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5. le, M4 maf antomaben
A swolld possidle DFA for oumy regdor R




Lt (Mo, 1) be o wonotd, awd S & ot (not mecessarily fiik).
An ackion ol M o S i a4 funckon ot SxM —> S sadh Wab, for wey seSuveM
s 4y =2 amd (s-u)ev =s-(uv).
Fact  Thee is o bijechon bohoeon the sob of ackors of M on S ol
to st of monord homomorphisms 1M — 5"

I\

?g}. Giver om ochn -+ SxM 5 S, d4:m ¢, M—*SS by cr(vm)-')«s mes, bimeM.

, Ao{.im., .F)r meH,SeS. S ™ (((m)(S)
ﬂ\& M!l’anwwwh * C(. QMA C( — 'c( a:vg o wuu JJ{‘(\ZA L:JCCI'l.Oh . a

Gi\’fm a e\omomtpk\:sm c(u. M—S9S

n petioaler, o DFA A=(Q,Z, §,T,F) my be cquvalutly described o A= (2,2 i F)
where 15 am  ackion o_(, T on (@ , 1€ Q, Fe@r. lV\ Huls  deseriphion A ocets we 2
\M«Md‘w\a\'}. 1+ W ¢ F



‘)lf T(,Z‘*) k ‘\"N— Sﬁk '{_ °~\\ \Nl\awazm " o.\pha(ad’i
Foe any S € S amd L e PC3¥) | define

4he qumi.wsov\ .
Lo = wilL. \7 ontrowrakon

This s on ackon 6{, T o ?(i*)
L-e= ¢L=L awd L (w)= (ue)'L = v“(u:‘LF(L-u)-vJ
Aie dediee F o= {Le P(E*) | ¢eld

Lk LeY(T*) Le Qg Qnmamae.. Toc awy 1SE % e hawe-
wel = ¢ € w'lL = L-weF
V= The seb 4 all (m\amaaw ) equipped ith the above ockion * amd seb of finel shobes F,
b us dding a dberminisic owboneon U = (P(E®) T« [, F) vt tnfinvlely oy safes,
wiidn recaguiaes ba lungusge [
Cymdmiov\, A—“‘a @wamae, com be magw'u_al 93 o deberministic In(\‘a‘\k oumbome bon .




We coll on ambomcton f accessible il for every state 9, Here exishs o poth ,rmm:n\\w‘a\ﬂdtfoj.
By o subsdumeton f A=(8,2,8,T,F), we mean an admedon of He forne
= (@) Z, §alax2+@), T0R', Fo') , whre QCQ & a subse
Fack. The largent auccessi swoonkomaton df oo DA A=(Q5,-,1,F), Recehn(A) , hao se-d stakes
1i-w |we 2T, and  LCRendn(A)) = L(A).
Lt L c S*  The st c{_ veadnalde sto¥er in fl wiverel antomwdon ML X
flrw |weZ"} = Lol | weZ™} =@
This i Hw sk 4 shidos 6‘. o act.e/ss‘u:'\zb. s wb autom aten o& U, :
A i=Readn(U) ~ (O, 2, -, L, Fa8y), fe Nerede oubomabon of L. .
Theorem. Lt LET" . Then L it regulos if, ol only if, the sek {w"L[w‘(:i*z is fracke
Prod- We pooved”=s" fusk Leckure. "= 5 e Neroda aukomsdon is Ein a DFA recopntring L,
fince Hhe wnivenad asdomeden recegmines L, wwd AL = Reach (U, ). a



We will thow Mok AL 16 wminimad Umons b\ DFA's Cessgmizivng L.
Lt A=(Q,Z, «, 4, F) be om DFA. We deline the funchion
°[A . Q@ — Rece(ZF)
q +— oZA(q):-'-'{weZ*l q-w'el:z.
So L(A)= L, (4).
For oy q_e@, e =, o(A(gu) = u."',(;(g).

Dol  leb we 7. we o(A[«i-u) = (q(-u)wd‘e F

= gfo(uw) c b

= uw e IA(‘jf)

® W e \&"e[;(qr).



P_Lofoii_t:gm. let A = (Q\i, *, 1, F) be on accessivle DFA, ontt L= L(A)= o(’A{ﬂ.
The, aseiahmmk (o\e Q) l——-)o(A(al) IS o wc\\.-dd(inu\ swée&ive. _fuw\.c’cion Q—>Q, .
Pr_ﬂ_ Lek q& Q. Pide uwe Z7 suen Aok ou=4q, 'pa occess ibiliby.
By W Lonne, Ly la)= o (ow) = w' Ly )= wl, whideis ' @
For Sur;)cc.biui('é) Lt wleQy for wue2™ . Then a/fA(ci-u’ =u"'L 0y obove . [
A swijtkve funckion §: QR s o mophises bomn A=(8,2,-,1,F) %0 B=(R,Z,-,§,6)¢
M §&1=9 , @) fu wu'amei qe@ . flg-0) = £(q)-a ; (2) 7(6)=F
NB: There extst dafforent  dokinibions of “merphiom & avkomabe.” in the Gkorshure. This v is gm [mw]
Propof-» tow . The sury.ch\n Pumdrion f Q —> @ is o merphiam . |
Prodk. 1 oy (4)
1) oL, (1.a) = w'dy () = &, (4) & ;
3) te Lylg) & qe F . a

[Pin2021] J.-E. Pin, Ch. 1 in: Handbook of Automata Theory (2021) https://fr.wikipedia.org/wiki/Jean-Eric_Pin



Tm. Lt [ € Re(I"). For amy OFA A with L(A)=L, there exist o
suboudomaton A’ of A ond o Surjective morpWiswm. A —s A .
M prbienlar #Q, ¢ ¥ Q,.

Tfr_oj! ok A’z Reoch (). Than oC(A')=oC(A)=L, omA 'q' is accessible .

B& the Ewo Mv\a ?mPef,{b{ows, ’CA’: A" —s> HL (5 o Sur;su\"\-og. ww-‘MI.sm.
Alse :H:&L < &A' < ‘-\*QA. D




Lt L= (o), Z={abl. We compuit He Nerode aukematon A .
&L = (bo)'b " o ) 6 aig=L'f=¢.
b'l = ¢ b (L) = b (ba)* b)( (av)"

T .
— (a\o)* — (ba)"b

\,/

|»

HUN.,M wexre "‘eudca) that we sonr He ulul\b{*d ().



6. Minimi zakion
How to compule dre wivinoal ambkomakon stoubirg
K,rvm o ca«uw» OEA .



&-nww ‘CM{’/ {ectuce - L‘-{wez'&\alm’\saew’nr 4-0:?

o,b ol
_-A.,Q.i—». b)o Q.J,‘ = Zq:(b S“"J‘C/) .
b (o O b
_,’O o \Q b o Q b b Q
k ¢ j a/"\boﬁ > o —5
b LW
b a "(‘»)‘j
C2 o Q b o |
—r* . —> . . shaken
_ éL only |
b

fFov L. é RLC (Z*), o DFA A sum 1ok OC(,A):L s minimal
1, Bor wery DFA B oudn tuak £(B)= L, #8 3#,.

Lecture 13 in: D. Kozen, Automata and Computability, Springer-Verlag (1997)



Rnother  example b’{— os\\apskna , s{tp-b«a-s{vp.

Excample
phaRiibt at o b
V \ al &
\/\ D lo
Fusk col ! A
sesb col\apre o \
s ¢ ‘Aflp—» / \ o ?a.b
N / L
J,
zwv\o\ o»‘ (Y (v 3
S W“\ e ./'\9-5. i > a'bo. oo Ay = winimed DFA fe [A)

! |
G . \:JQMN\ S\v\w\\A We/ o\\\aw‘ cp\\aesbxg,q HOw "n .com\t‘u, ‘HNis pfocess?

———



The formed nobion  uced Lo “ao\\aps:pg” is thot of auw equivalence relobion | ie.,

o binary oklon B on o sk S whada s el (VseS, sBs ),

(“5E4" & midin fi: (D) E ) symmebric [ WseS, sBE = 1E5), and
tromsibive ( Vs,tue S, s€t &tbu = sEw).

We cam Trun  Lorm fhe  quobiont S/E/ whose elements ore equinnlence clonses .

\&)b Rr\we, ‘HNL. qupk\wh TMOP " .S —>> S/E ) SQAM\&A% Se S {70 1\'5 Cﬂu:\\!h\w@- C\OAS 1%(5): [s]E°

E
C}Je :{kﬂ wrile
[s], when € is
Wlhun S'- ST is a .Fxmul'fm, we Ae{—-‘m the kernel 4 $ fo be  the relakion fixed .)

beoa(p) = { (¢,5) eS"| 4la1=161)] .

Ea_uik. Folawa ﬁ“g—"T, (zr‘.,” ismo,wtwiua. rebbton on S

Proof . Cveciie. b



'El_‘gp. lef E e owxa.quiu»\wa. celobion on S and g: S—>1T a (L\mc‘ciovs.
“Wi H’Wer QX:SE [N .ﬁw«c{-\‘ov\ (fg §/E —%T suchh Yot ?ORE‘:'?

Tramd onty i,
Ec kee(f).
Marep\m*/ ot most one swch f exishs .
Proo. o

Prop.  For sy 4\»,“:%(«»“ f S—T, Jchcre”excsfs a tiquy fundion ﬁ S/ﬁu — T
padn tha& Lo, = b Aber () f @ injecklee (2) § is bijeckie i f .s surjeckive.
?roolr. The Lunckion exisks \.3 Mo grestows propostion, apphel ™ the coae E:= &u
For (1), ft [s3,GJe S/b, be suh tot  J([s3)= f(I7).
Tha {06)=£0), i, [ss)eﬂ.u,f T, [sT=Ls'].

For (2), I teT. Pik sed with 1f’(s)-t. Than also S_([s]) =t . Q



[t A=(®,%,:,1,F) be an accessiblh DOFA ad [:= L(A).

The Nersole utuivo\(wc& s the kemel 4 e gwme Ay : Q—>Q .
Expua’c\«a, it s bl almw\l.wu redodion on A,J‘mu\ \,a;
Loc qf,rea : g=r z(,w& ev»\a i(l, oCA(q)= [A(r).

4V‘t ml3][ flaroleeZ)ﬁwcharweF
By the preceding Prop, we howe o bijeckion @) _-;Q
Defie #he OFA A/ = (@, 2, -, [, ﬁm\geﬂ) by
Tg1:a := [q-a].

Nete tok s wdl'du(-lnu\! t'( 151' ) Haon ‘[A (1-“)30(,‘(?)’0\ =IA(°I')°0L:°('A(Q'-A).

We wat prove Hok A'/E (S facl- {sOwwr\rvtc, I AL'



|
wl m\-‘\m mgr?kssws A
Cl re:ukoqlw\: \ '3"’&\!«50, morphism .

levaorpL\TSw T‘\wlm Tkg {_Mc}nw\ 'CA {5 6w 150 mofp\MSm d‘ M‘k’wm‘\‘&,i.e., o So'\Scc.\'iuc. MOtPA«‘\sm.,

Prool . We already sons :(':ts o bijeckon .
0 Ly (G1) = Lp(3), te inkiod site o A (S £, 1 o morphiinm, prapehy ()
2) me&g}e&,qez, 2’:([4]-«)=2;([9,°a3) (A4ina¥cw \
= L, (g:2) (ki nikion &£y)
= L, Cv)‘) * O (La morpussm 2.)
SR (C%) FENEREHEREEA
3) Tor amy qe @, 2;(,[9‘]):- fa(q_) 5 firal in AL = q % find i A (£, morghiswm3) &
Sidensder The some prodf shows s if B A B is an adkomadn worphism Hun the oukemedon
\ A /‘mq) , dekined as above, is isomorphic o B . J

CoM\MS%V\ .

—n\ﬁ Mwm’& m‘com«’tm @sr L com be olo\u&m;\ .cfm W\Ma O\CC%S“AL DFA :(?’ L as ik ‘[MHM\' wnder =



Lt A= (0,5 ,-, i, F) be om accessible amtomaton. We wil compude tre Nerode equielence. .
Mooee's _algorithn or Table-Filling :
o |niftalize ounmwaT d Bodeom velues nduxed oy (‘3) = fPea [#p=2] wik
T({p,g‘”“: pe F qe F .
¢+ Reyeab  while bhure are houngen ™ T
[ty g gl (30 k0 Tl e g
i pro-*q-a omd T({P‘“’ﬂ,‘““‘ seb T(4p.gl)

Progosition  The o\\amHnw\ feeminates #fler ¢ #( ) rgetitions d (¥) , amd tolees bime p\'anma-\ in RQ..

Prod . Each vepetition o () tokeo time < #(T) - #Z , and, L & s wk tre finol repoibion,
thow ik ot flip of ook ere vdue T freme bo tre. Taus, Hhore camnst
Ye moe thaw #(Q) reperitions, wnd b u\aer»‘dnw\ahw ¢ i’c(\ 4% = O(n*k)
whore mz= #0 and b= #E . D




#repsoi,(,*) 0 1 2 3
v v v v
—\_ v v v v ferminele.
vV J vV J vV S vV J
v / v/ Vv / vvJ/
v J Vv JSS Y Vv JS S Vv JSS

We se that Q= ¢{(@=r or
9 #c itl (a]a‘-c ond  T(49,r})) .

Here |,

252 omd =5

o Q:CPQCH .

.

((Rg,e])), bhet is,




©

P=Eq ik, amd O‘V\\Aa_ o p=q er Tw,c(’f.p,g‘}\-

Proposition . Let T . e b oy QQ‘«A‘ Moere's olgorithm  terwminebes . T‘f\m,.ﬁxm.a pqe &,

‘P_‘_:f{\-- lt M ke e number a{_ epehitions o (¥) and T, the ourouy a{,{«m reps (0cmsh) .
For oumy 0£me M, ongpiqn@ T (Ap1g)) il omd orly fA(P)nZS"*JA(ﬁ)nZS".

(We will prove this on the mext 9&3&3 BB dekinibion , Toue = Tt

"= Suppoe pzq. I p2g and T, (fpal), Hew Hhe doim gues ofA(p)*[A(q_), contradickion .

=" We prve by orduckion o we 2% ol pia, { prweF xor q-wef | Han TMU?.QH.(**?
g lwla M, bas follows foum i . Sugpore Wwzov for 0eZ wd ve T, and tho
prwef xR queT. Then (p-a)-veF xe ga)oeF. By I, Tﬂ(q‘;.a,&.m.
Sine e o\\gor‘&\m torwinoted , we wwat olso  thowe TM L{P)ﬂ-“t he praEq-a.

Rggo\}n% (k) ww\'fq?oﬁ‘(':lvq,\;a) we gg’c. \‘& TM(—RPIQ-]) X\am ?Eq_ ,
auvl«a, L p=q Huw pza. So we ore done T v prove Hue o



For amy 0me M omypsqn@, To(£pg}) if,omt oy i, Lp(p)nZT 4ol (41n 2"

by inibializakion of T Suppose Tura ({p.at) .
(L we olvesdy bod T(fpiq)), aprly TH. Otomire, pide ac 2 sda Hukpasqa and Tp, ({p-a,a-08).
Q\a IH, pide v e T it (p-a)-tr eF xor (1-a.)~o'e F. Choese u5:=av .
Convendyy, suppore cse T wikh poise B xor a-we €. | Lol sm, TolRpql) by 1, 0T (fpg))
{ losl=met, weite w=av wth acZ and ve . Thon (pro)-v=prus and @-a)v=g-u.
b pockionloc, pea #£9-a , ond by 1H, T%(‘(p‘a, q- al). So TM(Qp,eﬁ). ul
ovollary . The minimal DFA 7 obtaincd La w“o\')sing ony PAAC 4_ sedes 9,9 Such Hok T((p,q‘l).
Poool . By fhe Proposition, this gives Afz . By Ho lsomorphism Theotm, fais ©5 e winived DFA. 0

Hrak fne pf °°(— shows  whak Hoove's a\aou‘Hm 'S mpul'ira: successie rq—tmm{'s ‘l— eat.re,\s'-
Wity prag & LE AT = L6000 T, tedge compdts kil =, = s



Moore's a\aori'\‘(m Com olso be uced (ir ather ?vbuw Han minimizotion:
-« Skoke eﬂuivu‘raaee : Given o DFA A and shien Prq > does OCA(?)MJA(‘?)?

» Ruromelon eqwiolone t - Given DFA's Aawd B, ic £(A)=L(B) 7
b Yhe disjoint wnion R LB, chede vhebher i, and i ore eawivalust shates .
An enbicely difforomb olgonbwn i due to Broorowsli , bostd en Hhre follasicg -
Progusition  For aww aakomabm A, the oubomakon Reacin (Do (Rendin (Dot (AR)I)) i minnal fo L(A).
Th reverse of om sukomdon A=(@T & T,F)is A= (Q,%, 8, F,T) with §%:={(ua) [(o0ued].
less efbiciont B Moort, s Db o costly : compare minivd anbomofn for Z07" ond 270 2%
Howwer, wodus on NFA's | omd W:w to other 9(1'&/\94.

F. Bonchi et al. “Algebra-coalgebra duality in Brzozowski’s minimization algorithm”, TOCL 15(1), 1-29 (2014).

\/d ootk ey w\fawv\’o\nm ) o {'0 HoQa‘o’c‘ ?exg.oms M(\.’M'zo&‘wvx [\ G(kﬂ Qpaw),
whae = HZ oad = TR, See for exomple

J. Berstel, L. Boasson, O. Carton, |. Fagnot, “Minimisation of automata”, Ch. 10 in Handbook of Automata Theory (2021)




