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3. Naturaldeduction

How to prove things , formally.



We now return to the syntactic side , and define what it means to prove something.

In fact , there are many possible definitions of "proof" , and we call a proof system or calculus one such shoice.

We begin with a system called natural deduction , and we first look at propositional logic.
LetPo be a set of atomic propositions. A sequent is an element of P(Form(Po)) x Form(Po)

We will denote such a pair by N = y · (Capital Greek letter for "set of formulas" , lowercase Gresh letter
for "formula". The arrow= is just a notation .

We define the set * of (natural deduction) derivable sequents inductively by :

(Ax] · if y5t , then T = 4 is derivable ;

( I) · If N
,
= 4 , and M = 42 are derivable , then ↑ , 0 T2 =4 , 142 is drivable ;

(E) · if T = y14 is derivable
,
then =4 is derivable and # =↑ is derivable;

L→I ) . if Pu { φ } =24 is derivable
,
then N = G+4 is drivable

,

(E) . if F= 4 is derivable and N2=4-> 4 is derivable
,
then P

,
UN

=
=> 4 is derivable .

(E) · if N => 1 is derivable , the , for any u. =Y is derivable .

(c) if Nvlighet is drivable , then 1 => & is derivable .



We define themotation ↑14 for : "the Sequent N=4 is derivable"

We can now write the definition of I more succinatly as :

(Ax)舞

(GI )erany↑
1

n )「aE)
「

(→I)
「
凹 (+E)

PHe

atyM + y- 4

벼엾니 이가t
Notation : A means: "if A , then B" .

巨

ー\ premises ->AA2 means : "If A, and As , thenB
"proof by contradiction"

"

conchision
"

↑ y means: "Try !
"

and E
,
Me means: "Muiz"
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Innordered & rooted) Cusually finite build relation
↑ 77 => root

A tree is a tuple (T , R , to) , where T is a set
,
RET

,
to eT such that, NB : proof theorists draw

_

trees with the root

for any teT ,
there exists a unique R-path from to to t. at the bottom

(which makes sense ,
A labeling of T by the elements of a set S is a function 1 : T -> S . botanically speaking)
A proof tree, or a natural deduction , is a finite tree with alabeling by sequents,

such that
, for every node t,R is an instance of a rule of natural deduction.

(This notation means : put labels of the R-successors of t above the fire
,
and label of below .

Example r t
3 l ( tz) = - 7 φ⇒ 7 ~φ llty) = 7φ=27φ (A--ㅇ (AX)

↑.
や E 」
→~457~φ

Prt , 1 (t+)=4 , 74 = 1 " φ,7φ -I

CC)ー

℃ e ( to) = 274 ⇒ φ nyr φ

Then :
# and

are instances of (Ax, , eIt.)elts) is
an instanceof[ -sE )

,

andel is an instance of I



Theorem. Lat = I be a sequent . Then

↑ =>Y is derivable if , and only if , there exists a proof tree with label #= 4 at its root.

Roof ." Only if" : by induction on the derivability of T = 4 , wa construct a proof tree as claimed.

· case (Ax) : the proof tree has a single mode , laballed #= 4

· sase (11) : we havea = y. 14 and T = N
, utz with T1 =>41 and T: 42 derivable sequents .

By the1H , pick proof trees it for T= 4: , for i = 1 ,2 .
Create a new tree it : = To Hit , H9to],

with the samelabeling asT ,+z , and lltu) := P = 4 .

This is again a proof tree : for all - to this follows

because it , and The are proof trees , and for to , we have an instance of the rula (nE) .

The other cases are proved similarly /Exercise) .

"if" : by induction on the height of the proof tree , we show that N + &.

· height = 0 : 1 = I must be an instance of (Ax) , since it's the only rule without premises. So Try .

· height = n+ 1:to]) is an instance of a rule (R) . We do a case distinction on (R)



↑
"Continued" (=Fr ."Suite")

Proof (ct'd) · case R = Ax : impossible since height >0 .

·

case R = nl : we have t with(tel an instance of (1) . For i there

to

subtree rooted at to is a proof tree , of height n . By 1H , ((t) and ((tz) are

derivable
. By (n]] in the definition of devivability , [Ito) is derivable too.

· all other cases are proved in the same way (exercise) . □

Remark . This Theorem is in fact an instance of a very general principl :

if a concept is defined inductively , then it can be sharacterized using a tree-like structures.

In programming languages , this principle is used for implementing inductive data types.



Eat . Iflte ,
and it is any formula , then 5 + YV4 · (rFz)

Roof . Let it : ↑ + c .
(This means : "It is a proof tree with root label ↑=

"

.

)

We build a proof of N + GV4 :

π

「-
non4 rneax,
,
PF 7 (- 4 a 74 ) □

Eacts. If + y and y is any formula , then Pr 14 . (vIR)

· If T
, g 10 and N

, 450 , then F
, yrp +

&. (、 ' E

· If T
, pt1 then ++ (Λ I )

· If T + y14 and T
, 4 , 4 +O ,

then T + &. InE'l /Exercise
.]

Remark . We coul add these rules to the definition of "derivable"
, and it would not change FIG.

Rules with this property are called admissible.



For ↑ a finite set of formulas , we define a formula /T by induction on #M :

↑I : = T and A ( P ' o 9gl ) := (AP) ^ e .

Similarly , V := 1 and V /Nodyi) : = (VM] ve .

Deduction Theoram Let ↑ be a finite sat of formulas and b a formula.ー

Then ↑ - Y if , and only if , + (XM + 4.

Proof . Induction on #4 .

· When M = 0 ,
we need to show My iff T- . seeTD

If I-y ,
then we can add T on the left everywhere in the proof tree to get Thy (weakening).

Thus
, Tty ,

and by (+1) we get 1-T+4 .
- lax )

Th

If it proves ↓T-34 ,
then wa get a poof of ト φ

: 呰 ( →I)
rT-4
采

ト φ
· T = N 094) · If Pr , then by (+1) we have M14 + y . By the In we get &N- Sy +y) ·

Now use 1- (0 -+ (4 + y)) ->> ((014)-y) (evercise) to get HXM- 4 .

If 1(X4) -> y , use the converse off to get ↓ (14)- (4- y) . By IH andEE) . N + y. □



Note .
The goal of logis is not to formally write proof trees ad infinitum.

Rather
,
it is to study logical motions , which is typically done at the meta level.

For example , we will next prove :

Theorem. For
any sequent T=Y , we have :

Pt 4 if , and only if , T FC

(Fr : correction]
↑

The left-to-right direction is called soundness of the natural deduction system.

"right-to-left … _ completeness _
…
_

、

×
(Fr : complétuda)



Pootof rustness. Let ↑= be a derivable sequent . We prove by induction that

↑ F C ,
i .e
., for every interpretation M

, if MEG for every get , then MFC
· case SAx) . Then we must have yet , so NF C trivially
case (MI ) . Pite . , ate
. Suppose M E F

, UNz (i .e .Trim = - for all yeTiutz) . By IH , N, Eg, and T EC2
Piutat yinc.

Thus
, [4,m = 1 and IUBMF1 . By def . of I JM , we have 16 ,@Br=1

'

itenycaselaEul .
.

" .teny ,so保 !Pt φ
· case (ER) :

凹
· casa (-+1) : M + y-4

· Suppose MFN . Two cases : 1) MFc . Then by IH , N , 4 F4 , so MF 4 ·
2) MH4 · Then MF 4->4 by definition .

· Casa (IE): By IH , NFt .
So there does not exist M sush that MFT

.
So NEY.

· case (C) : Ixut Suppose MFM . Towards a contradiation
, suppose MEg . Then MF

- 4 .

"

By IH ,
MFL

,
contradiction with the definition of MF

"

.

· case (+ E) : Exercise ·
□

Remark .
We use the rules of our metatheory to prove soundness of the corresponding rules forI



#
↑Tableaa for all valid formulas .



Tableaux provide an algorithm which
, for a propositional formula c , outputs one of the following :

(1) a natural deduction proof of ↓ 4 ,
or

(2) an interpretation : Poly) + 2 such that #4 .

atomic Propositions used in y

Note . By soundness
, we

know that the "or" is exclusive.

The fact that such an algorithm exists the in particular implies :

Classical Propositional Logis Natural Deduction
~

&rollary (Weak completeness of CPL-ND)

For any propositional formula y , if WFG for all interpretations o : Poly) + 2 , then -G is derivable.

if Fy then ta

Roof that algorithm => corollary · Suppose Fg .
Run the algorithm on input y . Since no output of type (2)

exists
,
it must return a proof of 16 .

I



&blan algorithm: precliminary definitions .

7φ : = φ → 」

φv 4 := つφ→ψ

· A formula (for the tableau algorithm) is built from atoms in Po
,
-

,
and t Yn4:= - (y +-4)

· A signed formula is a pair (4 ,
s)
, where g is a formula and sh +. -3 . Nation : "

ー 十 : = -

· A clause is a finite set of signed formulas. ー … 。 = 十

· A clause C is solved(or satisfiable) if :

* the set [ only contains signed atoms , and

-> there does notexist paPo such that both pt and p are in 2
.

· For 0 : Po -2
,
we write F if v(y) = 1 andEg If vly) = 0 , and,

for Ca clause
,

we also wite oFC it of y for all S .

· When I is a finite set of clauses we write off if there exists (et such that UFC

Lemma . For any solved clauce C
,
there exists 0 : Po -2 such that of C.

o.Define olpl := it P
「

ac
'

Since( is solved
, if pet, then pteC ,

so olpl= 0. 1

otherwise



· We can convert a clause into a formula :

· for any formula c , define ((qt) : = 4 and j(y) :=y ,

· for any slause C
, defins P (C) : = { γ(φ

)1 φ '
t
( } , γ ( c) - =Λ P ( c).

IfC = { pt, ( q→r), l -1)
-3, thenγ ( C)= pa - ( g →r ) a - ( p→L ).

· We can also convert a finite set of clauses & into a formula : S(t) : = V/ 90()/C 23 ·

Exrcise What is j($) ? What is 610 ? What is 81903) ?

Observation
.

For
any v : Po-2 , we have UFC if vFy(2] and

_

o F2 if o F S(e).

A formula b is in disjunctive normal form if 4 = S(2) for some finite set of clauses &.

Theorem. For any formula C , there exists a finite set of clauses I such that Fy S(t).
_

Proof 1 . Let t = & C a solved clause in Poly) , and Fy(C)-43 ·

Then Ey S(t) . A

ー

Root2 . Using tabbaux , see below .

Latoms occurring in y

Proof 3 Rewriting (see TD). Q. Complexity?…



We recursively define a procedure DECIDE
_ AUX which takes as input a pair (C ,D) , where

C is a solved clause
.
D is any clause

,
and returns either a proof of NJSUD+1,

악 an interpretation o such that w YSCVD) :

· If D = 0 , returna such that UFC (since G is solved
, by Lemmal

· If D = D'L4y] , distinguish cases : (Note : G is chosen from D non-deterministically.

* φ =

pt Po if p
'

ε c
,

return a proof of NCCUD) + 1 (1).

if p*¢ C , return DECIDE
_AUX/[u9psS , D') .

*q = 1 : return a proof (2).

*
4
'
= 1 : if DECIDE_AUX(C , D') is a proof , return a proof (3) , else , return the same interpretation (i).

* p = (y , - 42)t : let : = DECIDE
_

Aux (C , D'uGgi)) and re := DECIDE - Aux /C , D'u9423) .
( ii )

if r, or re is an interpretation , return it , else return a proof (41 .

(iii]
* y = (4 , + 42) : if DECIDE

_
AUX(6 , D'uGy , (2) is an interpretation , return it, else return a proof (5).



C = 6 , D
= { ( p → ( 9→r))

→ 19 → p )
-

5719 、
→eで

C = 4 , D = { p → 「9→r)
+

、 9→ p
-

.

C = 4 . D = 9 p -a (g → r)
t

, 95 , p
- } 219 、 →φ5

c = 9q+, p
- y

,
D = Gp - (q-r(

+ ))) zsrps : gt , p.

λ branshing (4 , -+42)t

C = {91 , p
-5

,
D = { p

- } C = の9
+

, p
- }
, D = {(→r)な

C = { 9
t

, p
- }

,
D =¢ 사 branching (y.+ (2)

+

0 : p1+ 8 C= (qt , p
-

y, D = 9q
-3 C = { 9

+
. p
- }

.
D = { r+}

a:Ec ↓ r-
+

C
음업 ! (.. .> q , 2p ,qtt C = { gt , p; r

+ }
,
D =φ

… p 00

q o 며

r+1

The above execution trace of DECIDE
_
AUX is called a tableau.



A more compact notation for the same calculation :

1.(p + (q + r))- + (q+p)-
2.

p
-> (q- r)

+
"

3.(q+ p)
-

"

4 t )g
5 )

6
. p (2) 77 (q+r)

+
(2)

ㅇ δ
. q: (7 ) g . r

← (7)

X (4
,0
) ㆁ

The left open branch gives C := Spiq+ 1 , the right open branch given [ := [p,qt, +
3
.

We have S(9C , <3) = ( +pnq)v( >paqo) ,
which is equivalent to <((p-> (q-r))+ (q+p)).



· Given the procedure DECIDE
_
AUX : solves clause x clause -> interpretation + proof , we define , for any

clause D
, DECIDE (D) := DECIDE_ AUX(@ ,

D)
,
and for any formula C , SOLVE(y) := DECIDE (943).

· If SoLvEly) returns a proof of 74t1 , then applying rule (5) we get to
· If SOLVECG) returns an interpretation o such that of ice , then 4.

· Our procedure DECIDE-AUX velies on five proof constructions (i.e. admissibl rules) :

ㅿ(2) if per and -pet , then M

}(2) if Let , then P + 1. (exercises)

137 if MH1 ,
then M

,
11 ++

14) if P
, 74, + and N

, 4271 ,
then 5

, 4, + 42 ++

いf 7 , φ ., 7 φ 2トに 、 hem 「 つ 14 、→ 4 ) ト」

and its correctness relies on three more facts : (ii) if oF CVDvAvy, Y or oF CUD' v942) , than F CUDoye+42]·

(i) oF NuSLLl iff OF T (iii) if OFCUDry , -02] , then oF CUDv94 +y2i·
SExercises)



T
, T

포

(4)if P
, 74, + and N

, 4271 ,
then 5

, 4, + 42 ++

「
.ia)ー (Ax, iT

2

4.

ien
-
→eat

φ.toe)Ipran' t
oe,

714 , - →42 ト

π

(51 牛7 , φ ., 7 φ 2トに 、 then 「
っ (φ 、

→ 4 ) ト」

Th

igi
t 6.

(C )

→I)

rt 4, →φ . TG+y2) -11 +-((, +() +
1(Ax)
(→ E )

leiseastt



Theorem
. DECIDE - AUX terminates and is correst on all inputs .

_

Roof. For the termination , we define , for any formula c , m() to be the number of symbols inc,

and
, for any slanse C , u(d) : = [ n (c) ·

Observe that the definition of
φ
'
εc

DECDE
_
AUX (CID ) only makes recursive calls on pairs CD' where nJD') < m(D).

· For the correctness
,
reason by induction on mJD) :

* if n(D) = 0 , then D=θ , andof coD since ukC .

* if nJD) > O , distinguish cases according to ye D , and use fil-livi ‰

conclude that
,
in each case , if an assignmentv is returned , then vFy(CUD) .A



Remark . Regarding 7 , v , 1 as abbreviations makes our proofs shorter (fewer cases to consider),

but is not
very practical. We can introduce additional cases in DECIDE-AUX :

Given D = D
'
u {φ } :

·if y = (4) , return DECIDE
-
Aux(C

, D'094-s])
· if 4 = (4 , v4z)t , if DECIDE- AUx(C , D'oCqi]) or DECIDEAUX)) , D'uSect) is some o

,
return it,

else
,
use the two proofs C

,
D ', 41 +1 and C

, D, 42 +1 to get C ,Dr

·if y = 14 , 142)- , if DECIDE_AUX(C , D'v942 · Nrb) is some o ,
return it,

else
,
use the proof CD'

, 74.. 24ct1 to get C , D' , -S4-V42771·

· similarly for ~.

These "new" parts of DECIDE- AUX in fact have the same result as the "old" definition,

where we regarded 7 , v , a as abbreviations.



-bleaux: formaldefinitions .

A tableau is a finits rooted tree with a labeling by signed formulas , inductively defined by :

· for anyys, 4 is a tableam

· if T is a tableau and (4-4) ta lobel on a branch ending in o , the is a tableau

4 丱
T ーーー (φ→ 45ー… 1 _

θ

{
\

4t
· A branch is a path from the root to a leaf.

· A branch is closed if it contains either It , or both pland p , for some atom pi open otherwise.

· A tableau is closed if all of its branches are closed .



Example (((P-1) + 1) -+> p)- A closed tableaus .
1

( P( → 1) → 1)
+

ㅣ

㎡
Λ

( p→ tr 妛ㅣ

柴
Compara with DECIDE_ Aux (0 , 9((p -- 1) + 1) + p

-

l) :

0, 4k-p-p)-y -+ 0
, 3 -2p

t

, p-b + 0 , 3 ++, p-3 -> +

p ,
1 + 1

Y
4

, . {7 p ,
p - } →4

,
{ p
,

I
:, p

-} - →prtip トI
、



From the tableau procedure , we can obtain a disjunctive normal form :

Let o be a formula , and let T be a tableau with us at the root , such that

for every open branch Bof T ,
no further rules can be applied .exhaustivity assumption).

To eac open branch B of T we associate the solved clauce ((B) of signed atoms occurring as'

labels of B , and we define ((T) : = GS(B) 1 B an open branch in Th

Theorem
. ((2) is equivalent to S(t(T))

·

_

Proof: By induction on 4. If o is an atom
,
then there is one bransh

,
and [lB] = Ye]·

If y = (4 , - (2)t , then on any open branch B , we must have either i or C s by exhaustivity .

By
1 H, ifoF CCB), then of 7φ, or ofφ 2. SooF φ .→φ z. Sos ( eCtilF φ、 - →

e..

If , conversely , o F4. -42 ,
then Fuc or offe . Say the first holds . Pick a branch

B with a node labelled -C .
Since of L41 ,

OF((B) by the IH . In particular -F S(CCT)) ·

Other cases : exercise
.

□



5. Compactness
Using topology to strengthen the completeness theorem.



We will prove :
for all interpretations : Po -2 , if Et then o F C .

Theorem. (Strong completeness of SPL-ND) ↑

For any set of formulas ↑ and any formula y , if MFG ,
then N C

Note. The set I can be infinite .

Strong completeness will be deduced from weak completeness + compactness :

Theorem /Compactness for(PL)ー

For
any set of formulas ↑ and any formula y , if ↑ FG ,

then there exists finite M& N such that TFG.

Proof that weakcompleteness + compactness=> strong completeness .

Suppose N # 4 . By compactness , pick NCT finite such that I FG .

Define y := (/N') -> y . (NB y' is a formula since M is finite .
"

XM-Y "is not a formula_

if i is infinite .
7

Since MFyg , we have Fy Lexercise) .

By weak completeness , My · Therefore , N+ 2 , by the Deduction Therem .
So NTC by weakeningt



↑
Fr : quaci-compact

Recall that a topological space X is compact if any open cover of X contains a finite subsover.

Here
, an open cover is a set M of open subsets of X such that XCUU , and a subcover is USH such that X&WU :

We will use the (generalized) Cantor space , 2 Po .

· the points of 2
%
are interpretations , i.e., functions v : Po+ 2 ;

· the topology on 240 is generated by the sets of the form p := 10 + 24/v(p) = 1) and

p^
:

={ 0 t 2 o
1olp) = 0 年 ,or PtPo -

(When Po is countably infinite , this is homeomorphia to the Cantor set <To
,
1] .

Proposition The space 2
Po
is compact , for any set Po

.

Roof1. By Tychonoff's theorem , any product of compact spaces is compact .

Nots that 29 is the product T2 ,
where G is the finite discrete space with for points.I

We will see a second proof , not using Tychonoff's Theorem , later, for the case Po countable.



For any formula y , define is := &ve2P1 0 F ph .

Lemma
. Y is clopen (i .c ., closed and open) in 28.
_

Roof . Induction on 4. . For y = PEPo , nots that (P)" = TP is open and p is open , by definition.

Foo 2 = 1 , we have i = $ , which isdlopen .

For e = 4 , →4 z ,
we have p : gio fi . By IH , 4r and fo are clopen ,soqistoo .

Proofof compactnessofC · Suppose TF4 .
Then U := 95 : beM] v9g1 is an open cover of 20 :

For any we 2%, if wY
·

for all Jet , then OFT , so vFy by assumption.

Since 2Po is compact , pick a finite subcover M ofU .

Pick N'S N finite such that U2dil = 25/0-4) , so 2CU,Y.
Now TF4 : if OFM ,

then of 2- U ,
E , so very □



Proposition . A graph G = (V
,
El is 2-colorable if all of its finite subgraphs are 2-colorable ·

Pooof . Let G = (V
, E) be a graph._

Define Po := /1
,
and define T := & pxonq/EpqIE).

Note that 0 : /-> 2 is a 2-coloring of G if . and only if , v F
N.

Therefore, G is not 2-colorable iff NF L
.

In this case , by compactness , pick T & ↑ finite such that NF 1 .

Then define V := < p - X 1 pappears in MI , which is finite.

The subgraph on the set of modes VI is not 2-colorable :

if 0 : V -> 2 is a 2-coloring , then in particular of T , which is impossible. □

Exercise . Give a simila proof that , for any R32 , G is h-colorable if all its finits subgraphs are fe-colorable·



Proofofcompactnessof theSpace2Po . In case Po = I. ~On := length -n prefix of 0.
^

A base for the topology on 2 is 9wf : wel
* ) , where we := \ve2"I vliw = w] . /Exercise . )

Let LEG
*

be a set of finite words and suppose 2NCUWC · If acL , 92h is a finite subover . Assume.

Claim. The set F : = 2
* -( · 2* ) = Sue2* )w has no prefix in L] is finite.

_

Proof . Suppose F were infinite .
We will define ve2 inductively in such a way that , for any meIN , the set

~ 2
*
nF is infinite. The base case of the induction holds by hypothesis (Vo = 3) .

For the induction step , suppose of, has been defined . Since vla2
*
= vIn0 . 2

*

vvI1 . 2*, we can

choose be 90, 19 such that Club . 2
*
1 F is still infinite , and define v[n] : = b.

Now ve 24
,
but if wEL of length n := hwl , then UIn#W ,

since wh
*

&F is empty. □

Consider L := Cub 1 ueF ,
bego , 13 and ube L].

Claim . Sw2"I we L's is a finite subcover.

Roof . Let ve2 Let wo be the shortest prefix of w that is in L . Then 1wKO since set , and whiwzF, coweL' . A □



The argument given in the first claim is an instance of :

Konig'sLemma . Any infinite , finitely branching tree has an infinite path. (Also see : Brouwer's "fan theorem" .)

This uses a countable choice axiom. Extending to arbitraryPo requires stronger choice axioms.

Example. (Even though L is already finite , we still reduce .
ε L = { 00,000, 070 ,
_ \ _\ 011, 1 , 129
· ㄱ

… F = { ε
,
0
,07 }

ㆀ 어 - ㆀ

ハ rndd. din '

" . o

arr
.

n Λ ^1ハ^① 7Λ\-o"
·ธน 001 010

: :

Logical interpretation : (negate everything !
0000.677 ^

& pig , poque , preque , preques , up , uphugh is unsatisfiable,

but the subset &pug , prique , proquer , up) is already unsatisfiable too.


