = Coro“aﬂ Suppok ":C( Rum  He Alju'\\'\wvx on inpat Cp. Cinee no outpuk { {-.3?; (=)
e.xfs*s , i" W\\ASt rcl'um o ?roo} o( |-’(() . g



Todo\o.cw» c\.\b'ot'\-\-hw : P(‘wav\.\m3 .‘!‘.““"“\"m .
° A {om“\u (-‘c"' the tableou Aact\“»w\ is bwlb .ngM okoms ia ?o 5 T2 , oamd L.

- A Sianed _?ofwwx\a. s a por (¢p,s), whoe G is o formula and se te -1,
A clawse is a fuike sk o signed formulas.
c A dause C s osolved for saksfiable)
¥ the b C only containg siqred akoms , anh
»  there doer mot extst pef’, suoh thot béh P"' ad p ore n C .
c Fe 0 P2, e wik vEG" i vle)=a e vEy f wle)=0, o,
Jo Coa came, we abo wie 0FC 1 ovk¢ for ol g (.

Tie e > L

C(wcy 'z 1P —> Y

QA = "(‘{' -—)—n{;)
S

(() .

- de 12 =

o Whew € s o ‘FN‘"& Set d{. cowres we wate o BT ‘\‘: tre existe Cg € avde Hat o-EC .

Lera_v_v_\o\ For NMA solwed  clawe C) tHhare exisk UiPa —2 s tht o EC .

?(:‘.. u{-:l\f \,’(?\ = <\1 :" e eC . S:g\q C S $0\U¢A, {Q_ ?-GC, .E(MM‘ f.‘.éc, o U(P):O‘ a

V) orerwise



- We cam  comvert a claue b o Lormula:
*or oy frwula @ ke y(g) = b ylg) e e,
o o came C, ade ClO:= {yer) | ¢rec, y(c):= AT(.
§ C={y", (qﬂ")“,(;—ﬂ-y] , than ¥ (= pa-(go)n=(p—L).
© We can also cowvet o finide set ol clomses T inb o fomula : § (€)= \/4 y(C) | ce €],
Whet u y(g)? Wht u §(¢)7 Whak & S(441)?
Hor by v:Po @2, we hae vEC fﬂf v Ey(C) ad
cET MY vEST).
A fomda @ i 0 disjunctive nomal fow b = §(C) B sowe finile sehof clauses €.
Theoroma . For omy faomln ¢, Hure axists = frok whof dosen € such Mok B @ §(C).
erflff:’]_._ Lt € = 1€ o solued domse in P, (o), and hx(C)—ace}. Thn Eepe>§(C). n
P"";SV"" u‘otrg tabloounx , see  below .

P-r_ofg 3. ch‘.\-ing (see TD).



We recursively deline o proedwe TDECIDE_AUX  wivde takes on inpk & poic (C,D), wher
C is o colued clamte, Dt any damie, and rebuens wbhor o poof of [(CoD)F L,
of an inkiprdobion U Sudh ok v F y(CuD):
f D=¢. retun v suh Hel EC (sine Co sdued by )
t D=9D'u {Cf"} , diskrauith Coacs:
* g=pebe T pTeC, rebum o puf f o™ EL (1)
T 9°dC, rcohwn Decie_pux(Codpfl, D').

* s: .\_+ . rekurn @ ‘arou{: (?—\ .

?
4 c(;s =1 DecipE_Aux(C, D') & kpml»l rebue o \""‘L (ﬂ,dn, vehum Hie some rprebedion (1) |
o (e: (((l—)(ezy' : '&k r, := DEC\DE_A\LX(C) ‘D’U{Cf;}) omd p, 1= DEC\DE..AU.X(C,D'U"((:}).
(i)
f‘ ra of £, s om ial'er?u{'u{'ion, refum it , else retum o Prooc. ().

_ i)
* Q= (C()( —»q:,) H i{. DEClDE_AUX(C, D' v {cff,cf;z) IS on inl-u'n\-a\-ton.re\-um '.\-(,' olse refum o fmo‘: (s).



Brample. L4, D=‘(P-*(1-*"’)‘°(‘1"P’ Dl

4

(¢, = . )

'P )Q.Sk(os ,P
C-= ’(0\ P\ D= f\? \Co\ﬂr\* <

/ \ brmc\mna (ce\ — ¢, y¥

C=1q*,p}, D= 2 C=4q" ¢}, D=1g-c)'t

C-= {q“’lf-) "D=¢ / \ Bcamdml.\a (?\4?7,)*
o 0 CAqtpt, D> MC chgel. Dot
q’\r-\O(oc'\) Q_'\pd‘("l. 4 C**q*,p“,r"},'\)ﬂé
. PO

— 1
— 1

The above execution trace -‘ DECIDE_AUX is called a dableccc .



A Mmoe  Cowmpack motation ,for e same calemlation:

. (p=(q —r)) = (q—p)
2. ‘7—3 (ﬂ_—nry\‘ (‘l)

3. (1——\9)~ (1)

Y% . ‘3,+ (2)

. P (2)

6. ¢ (2) 3 @) (2
O 8.97 (3 q. r* (3)

X (%,3) o

The 3% opon bramdn Aves (= Ii‘:'.tf \, fhe n»dw oper branda gives C;_=='ip-,q_",r" }
We  hare S((C,,Czﬂ o (-tp '\ﬁ-) v (‘7pl\q_l\f) , whide is equvalent b ﬂ((v-'s(qmrﬂ—-)(g—»p)).



© Givn He procediwe  DECIDE_AUX :  solued clouse « clawse — inksprciabion + procf. , we diefine , for oy
cowe D, Dsciog (D) := DecDE_AUX( G, D), aud for any fumala @, SowvE ()= vecoe(f 7).
- 1 SolvElg) refums o prodf o g L, e opplying rle (€) we g top

It SoWE(R) retwmt an mhipchkon v sudh ek vk, kwe o Feo.
+ Ows procedure DECIDE_AUX (dienr en five (aroo{. construckons (e, admissibl cules )

(A pel amd wpel, Hew [MEL.

Gy i Lel , tha O FL .

() & OCFL, He [, "L L.

) i g bl ad el , bhn [, e FL

(s) r‘,c(,‘,—,c&kl , e r’,—\(ce\——ﬂez) ol N
b corredness relis on Hwe wore fecren (#) f o R CUD'Uig, ] o ¢ FCUO'U g, Ha ok CuD' fi .
() oE Cuhnll Y vED (4 if eECoD' vl gl , Han o F CoDudeg —e,].






Theoren . DECIDE_AUX  Yenminekes amd is correet on ol faputs .
Efg?[n c For He feminckion, e define , foc oursy xformu\.o» ¢, mlep) b be Ha nuwber aﬂs Symbels n @,
wed | for amy cluse C, m(C):= 2 mle) . Obsowe drok the definibion of
DGCﬂ)e,AtAX(C.D) o\n\% moker recumsive (t:lfs on pais C,0 whe a(D') < m(D) .
For ¥he certeckmess, reason "3 on m(D):
* i w(D)=0, Hen D=f, omd TFCOUD shre wkC.

% { w(D)>o0, Biskimguish Coses acconling bo ¢ €D, od we [i)-(ii] b

Condnde 'HN)&, [\ eadn Caot t"- (7N Q“;W’C Vs m\,\uvxe.& \'HM.M U‘I‘X(CVD) Q



Rf—ﬂatdc’v\a 7, v A on oblreviekion wolcer owe prosts sherler (fower coser & considac)
bub s amek very ?rac&iwﬂ. We com inkoduce oadditionod conen ™ DECIDE_AUKX :
G D=D U g}
4 = (¢) , rebwm DECIDE_AUx(C, D' v {y*T)
it cp s (¢,ve, )T, L Decios_mux (€, 0 04pF]) o DECOEA(C, D v dy,*]) b some v, rehum T,
e, we e fwo progs C,D', 4, FL md C,P',np, L b gt C,DF L
b = (g, ve) s oBcoB_Aux(c, D' u iy, g )) @ some o, rohem it
e, we the prof C D, Y ,my, FL & gzb C,D',‘\('\h\f'\h)k-l_.
s‘\m(\m)\‘a for A
These "new” pods of ODBCIDE_AUWR o fack fowe Mo same result o tr “old" definibion
whae  we W =1, v,an o abbreviobons.



-Tiblmu\x ‘ ‘(”""""‘J &L{—W_\-\:_s

A {G‘a\eao\ 1S kiintk vooked dree wihh & udana [an sicam.a' _?o(mu.\os, ?AMI%W ba:

. %o( ouua Ces’ (e’ S o “&L(-MM. /Y
' i(. T is o dobleaw omd ((e -—“\f)+a|abvloua lwamoln M’fjin U',”mn 7&'—'—'\\ is o tableoun

* Y
- v (‘Q"‘“l')- . — - /N -
1
o
\

+
- A L)row\ck s o Po% fnm Me (oot & o M ¥
e A bromeh s closed iﬁ ik containe either 1T o losthh p+ amd P, far geme atom pi open ofherwise .

. A %ﬁ\p‘,ww‘ s ¢ losed i{. ol o(- b bromches oue deved .



(= L) =) A closed Hablenn
(Cf—-‘l.\ l—».D*'

(F—5 .\.\— _L+
‘ X

+

1

(s

X

C)W\pm with DEC\DE-HMX(QA. S((p-—wl) — -\-) — P~\):
¢,“(‘|"\?—')F\—\ — ¢,{’1"\f*) ?'} = 9{/{]_4'/\)'} — 'ﬂP'J_ L L

N
’ ¢i {-‘P-)?p.\ _— ¢,{f+,l’,r;’1_° P,‘T_\."IP"‘_‘_.



From the flean procedure , we cam dobmin o disjunchive nornal form :
kb ¢ be  Lrwia, and b T ke a fobleou  with ° of Hue ok, sudh Huat
Por ey opon lotmdn B of T, ne fusther rules combe applied (exhaustivity assumpbon).

To eadn opon browmdn B of T, we assocade btre solved clame C(B) o siged abows occeuring s
ey o By amd we dekie C(T) = 1 CB) | ® an opan bawdn T

Theorm () s equivalent o §(€(T)) .

Prol. By indudion o - f @ © on akom, fhon there t on biands, wed (B =1l .

¢ @ = (e, -*‘ez)+, Yhen on oMy opom beamdn B, we mk howe eiller ¢o, or ce:’,lpa exhasstiviby .
By M, il vE ), fhm 0F G, o 9Ep, . So v Fg—g. S (M) ke,
\€ ) convendy, U E o, 2@, , Chean wFgp, o vkep,. SNJ the fiok hdds. Pide o beand~
b vith a node Lbelled ~¢py . Sine v kg, , oFC(®) LD He H. la poticdar o EL(Te) .
O¥rer coses : . w



5. C_O_':\ pactness

using hgo(nan + .S'l‘re.v\g'("wn the meleknus Heorem




\0\,& uill ‘mwe. : . " ; I:;r — !
£v! all intu ows 0,2 L v - .
“eorm . ( S’hovﬂ comp‘g,‘ungsg 4; CPL- ND) % (' e

For omy sk of formulaa T oud omy fomula @, i TF¢ , thaw Uhe.
The b [N e e infinite.

Strong compleness will be dehuced from wede cumplikonacs 4+ Compachness
Theorem . (Compactness far CPL)
For omy sk of fowwlas T ad amy foemala ¢, if (Fp, the there exish finle (ST achfat [ g,
Proo] Hud weak complelomess + compactness => stiow compleleness .

Suﬂ)m P|=Ce B\‘S Compactness  pide rer findle  such Hook I""}'—'ce,

Define o' := (A[) ¢ .

Since ("Fep, we hoe [ (pf lexercise).

By week complbeness, o', Theeefoe , [T, by Bu Deduckion Thesem. So (hop by wcalm-'gr.;.



Recall  thet o fopoloalau( space X is  compack i} ony opun cover of X cortmins o fhike  subcover
Hew, on open covnr is o sk U of open subsels o X such #hat X< UU, amd o subocover & WU suoh et XeUU'.
We will use the (aemal-'zd) Conber spoce 2% .

« the poinks .( 2?° ate fn\'trrre\e\(\’unc. e, funchons ¢ P—2

e bopelong on 2% i mewrsbed by Be ss of dhe fom §ie f0c2® [uGea] o

'/‘; = {\”-2?0 | \7(())-‘-'0\ y Jou pe P,,.

Iff_oposll—iov- The space O.P" (s compack , for any sk P, .

fr;o.o‘ 1. B& Tnc,\mv\oq_.s Hheorem any produet of Ccompack Sfacer [y compack .
Nok Hhat 2'° is Hhe produck TV 2, whee 2 & Hhe fialle diserele space with fwo poink . Q.

(A
We will see o second prod. | nok Wsing Tgc\an‘s Theorem , \ater, £r He care By comtable .



For any formula @, Adine Q = foe ?.?" | ok ((:]
LE'_”:f" Q 1 c\ogw\ (i-'--. closed omd opuﬂ " 2& :

Pf/b‘-. For (ezpe?o, Mmole ‘(’M (/‘_;)C__

Foc =1, we huwe ('é-’-cf,wwdn s dopen.
for Q= ¢, —¢, , we. hove {,‘;— ?‘C v c’{;_. Ba | {(\,, omd (’(\1 are clopen |, $oc?c') foe .
Proo{_ o] compackness of CPL . Squoso TEe. Thw U: { X

$¢ Y € M} 0181 is an open cover 6‘2?0:
For oy € 1P°, [ ovd 'x\c for all ye[', Han o EP, so vEq@ by assumphion.

Sit\cc, 2,?° 1S c‘.ow\?ac’c, PtdA o .Fy‘nﬂ-c subcover /l/{, of u
Pede e faile  sudh Hek ’M'\{Q\ = {? ‘ Y € r"\ y 3o
Now T Ec: il vE[, tha aezp"—U"“

ye rf

4?’ 'S open,  omd ﬁ:s oren.ba Az‘-q‘.n}.'om.

Q

2" ¢ U%cuc’é.
o .

,80 Ue



Proposibin. R geopn Gr= (V| E) is 2-calorable i oll of i fintte subgraphs are 2-clorable
fiof. lek G=(ViE) be a goaph.
Define. B0 =V, omd defe =4 pimg | fpqlcEl.
Note ok 03V = 2 i o 2-olrig of & § adody f, v ET.
Therefore, G s not 2-clorable ff  TE L.
n His  case, Lg compockness , pide Mec [ frale  sudh Hat M'E L.
Theu define V= pe \V \ P appears in r , whick @ finile.
The subgmph on the seb of noder V' s nok 2-~colorables
il o:Vi=2 i a 2-ulotng, Hen in palicdos v T, Wl s impossible - b
GCive o sirilon peee] Hat | fur oy, 32, G v t-clorsble t’{- oll i Pinte smbaapks ore &-caloroble .
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A base for bhe topolony on 2 s 5!»’2'” : wel*l, whece  wd" = hue 2™ | v'IM = w'}.

LCl: L§2* be a et o{ f&v\i\( word s and suppose ﬂm L{wlw- I‘t ¢el, {lm'{ s a fle subcover. ASSune edl.
e

Ciﬂ 'Tl.e, Sef FZ= a*\Q.'Q*) = {u,e l“ w fas wo 9&‘-&& i L} s .@Inlk..

[}

Prool . Suppose F were iafinife. We will define oe 2" induckiely ia such o way thal , for oy melN, the set
| 25 aF s mfink. The bose cone of Mo Mduckion hos by hupbhesis (v,z¢).
For bhe induckion shep, suppose o], fos beur delicad. Ciace u\“l* = \)’\“O-l*u \rlni-‘z*, we Can
choose be {0,41 such Haak Ul b-2" 0 F s skl iafinike | ond define oln):e b,
New e 2™, but if wel of lugh nislul, then vl #w5, sina wl"0F is onply.

Consider L' = {ub | weF, befo,1} ama ubell.

Cloim . [wa™ | we Ul & o Biatke subcover.

?_l_o_(o‘ . Llet ve I‘N. let w be He shocest peefix of U that ts ta L. Then |\J\ 20 since 56 [, and w\lwl-l eF 50 we L' .o
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The Naw\ml' T‘"‘" in M Lok caim is am  instame of :
‘Sa_'ﬁa's Lcwwia : Aua inFinik ) f{“:k‘j ‘wmc\nina hee bos on infinile pat..

Thic uses o Countold\e choice  axiom . Ex% fo at\:'\\~ru~46 ¥, faquices S'}ronﬁu chove. axioms .

(Evm ‘\'\\ovb\n L i o..\mu\g g'm‘s\c., we shll reo\ua..\

£ 12 L= {00,000,010,
/ \ / \ o1, 1,14]
/ \ / \ oo/ \01 qo/ \41 F; 67', 0’01}
/\ / \ ‘/ \M / \ /\ / \“ ‘/ \ / \ L,"{", 00,010,0111
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‘?Vq ) PV’I"" fv-!-_lvr, PV'w1vw P -r‘ov-w,} 5 ms&is_}'\al,le '
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