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T]M,orcim R (,an}wxjc lLe &° S Stargm l.{»,amé m\ﬁ i(., L s fist- onder Mil\o.\olz :
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\We ke hawe  bhre equivalont  conditions en a (}N\av\n?; Le 3%
1) L is stocfree
2) L is fiesb-order o\b{.-‘qu\g(e,
3) M is Linibe and  operiodic.
We will ov\\na prove (1) <= () and () DD Aerc .
The prodf will boke us on o Litle tour o typicad fechniques  in the Yheoqy o moncids, antonahor,
WY | (uasc, tﬁ. idh we will m\,t_) s ke kps(_{-k.;u.bua,%\m.



AV\B Skw-.fru. (m%:\_noo s (ﬁtrs\.-or*UAo\l#m-\ﬂ\x. We prove Glus loca on the exgression.

R emaeT, we cam bake = I (ale) a Vyly=x)) .
M e=¢ , we com hoke (= ¥x (o) n = al)
- I e = ete, |, pidk ¢ sweln Hoak  oL(;) = Lle:) for 421,2. Then Cp:= cp,vep, defves Llo).
- W oe= £, amd o A L)) Brem ag ddmes J().
- e=¢%, fake = L.
- (Ee=e-ey , prdk ) sudn thok Llg)= Lle)) L =12,
leb x be o voriolde anck occudring  ond not quam\:((:“u\ in @, of (o, .
De{»w Yo .Qom,u\a. Y, bg rgp\mdt\ain ‘(“gﬂam e oubside b Yo Mside e_ad\‘V'a 0’ 53 (V};(\as'x—be)’

S | “‘t-:, ‘n (h I O >

( ‘(" :(" ¢ d J(Qt)
T"\»"" (= 3"("-\"\ A 1\'2\ y ond  define Q= [\ ¢V <, it ce 'dURE

Thow  oLep)= £l - Lleg,) = L) - L)) = LCe .




Consider i~ 0 (ol A ¥y (4s)) and o = 3L (LRI Yy (§54)).
Thew Llg) = T amd L(ep ) = bs™.
The foruula Ay, of the oloove prod is: (L g2 A o) A Yy(ysx — v OY)

8 - (L2 AblR)A Yy (gox =g 26D
The formula cp is 3x Loy, Ay,
For we 27, we howe

us ch (= e s pe o, lesl-1} sweh thok
wilo.pl Eg, amd wlp.lull F o,

(=) 'HNM; 'S Pe lﬂo,.,.l \\A\“l.\\ Sucde thek \s[@]=a M«s[fH]:‘o.
= we Ta- -b3¥.



let M be a0 mensid. A sdeset G 4 M s a group contained m M f:
G is cosed under mulhipliadion © for all m,m, eG, m,.m, 66
G has o wnit gz for Al mcB, Lom=m=m-1,
+ Hor every ze G, Yare exisk 3&6 sucdh Hok x,3=16‘=9-x..
NB: We do rnat requice thok Lo =1, ond it G5 mb dhe come m 3wemi.
A monoid M is apeiodic - ey amup wnkmirak m M i tivral .

For o %‘zﬁk monoid M, we dtfired:

= the swollest £ such Hak thae exss 0sl<f  wibh xk=xe, ound

= b swallsb 420 such that x$= xg“, omd, Px *= /&t—(.,c .

]?onsﬂ'ion et M Lbe a ﬁw‘\-c moro . | he @o\\nu:na are  equivolant

(4Y MK s opetedic 5 (2) for oll eM, pe=a ;5 (3) there exists £ e N such Hhed Jcl-ﬂt{“{ot all xel .
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AVLAA )W{—m (ﬁMavﬁoO e\M gpemfod\‘c. Sgn'éa-c‘(ﬂ'c. Moneio\ -
[t L be o s{w‘{-m eumaunaz Obsevuve Hok ML s ce:’:winlg ‘fem'k, snce | it uav.la.r.

LW__LM- HL 'S Os.‘nv{odﬁc ({-, ound evxkﬁ i{-, Hore extsvs (elN such thels, for ol M,x,aez*‘o

‘.tuz Y L = xup“

Y e L.

Pfl‘& ML = 2*/NL-' wse e M—\*\‘l\x}f‘m 6‘. > omd. the chosackeriwhkion (3)-:&.0&@1%&()»\'3.(3
l(. ML is aperodic, defne Hre. ndox 4 L, a(l) = awia E(’el}d ,-Fa“ ol ues” \L"NLU\(*"?.
For L € Qe.c(_z') ; e olyo Soua [ o o\‘)ew(oau'c ?{: ML (s prvio&ic..

Lemma . Letb K, L&Qtn(f) be mvyﬁoclic, . Then Kul, K[ oand i*\L are agensdic., and

A(lul) € max(A(k), 2(1) |, i(K-L) ¢ alk)+ i) ¢1 |, a(€"~L)=4).

. B, ], and {al are oparadic (aeZ), witih tndices ©,4,2 , rerpeckirly.
PQ°\'- We swow * omd Qowe e othher stobemendn o (_w,z&.u\ foc M\Mﬁ‘ o~ 1)

Morco\wr



Pl ol  alk-L) ¢ dlk) +d(L)+1.
Lek L= A1 430V L |, amd  suppose m"g e K:-L. Pik aeK, pel suh dok mfta--«(z..
We must have  eifher (=) there ore 32 A(K) copion b u o, o

() fhere ore 2 (L) wopier & o in b

o< ( b
ANANNAA " VA
=® , d
W cose (eu), We Cam Wit A = a:udk)'a' :foc Sovne. «a'e- 2* : Ba Ju..‘.c'mi(;ia\n o(. A(8) , we LYY

NI

fhowe &'tz xu y' e K. Now &f= acuh'i.a e K- L, o0 cequied .

I cone (b)), He pros] @ the Sowme, Using A(k) amd 5.

This concmder bhe emel} fhok xueg e kK-L = mueM'tJ e K-L. The pm{ {H\b
onverse  direction 5 similow , thes Gine Mmzv o/ or /&I La rmowhj a copy af u. 0@
‘[\)2. Condd gmw the Lomma. Hhrods N&g S{'IO-IQN.L ch%wlép. v q()en'odic., ba



F“ 091, U,‘ ‘I'&. durechon qux\'oo\ic = Sl'al(ku . Oh He blackboard.



Co_cﬂwvj . The e \oershi p pro\a\cw» ;F°r He clans P s{n()ffu QMW & decdalle.

Pt‘eox Given o ragw\ar \Dﬂ\awxag, L, wmruk ML ond cede whther o not <t q‘m{o&lc.
Remades 21 Yo‘mlUS fo feseoir ?ro\l\vl&.

. Sck\}]m'oaa‘r's ‘—”\o,bf&/vv is faml' o’[ a aememf w:lecpmalmce. -H.oory
classes 6,& r'véulwr -e;mgujzs { > clonces of ,Fm:le monoids
The classes 4 monods involved oxe colled variebies £ g,.‘a'\k MoNoiAe . amd ol &Jr\nu\ w»{na

o specal kird of “e.t\\m’dov\“ colled eroc{t\ik equkions . E.g. "= 27" Por apeciadic , =1 for qroups.

c

— See, e.9. He HPRT cowrie mofer 01, ]m— ’Eﬂ'C P

https://www.irif.fr/~jep/PDF/MPRI/MPRI.pdf

e More 3vnem-£ ?ro\o\ms thoun wemlerswip ore  considered e-q.,

SW-&‘% %fo.fﬂon Poo\hwv Givu\ rtau‘u \Amaun.y.s Lq'l-g_ , o Mare exist a s\atxcu l‘nawaa, K
suh ot L,c K ad Knlo=¢ ?
Dacida be Lg Henckell (lflgg)) usiao wore wolved ’Ccc\vm'.ﬂuc,s fo( apenodic ,Q\“nik Mmonoids .



Stac - height prblim . For o regular expresion e, wnk Ale) for the maximam nesting depthe
b () in e exprssion e, hle) s ealld e thac faght of e

Foo o wogular awguage L difine A(L) sw awin {hle) | Lle)= L}

Fack. For every melN, Hue exists L with A(L) = m.
For example , define, foc meMN, L =1 lisly - lwl, i divisivle by Tk hon she hetght .
(Exercise = £ind o expression of star beiqut m for Lo . Toc e prod Mok ore comndk dn boder | sen e.3.
T Sohacovtbeln , Blemeahs of Adowsln Theony , §0.3.)

Theorem (Hodwgudni,1933) The Ffumcion & 3 compelle.
(tmproved olgpckums by D.Kiokun 2005, T.Coluomiver & C. Licling 2008).

A Wﬁud nju(ar expression  allows (\c n addition fo @, v, -, ()’, ¢, {al.

So opneralized st buight O stacfeec -

Opew Froblom . Doss b exist any ceqular danguoge of gonersbized star duight > 4 2




. Simov\'s Theorem. A V'UA\A\M (M\aw (S che,w{sg Lestable 1‘-, omd M‘S Lf, iR cbnh.o\—ic monotd T s‘é-“ﬁ.\lta»!.
Hm, y L s Pieceuﬁse (:esh\g\,z i{- it is a Boo\wu- combination 6‘ ch\a\maob °‘I -H«o_ ‘-&ocm 5
for we T T

({1}

u = {w‘c—i* \ w o is o..swlmm\cx w}.
L rece) @ HWs meows ".Sm'l'fued", aot QF‘W"W[

Equ&valw“:a, L s plecwise feskable §“. ik s o\e.l.i:\ubb. lou on FO-senlence, wuithout q‘wl-i‘giu allernetions .

il
. g& Quadifier_ollsnkion groblon  Glvom o coqllar Camuog L, does Hrare exist om FO- sebonce

with ok avost k-1 quakilir  aliemaions tot defines L7 B3

Decidade for  %=4 by Simon's Theorm~ | for k=2 by Ploce ond Zeiboun 201,

foc k=3 loy Place ovd 2eiboun 202%_ open foc k>3 .

Equivaleet o W Shubig Thison dokdephn qrobdeom s deline € o= {6, %Y aud, for oy f20,

€, = 1L T L « Bodeon combivabion 4 oo, Ly 0, a0y, Ly L€ G
Opon Polilo (B k>3) 16 mewbersiip o €y docidable 2




Keohn Rioder complexity . Lok A= (8,Z,6) ord B=(Q,,Tx@,, §5) be DFAs
W?M bhe coscade product Ao 3 := (&AK(QB ,E. § ) ) where |
tor (9.,9,)e QuxQg ond 062 , (9,,a,) a2 = g, - [a, gh-Aa).
We define A o--0A, = ((AjeA)eA)o o Ru, associch on e &l
A OFA A is pime if, for evory UM ae T, dhe funchon 41 Q>Q is either constauk ot bijeckioe .
Theocuwn (Keohn-Rhodes 1962)  For amg DFA A, there axists o DFA B = Byo -0 By omd o

x\omomor?\MSw 3—59, Swudn ‘RM& I B}, (s y«{me..

This is olse cllod. e “prime &Q.oolmpssih‘ov\ Hesromn” :Fof OFA's (o g;\m'le ononoids ) .
Given o DFA ﬂ) Copmpuit Ha swinimum M sach Hhek o

o\ecompesil-*ev\ 5‘_ Qw%% o exthtn.

.c\u' > 50 yeours - A sowmbon (s daimed in arXiv:2406.18477



