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9. Star-freelanguages
What can we do without kleeve star ?



Theorem A language L & [
*

is starfree if , and only if , L is first-order definable.
_

(Schützenberger ;
McNaughton &Papert]

We thus have three equivalent conditions on a languageLdI*:

1) L is starfree

2) L is first-order definable

3) M> is finite and a periodic.

We will only prova (2)()(3) and (1) =>(2) here. (We may do (2) = (3) in the Logic course .)

The proof will take us on a little tour of typical techniques in the theory of monoids , automata,

and logic , of which we will only see the tip of the iceberg here.



Any starfrelanguages fixorder definable· We prove this by induction on the expression.

· If e = a I
,
we can take : = Jc lake) a Fy (y =>)].

· If e = c
,
we can take y := Xc (a()12a()) -> this is only true of there are no positions.

· If e = 2 ,tez , pisk y : such that <(4: ) = 2lei) for i = 1 . 2 . Then := p, v42 defines [(e) ·

· If e = f ,
and o defines <(f) , then - defines d(e).

· If a = $ , take := + .

. If e = eirez , pick y : such that fleil = Llei) fo i = 1
,
z
.

Let c be a variable not occurring and not quantified in 41 or 42.

Defins the formula in by replacing in G, from theoutsideo the inside
,
each Yy O' by 'y(y0

ーーた酒
φifE 4 a 5 a.) '

'Take( : = Jx (4 : 142) , and define 4 :: &
9v42 if 2 2 (4 ,3

. notation:Y </ means/

The (Sy) = ( (g,
7 · ((g) = <(e ,) · Chez) = <(e) ·

'
x≤
y
a ix= yl"

↳ We do not prove this in detail , but give an example below.
□



Example. Consider 41 := Je (all) a Ey (y =11)and 42 := If (b(f) a Vy (f - y)] ·

Then Lla .l =Ʃta and [ (φ2 ) = bit .

The formula i , of the above proof is : 79(0 =xnall) a Vy(y <x + y c()) = a(x)

π : af (fax a blf ) n tylyax → y ≥ f )》 ≡ b (Sx)

The formula p is Jcs(4 , 142).

For we*, we have

~ Fo it there is p-Go ..., Iw-13 such that

w[o .. p] Eg , and wJp .. IwIl F &2
λ ↑

prefixof w suffix of w
of length p+ 1 of Length (wl

- (p+1)
= there is pego, ..., (wl-1] such that w[p] = a and wip +1]=b .
(=) w ε Ʃ

*
a . bE

*

.



Recall-

Let M be a monoid. A subset G of M is a group contained in M if :

· G is closed under multiplication : for all m,,mzzG ,
m
.
· myG

· G has a unit 1G : for all meG , 1g ' m = m = m . 1G groups contained in M
UH一V

for every G ,
there exists yeG such that sy

= 1g = y. subgroups of M
ㅇ

#B : We do not require that 1G = 1 m ,
and it is not the case in general .

A monoid M is aperiodic if every group contained in M is trivial.

For any finite monoid M
, we defined :

k2x := the smallest I such that there exists O2K1 with sk = e?, and

b := the smallest 100 such that x = yes
,
and Pr

:= ke-fa

Propesition Let M ba a finite monoid. The following are equivalent :

(1) M is aperiodic ; (2) for all SEM , pos = 1 ; (3) there exists 1sIN such that c = c
+

for all seM .



Ay starfireLanguagehas opendicsynt tacticmonoid
.

Let L be a starfree language. Observe that My is certainly finits , since L is regular

Lemma . M
,
is aperiodic if , and only if , there exists beIN such that

, for all u , x,ya[*:

xuly= xu+yel .

Prof . My = E
*

/n, , use the definition of ~ and the sharacterization (3) of a periodicity . I

If My is aperiodic , define the index of L , iSL] := minEJEN/ for all ueI*, u'w,ult]·
For (EReaLE*) , we also say his aperiodic if My is aperiodia .

Lemma . Let K , LeRecEEY be aperiodic . Then KUL , U : L and I
*
L are aperiodic , and

~ (KvL) = maxhi(ki
,
i(())

, i(K . (7 < i(k) + i(() + 1
,
iSE
* -L] = i(L) .

Moreover * 12) and Sal are aperiodic JazI) , with indices 5, 1, 2 , respectively .' 1

Roof . We show and leave the other statements as exercises (useful for understanding u ! )



proot of i(k. () < i(k) + i(L) +1 .

Let1 := i(k] + i(L) +1 ,
and suppose coly K . L

.
Pick nek

, BEL such that culy = cB .
We must have either (a) there are > iSk) copies of u in a

, or (pigeon-hole principle
(b) there are >i(L) copies of 0 in B .

β

min
下π^π … ; π π π㎡= y

In cas (a), we can write < = Quickly for some y'sE*. By definition of iSK) , we also

have di= suick)+-y K .
Now h'B = cultty EK : L

, as required.

In case (b)
,
the proof is the same

, using i(L] and B.

This concludes the proof that confyeK . L => cultye R . 6. . The proof of the
converse direction is similar

,
this time defining <or b' by removing a copy of u . I

We conclude from the lemma that any starfree language is aperiodic , by induction ,



Proof of the direction aperiodic => starfres. On the blackboard
.



https://www.irif.fr/~jep/PDF/MPRI/MPRI.pdf

G lary. The membership problem for the class of starfica languages is decidable
·

Roof . Given a regular language L , compute ML and check whether or not it is aperiodic. I

Remarks& pointersto research problems·

· Schutzenberger's Theorem is part of a general correspondence theory
classes of regular languages ー classes of finite monoids.

The classes of monoids involved are called varieties of finite monoids , and are defined using
a special kind of "equation" called profinite equations. E

.g.
c=*+for aperiodic , c = 1 for groups,

-> See
, e.g., the MHRI course notes of Jean-Eric Pin

· More general problems than membership are considered
, e

.g.

StarfreeSeparationProblem
.
Given regular languages 11 , Le , does there exist a starfree language *

such that LK and Knlz = * ?

Decidable by Hanakell (1988) , using more involved techniques for aperiodic finite monoids.



Star - heightprobtert
lItintheexprss品

'

.
rgubleyexpreision

e

caledthe
writkhlestar

heighr

'

fe. the
maximunnesting depth

For a regular language L , define h(L) : = mindhe)/((e) = > i.

Eact. For every me IN , there exists (with h(L) = n.

For example , define , for meIN , La := 9101a-Iuly is divisible by 24} has star height n.

(Exercise : find an expression of star height for Lm . For the proof that one cannot do better , see e.g.

7. Sakarovitch ,
Elements of Automata Theory · 56 .3 . )

Theorem . (Hashiguchi , 1988) The function h is computable.

/Improved algorithms by D . Kirsten 2005
,
T . Colcombet & C . Loding 2008).

A generalized regular expression allows (1 in addition to $ , 0 ... 17*, s , Eat·
So generalized star height o = starfree.

OpenProblem .
Does there exist any regular language of generalized star height > 1 ?



. Simon'

Here
,I is A

regularlanguageispiesewireisPiecewise
testableif ,and aBooleancombinationofoly

if ,iklanguagasyntactioofthemonoidfoom
,

"y - trivial .

for uf Ʃ
*

,
↑subU := Gus &* I u is a subword of wh 「

↳ recall : this means "scattered", not factor !

Equivalently , Lis piecawise tastable iff it is definable by an FO-sentence without quantifier alternations.
"

BƩ
.

"

th
k Quantifierq

-
>nation problem Given a regular language L , does there exist an FO-sentence

with at most k-1 quantifier alternations that defines I ? "BIR
"

Decidable for k = 1 by Simon's Theorem
, for b =2 by Place and Zeitoun 2014,

for k=3 by Place and Zeitour 2024 , OPEN for 123.

Equivalent to the Straubing-There dot-depth problem : define Co : =& 0 , [
* 5 and

, for any feso ,

k+: = 3 Lc[* ) h is a Boolean combination of Loa, Ly ... an In where an. ..., andE ,
h , ...,Lu Ch !

OpenProblem (for> 3) Is membership in2p decidable ?



arXiv:2406.18477

I and E
↑
s mo

Kuhn-Rhodescomplexity .
Let A = (QI , b) and B = (Q , [x@n ,

SB) be (semi-)DFAs ←

Define the cascade product AoB := /Q * &B , Z ,
8)

,
where

,

for (91192) EQAXQB and at I , (q ,, 97) · a : = q2 (a , qa) .

We define A
,
0 ... 0 An := (JA ,ot2)0Ay)0 ... o An , associate on the left.

A DFA A is prime if , for every letter ael , the function Sa : Q+Q is either constant or bijastive .

Theorem (Krohn-Rhodes ,1962) For
any DFA A

,
there exists a DFA B = Bo .. - o Bn and a

homomorphism B->A ,
such that each Bi is prime .

This is also called the "prime decomposition theorem" for DFA's 100 finits monoids) .

&blem . (Krohn-Rhodes complexity) Given a DFA A , compute the minimum in such that a

decomposition of lengthon exists .

OPEN for > 50 years. A solution is claimed in Margolis , Rhodes , Schilling 2024.


