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Abstract

We analyse the space of points of the canonical extension of a coherent doctrine. We

first give a full characterisation of doctrine morphisms that are extensible, and relate it

to the existing notion of p-model of a coherent category. Through this characterisation,

the extensible morphisms are shown to be exactly those which are ω-saturated in the

sense of coherent first-order logic. Next, we answer the question: when does a presheaf

of models fully describe the canonical extension? We prove a characterisation theorem

via two conditions, which are again natural from the perspective of coherent logic,

namely, homogeneity and the realisation of all prime types in a strict sense. The

characterisation theorem allows us to deduce a reconstruction result for any coherent

theory with the property that all prime types can be realised in a countable, saturated

model. For instance, ω-stable coherent theories always have this property. We conclude

by explaining how our results can be interpreted topos-theoretically, by relating them

to the classifying topos and to the topos of types.
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1 Introduction

The duality theory of Stone [37] shows that a distributive lattice may be equivalently

studied through its space of points, which can be viewed as its prime filters, its prime

ideals, or its morphisms to the two-element lattice. A logical interpretation of Stone

duality views a lattice as an algebra of equivalence classes of formulae modulo a propo-

sitional theory, and the points of its dual space as model-theoretic types of the theory.

In the absence of classical negation, types may have non-trivial order relations between

them. It is a key insight of Priestley’s seminal 1970 paper [34] that duality theory for

distributive lattices is greatly simplified and enhanced if one considers this partial order

on points as a primitive, rather than a derived, notion in the space. Under Priestley

duality, lattice morphisms correspond to continuous order-preserving maps between

their dual spaces in the opposite direction.

Gehrke and Jónsson [10], building on work of Jónsson and Tarski for Boolean al-

gebras [22], introduce an algebraic counterpart to Priestley’s dual space: the canonical

extension Lδ of a distributive lattice L. While, importantly, this extension can be

constructed in a point-free manner without appeal to any choice principles (cf. Subsec-

tion 2.2), a useful spatial point of view on the elements of Lδ is that they are upwards

closed subsets of points of L, with respect to Priestley’s partial order. In other words,

the completion L ↪→ Lδ is an algebraic rendering of the idea of equipping the topological

space of points of L with a partial order.

In this way, Priestley duality can, a posteriori, be derived from the canonical ex-

tension construction: Given the canonical extension L ↪→ Lδ of a distributive lattice L,

the set Pt(L) of points of L is in a natural bijection with the set of complete morphisms

from Lδ to the two-element lattice 2, or, equivalently, with the set J∞Lδ of completely

join-prime elements of Lδ. The Priestley order on Pt(L) can then be obtained from the

restriction of the order of Lδ to J∞Lδ, and the Priestley topology, viewed on J∞Lδ, is

generated by the sets ↓a∩J∞Lδ and their complements, as a ranges over the elements

of L.

Syntactically speaking, the canonical extension Lδ may be thought of as an enrich-

ment of the propositional theory that L represents, by adding infinitary conjunction

and disjunction, while only taking into account the finitary part of L. This means, for

instance, that even if a sequence of elements (φn)n∈N of L has an infimum φ, say, in

L, then it will have a new infimum φ′ in Lδ, where φ′ ̸∈ L. This new element φ′ will

be the unique successor of φ in Lδ. In the definition of canonical extensions, this is

formalised as a compactness property of the completion. This strict separation of the

finitary and the infinitary distinguishes the canonical extension from, for instance, the

Dedekind-McNeille completion, and is crucial for the ensuing theory.

In her PhD work [4, 5] from 2013, Coumans extends the canonical extension con-

struction to coherent doctrines, the algebraic structures encoding first-order theories,

still in a negation-free setting. Specifically, given a first-order theory T, one may asso-

ciate with it a collection DT of distributive lattices, indexed over finite sets of variables

called contexts, as follows. For each context c, write DTc for the lattice of T-equivalence

classes of formulae of which all free variables are in c. Substitutions between contexts

then induce lattice morphisms between the fibers. This leads to Lawvere’s formula-

tion [25] of doctrines as functors from a category of contexts to the category of dis-

tributive lattices, where the adjective coherent signifies that these functors are subject

to axioms encoding the rules of (negation-free) first-order logic (called coherent logic

by topos theorists; see [20, §D1]); we recall the precise definitions in Subsection 2.1 and

discuss syntactic doctrines further in Section 4.

The canonical extension Dδ of a coherent doctrine D is obtained by post-composing

D with the functor that assigns to a lattice L its canonical extension Lδ. The first key

result of Coumans, recalled in Subsection 2.3, is that the resulting functor is again a
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coherent doctrine, i.e., Dδ still satisfies the axioms encoding first-order logic. A further

deep insight of Coumans’s work [5] is that the canonical extension construction, at the

first-order level, is closely related to Makkai’s topos of types construction [28], which,

as its name suggests, intends to capture the ‘theory of all model-theoretic types’ of a

given first-order theory. This leads us to the question motivating this paper:

How do the type spaces of a first-order theory relate to the canonical extension of

its doctrine?

A first answer to this question is essentially immediate from the definitions, gen-

eralising the Gehrke-Jónsson viewpoint on Priestley duality outlined above: the types

of the theory are still the complete points, in the appropriate sense, of the canonical

extension of its doctrine, and it is possible to assemble these into Priestley spaces of

types called polyadic Priestley spaces, see for instance [15]. However, as already noticed

by both Makkai [28] and Coumans [5], the appropriate definition of ‘complete point’ for

doctrines is more subtle than it is for lattices, and our first contribution here clarifies

this subtlety, as we will briefly describe now.

A point of a doctrine D is usually conceptualized as a morphism from D to the

semantic doctrine of predicates, P, i.e., the contravariant powerset functor. The key

problem is that, contrary to the lattice setting, a doctrine D may have points which

cannot be extended to complete points of Dδ; we give a concrete example in Exam-

ple 2.21 below. In Section 3, we then study the ensuing extensibility problem at the

level of general morphisms between doctrines, and we arrive at a characterisation of

extensible morphisms in Theorem 3.1. Our condition characterising extensible mor-

phisms is similar to one previously identified in Makkai’s work [28] under the name

‘p-model’, and this notion also plays a central role in Coumans’s work; for more on the

comparison, see Remarks 3.5 and 4.11, and Section 7 below. Our new contribution in

Section 3 is to derive this concept from first principles.

In Section 4, we instantiate our general concept of extensibility to points of a doc-

trine of the form DT, for T a coherent theory. This allows us to show, in Theorem 4.8,

that the extensible points of a syntactic doctrine precisely correspond to ω-saturated

models, a correspondence that had only been implicit in the previous literature (cf.

Remark 4.11). Here, as everywhere in the paper, the concept of ω-saturation is meant

in a negation-free sense that takes into account the partial order between prime types.

We discuss the relationship with classical ω-saturation in Remark 4.11.

In Section 5, we move from studying individual points of a doctrine to families

of points. Such families will be indexed by a small category K, and can be thought

of either as presheaves on K valued in (usual) points of D or as points of D valued

in a presheaf category SetK; this correspondence is made explicit in Subsection 5.1.

The presheaf category SetK induces a semantic doctrine of subobjects, generalising the

doctrine of predicates P mentioned above.

In Proposition 5.6, we identify the completely join-prime elements of the subobject

doctrine of SetK as the orbits in a presheaf. Using this characterisation of the com-

pletely join-prime elements, we obtain the main result of Section 5, Theorem 5.15, in

which we give two model-theoretic conditions characterising exactly when a presheaf-

valued point M ‘captures’ the canonical extension of a doctrine, in the sense that the

family induces an isomorphism between Dδ and the doctrine of subobjects of SetK,

along a restricted domain. Thus, we recover another important result of Coumans [5,

Theorem 40], as we explain in Section 7. The two model-theoretic conditions on M ,

which we call homogeneity and strictly realising all (prime) types, characterise the sur-

jectivity and injectivity of the morphism, respectively. This result demonstrates how

the canonical extension of doctrines allows for a lattice-theoretic approach to the model

theory of first-order logic, in a way that is analogous to the use of canonical extensions

of lattices for the model theory of propositional logics, see, e.g., [12].
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In Section 6, we use Theorem 5.15 to derive an entirely new result: we present a ‘re-

construction theorem’ for the canonical extension of a coherent doctrine of the form DT,

Theorem 6.6, which applies whenever every prime type of T can be realised in a count-

able, saturated model. This theorem in particular applies to ω-stable coherent theories,

as explained in Corollary 6.9. Given some algebraic structure A associated with a the-

ory T, a ‘reconstruction problem’ asks what further data is needed on the points of T
in order to be able to reconstruct A. For instance, Priestley duality can be understood

as a reconstruction theorem for coherent propositional logic: the Lindenbaum-Tarski

algebra of formulae for T can be obtained from the points of T, equipped with a topol-

ogy. Our reconstruction results, Theorem 6.6 and Corollary 6.9, assert that, in the

particular setting described above, the canonical extension of the syntactic doctrine of

T can be reconstructed from a certain subcategory of the models of T endowed with

‘knowledge of the underlying sets of the models’.

In the concluding Section 7, we relate our results to the topos-theoretic literature.

2 Canonical extensions of coherent doctrines

In this section, we present a theory of canonical extension for coherent doctrines. This

theory was first developed in [5, 4], combining doctrine theory [25, 29] and canonical

extension theory [22, 23, 10, 11]. We will here recall the definitions necessary for

understanding this theory, and prove some preliminary results about them.

2.1 Coherent doctrines

Distributive lattices1 provide the algebraic semantics of coherent propositional logic.

For the algebraic semantics of coherent first-order logic, we replace distributive lattices

by coherent doctrines [25]. The concept of doctrine categorifies the operation which,

to any context of variables, associates the distributive lattice of equivalences classes of

first-order formulae whose free variables are in the context. First-order connectives,

such as existential quantification and equality, are provided by structure between these

lattices, namely the existence of left adjoints.

Definition 2.1. A coherent doctrine2 is a functor P : Cop → DL where C, the base

category, has all finite limits, and such that, for each arrow f : c → c′ in C, the lattice

morphism Pf : Pc′ → Pc has a left adjoint, denoted ∃P
f : Pc→ Pc′, satisfying:

(i) (Frobenius reciprocity) for all φ ∈ Pc and ψ ∈ Pc′,

∃P
f (φ ∧ (Pf)(ψ)) = ∃P

f (φ) ∧ ψ, and

(ii) (Beck-Chevalley condition) for any pullback square in C as given on the left, the

square in DL on the right commutes:

c1 ×c c2 c2

c1 c

π2

π1 f2

f1

Pc2 Pc1 ×c c2

Pc Pc1.

Pπ2

∃P
f2

∃P
π1

Pf1

Let P : Cop → DL and Q : Dop → DL be coherent doctrines. A morphism from

P to Q is a pair (M,α), where M : C → D is a finite-limit-preserving functor, and

1Throughout this paper, ‘lattice’ means ‘bounded lattice’, i.e., a partially ordered set admitting finite
suprema and finite infima, and lattice morphisms are required to preserve finite suprema and finite infima,
unless explicitly mentioned otherwise.

2These are also known as ‘coherent hyperdoctrines’ in the literature, but we drop the prefix ‘hyper’ for
brevity’s sake.
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α : P ⇒ Q ◦Mop is a natural transformation such that, for any arrow f : c → c′ in C,

the following Beck-Chevalley square commutes:

Pc Pc′

QMc QMc′.

∃P
f

αc αc′

∃Q
Mf

(1)

Given morphisms (M,α), (N, β) : P → Q, a transformation from (M,α) to (N, β) is a

natural transformation σ : M ⇒ N such that αc(φ) ⩽ Q(σc)βc(φ) for all c ∈ C and

φ ∈ Pc. We denote the 2-category of coherent doctrines by CohDoc.

Notation 2.2. When it can be inferred from the context what is the coherent doctrine

P : Cop → DL under consideration, and f is a morphism of C, we write f∗ for the

morphism Pf and ∃f for its left adjoint ∃P
f .

Remark 2.3. If P : Cop → DL is a coherent doctrine, and f : c→ c′ is a monomorphism

in C, then the square

c c

c c′

idc

idc
f

f

is a pullback in C. Thus, by the Beck-Chevalley condition, Pf◦∃P
f = ∃P

idc
◦P idc = idPc.

Example 2.4. Let C be a category with finite limits which is well-powered, i.e., for

each object c of C, the collection SubC(c) of subobjects of c is a set. We denote

by SubC : Cop → Poset the functor that sends each object to its meet-semilattice of

subobjects, and acts by pullback on morphisms. The functor SubC is a coherent doctrine

precisely when C is a coherent category (see, e.g., [20, §A.1]). When C = Set, the

coherent doctrine SubSet is (isomorphic to) the power set doctrine P, see Definition 2.19

below. In Section 5, we will consider SubC for C a category of presheaves.

Remark 2.5. Let P : Cop → DL and Q : Dop → DL be coherent doctrines. If M : C → D
is a finite-limit-preserving functor and α : P ⇒ Q◦Mop is a natural isomorphism, then

(M,α) is always a morphism of coherent doctrines (M,α) : P → Q. Indeed, we only

need to check the commutativity of (1). The inverse α−1
c defines a left adjoint to the

component αc, and so by taking left adjoints of the commuting naturality square

Pc′ Pc

QMc′ QMc,

Pf

αc′ αc

QMf

we obtain the equation ∃P
f ◦α−1

c = α−1
c′ ◦∃Q

Mf , from which we derive αc′ ◦∃P
f = ∃Q

Mf ◦αc

as desired.

2.2 Canonical extensions

The canonical extension of a lattice [21, 10, 9, 11, 7] gives an algebraic, point-free

presentation of Stone duality and its extensions, without any choice assumptions. We

briefly recall here the definition and essential facts about the canonical extension.

Let L be a lattice. A completion of L is an injective lattice morphism η : L ↪→ C

where C is a complete lattice. We will always identify L with its isomorphic image η[L]

in C, so that we may consider any completion as a sublattice inclusion η[L] ↪→ C. In

this setting, an element x ∈ C is called a filter element when x =
∧
{a ∈ L | x ⩽ a},

and y ∈ C is called an ideal element when y =
∨
{b ∈ L | b ⩽ y}. The sets of filter and

ideal elements of C are denoted F(C) and I(C), respectively.
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Definition 2.6. A completion L ↪→ Lδ is a canonical extension of L if it satisfies the

following two properties:

(i) (density) the filter elements join-generate and the ideal elements meet-generate,

i.e., for every u ∈ Lδ,∨
{x ∈ F(Lδ) | x ⩽ u} = u =

∧
{x ∈ I(Lδ) | u ⩽ y},

(ii) (compactness) for any subsets S, T of L, if
∧
S ⩽

∨
T , then there exist finite

subsets S′ of S and T ′ of T such that
∧
S′ ⩽

∨
T ′.

Every lattice L has a canonical extension, which is unique up to an isomorphism that

preserves L. This can be proved without appeal to any choice principle [9, Section 2].

One such construction exhibits Lδ as the MacNeille completion of an intermediate poset,

built from the free directed join completion and the free directed meet completion of

L; the original source for this abstract viewpoint on the construction is the paper [13]

by Gehrke and Priestley. In more concrete terms, as was done in [9], Lδ can be built

as the complete lattice of stable elements of a Galois connection induced by a relation

between the filter lattice of L and the ideal lattice of L.

Let L be a distributive lattice. The canonical extension Lδ of L is a complete

distributive lattice which, assuming a choice principle, can moreover be shown to be

isomorphic to the lattice of up-sets of a poset.3 This (up to isomorphism unique) poset

representing Lδ can be obtained by equipping the set J∞Lδ of completely join-prime

elements of Lδ with the opposite of the order of Lδ, restricted to J∞Lδ. Here, an

element x in a complete lattice C is completely join-prime if, for any S ⊆ C, x ⩽
∨
S

implies that x ⩽ s for some s ∈ S. In particular, assuming a choice principle, the

completely join-prime elements of Lδ join-generate Lδ. For reasons to be explained

further in Section 4, we will sometimes refer to completely join-prime elements of Lδ

as complete points.

The poset of completely join-prime elements of Lδ is isomorphic to the poset of prime

filters of L under inclusion, via the function which sends x ∈ J∞Lδ to {a ∈ L | x ⩽ a}.

In summary, we obtain a different construction of Lδ as the complete lattice of up-sets

of the poset underlying the Priestley dual space of L.

Recall that a lattice C is isomorphic to a lattice of up-sets of a poset if and only if

C is complete and join-generated by its completely join-prime elements (and then, in

particular, C is completely distributive); we will call such a lattice a DL+.

Definition 2.7. We write DL+ for the category whose objects are DL+s and whose

morphisms are complete morphisms, i.e., functions that preserve arbitrary joins and

arbitrary meets.

Note that any DL+ is in particular a complete Heyting algebra, but the morphisms

differ; also see Remark 2.16.

We will now recall how the object assignment L 7→ Lδ extends to a functor from

the category DL, of distributive lattices with lattice morphisms, to DL+. First, for

any monotone function f : L→M , we define, for any x ∈ F(L) and y ∈ I(L),

f̄(x) :=
∧

{f(a) | a ∈ L, x ⩽ a} and f̄(y) :=
∨

{f(b) | b ∈ L, b ⩽ y},

where we note that F(L) ∩ I(L) = L, and the right-hand-sides of both formulae are

equal to the value of f when x or y belongs to L. We then define, for any u ∈ Lδ,

fσ(u) :=
∨

{f̄(x) | x ∈ F(L), x ⩽ u} and fπ(u) :=
∧

{f̄(y) | y ∈ I(L), u ⩽ y}.

3For proofs of the claims in this paragraph and the next, see, e.g., [7, Corollary 3.43, Corollary 3.48
and Theorem 7.5]; note that [7] represents Lδ using down-sets, but we here use up-sets in order to fit with
topos-theoretic tradition.
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The extensions fσ and fπ are different in general, and neither operation respects com-

position; see, e.g., [11, Sections 2.4 and 2.5]. However, when f is either finite-join-

preserving or finite-meet-preserving, then fσ = fπ [11, Corollary 2.25], and in this

case we write fδ for the extension. In particular, for any lattice morphism f : L → M

between distributive lattices, we have a unique extension fδ : Lδ →Mδ. The following

result, Proposition 2.8, is well-known in the theory of canonical extensions; see e.g. [11,

Theorem 3.2], [14, Section 1.1], and [7, Theorem 8.21 and Corollary 8.22]. Note that

distributivity is crucial for the adjointness statement in Proposition 2.8; also see [32].

Proposition 2.8. The assignments L 7→ Lδ and f 7→ fδ define a functor DL → DL+,

which is left adjoint to the forgetful functor from DL+ to DL.

Proposition 2.8 expresses the universal property that, for every morphism of dis-

tributive lattices f : L → C, with C a DL+, there exists a unique complete morphism

f ♯ : Lδ → C such that the following diagram commutes:

Lδ

L C.

f♯

f

(2)

We call the complete morphism f ♯ : Lδ → C the lifting of f to Lδ.

Remark 2.9. If L is a finite distributive lattice, then Lδ = L, and f ♯ = f for all f .

Since f ♯ is a complete morphism, it in particular has a left adjoint. We now prove a

technical lemma about this left adjoint which will be important when we consider types

in Section 5; this lemma is a consequence of known facts in the canonical extensions

literature, compare for instance [7, Lemma 7.9]. For the reader’s convenience, we state

and prove it in the form we will use it below.

Lemma 2.10. Let L be a distributive lattice, C a DL+, and α : L → C a morphism

of distributive lattices. Let β : C → Lδ be the left adjoint of the lifting α♯ : Lδ → C.

Then, for any completely join-prime element j ∈ J∞C, we have

β(j) =
∧

{a ∈ L | j ⩽ α(a)} ,

where the infimum is taken in Lδ. Moreover, β(j) ∈ J∞(Lδ).

Proof. The left-to-right inequality is immediate from the facts that β is left adjoint

to α♯, and that α♯ extends α. For the right-to-left-inequality, we use that the ideal

elements are meet-dense in Lδ. Let y ∈ I(Lδ) be arbitrary such that β(j) ⩽ y. By

the adjunction β ⊣ α♯, we have j ⩽ α♯(y). By definition of ideal elements and the

fact that α♯ preserves arbitrary joins, α♯(y) =
∨
{α(a) | a ∈ L, a ⩽ y}. Since j is

completely join-prime, pick a ∈ L such that a ⩽ y and j ⩽ α(a). We conclude that∧
{a ∈ L | j ⩽ α(a)} ⩽ y.

We now turn to the ‘moreover’ part. Since α is finite-join-preserving, the set {a ∈
L | j ⩽ α(a)} is a prime filter of L. Therefore, its infimum is completely join-prime in

Lδ by, e.g., [7, Corollary 3.48].

Remark 2.11. Let f : L → K be a morphism between distributive lattices. Post-

composing f with the embedding K ↪→ Kδ, we obtain a lattice morphism f ′ : L →
Kδ, and (f ′)♯ coincides with the complete morphism fδ : Lδ → Kδ, by uniqueness in

(2). Lemma 2.10 implies that the left adjoint of (f ′)♯ = fδ restricts to a function

g : J∞Kδ → J∞Lδ. As explained in Section 1, J∞Kδ and J∞Lδ can be seen as the

Priestley dual spaces of K and L, respectively, and this function g is then the continuous

order-preserving map dual to f under Priestley duality.
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2.3 Canonical extensions of coherent doctrines

It is a priori not obvious that applying the canonical extension construction to a coher-

ent doctrine would again yield a coherent doctrine. That this is true is an important

result due to Coumans [5, Proposition 9], which we recall in Proposition 2.13 below.

Definition 2.12. The canonical extension of a coherent doctrine P : Cop → DL is the

functor P δ : Cop → DL+, defined as the composite (−)δ ◦ P . We denote by ηP the

natural transformation P ⇒ P δ whose component at an object c of C is the inclusion

Pc ↪→ (Pc)δ.

Proposition 2.13. For any coherent doctrine P : Cop → DL, the canonical extension

P δ : Cop → DL+ is a coherent doctrine, and the pair (idC , η
P ) is a morphism of coherent

doctrines.

Note that, in the statement of Proposition 2.13, strictly speaking, (idC, η
P ) is a

morphism from P to U ◦ P δ, where U is the forgetful functor DL+ → DL. When no

ambiguity can arise, we will omit such occurrences of U from our notation.

Remark 2.14. Adjunctions lift to the canonical extension: if ∃f : L→M is left adjoint

to f∗ : M → L, then (∃f )σ is left adjoint to (f∗)π; see, e.g., [6, Proposition 3.6]. As

a consequence, in the canonical extension P δ of a coherent doctrine P : Cop → DL,

the left adjoint ∃Pδ

f is the σ-extension of ∃P
f . When P is clear from the context, we

therefore denote this map by ∃σ
f .

Definition 2.15. A DL+-doctrine is a coherent doctrine that takes values in the cate-

gory DL+. A morphism of DL+-doctrines is a morphism (M,α) of coherent doctrines

such that each component of α is moreover a complete morphism. Transformations are

as in Definition 2.1. We denote the 2-category of DL+-doctrines by CohDoc+.

Remark 2.16. As pointed out earlier, any DL+ is in particular a Heyting algebra, but

morphisms in the category DL+ do not necessarily preserve the Heyting implication.

However, if Q : Dop → DL+ is a DL+-doctrine, then Qf must preserve the Heyting

implication for any arrow f in D. This follows from a more general fact: if Q : Dop →
DL is a functor such that Qd is a complete Heyting algebra for all objects d in D, then

the Frobenius condition is equivalent to the statement that Qf preserves the Heyting

implication for all arrows f in D; see, e.g., [21, Proposition V.1.1].

Another consequence of the Frobenius condition, which we will use in Section 3, is

the following.

Lemma 2.17. Let e : L ⇆ L′ : h be an adjunction between complete lattices such

that h ◦ e = idL, and suppose that, for all a ∈ L and b ∈ L′, the Frobenius condition

e(a) ∧ b = e(a ∧ h(b)) is satisfied. Then e preserves all non-empty meets.

Proof. Let S ⊆ L be non-empty. Write s0 :=
∧
S and s′0 :=

∧
e[S]. Fix s ∈ S. Since

s′0 ⩽ e(s), we have

s′0 = e(s) ∧ s′0 = e(s ∧ h(s′0)) .

Using that h preserves all meets, and that h ◦ e = idL, we have

h(s′0) =
∧
s∈S

h(e(s)) = s0 .

Combining the two equalities, we see that s′0 = e(s ∧ s0) = e(s0), as required.

For any category C, the adjunction DL ⇆ DL+ yields an adjunction between

functor categories [Cop,DL] ⇆ [Cop,DL+], where the unit and counit of the latter

adjunction are given pointwise by the unit and counit of DL ⇆ DL+. In particular,

we have the following result.

Proposition 2.18. Let P : Cop → DL be a coherent doctrine, let Q : Dop → DL+

be a DL+-doctrine, and let (M,α) : P → Q be a coherent morphism. There exists a
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unique natural transformation α♯ : P δ ⇒ Q ◦Mop such that, for each object c of C, the
restriction of α♯

c to Pc is equal to αc.

By Proposition 2.13, the object assignment P 7→ P δ associates to any coherent doc-

trine a DL+-doctrine, and this assignment readily extends to a functor from CohDoc

to CohDoc+. However, as already observed in the work of Coumans [4, p. 150], this

assignment does not satisfy a universal property analogous to (2), i.e., the functor (−)δ

is not left adjoint to the forgetful functor from CohDoc+ to CohDoc.

Let (M,α) : P → Q be a morphism of coherent doctrines with Q a DL+-doctrine.

Although, via Proposition 2.18, we always obtain a unique natural transformation

α♯ : P δ ⇒ Q ◦Mop whose restriction is α, the pair (M,α♯) can fail to be a morphism

of DL+-doctrines because the square

P δc P δc′

QMc QMc′

∃σ
f

α♯
c

α
♯

c′

∃Q
Mf

may not commute. We will give an explicit instance of such a failure in Example 2.21,

involving the following two doctrines, which will continue to play an important role in

the later sections.

Definition 2.19. The power set DL+-doctrine is the functor P+ : Setop → DL+

which sends a set S to the complete lattice PS of subsets of S, ordered by inclusion,

and a function f : S → T to the inverse image morphism P+f := f−1 : PT → PS.

The power set coherent doctrine is the functor P := U ◦P+, where U : DL+ → DL

is the forgetful functor.

Remark 2.20. As the names suggest, P+ is a DL+-doctrine and P is a coherent doc-

trine. When no ambiguity can arise, we sometimes also write P for P+ and refer to

either as ‘the power set doctrine’.

Example 2.21. Proposition 2.18 gives a natural transformation u♯ : Pδ ⇒ P+, where

u denotes the identity transformation P = U ◦ P+. We will now show that the pair

(idSet, u
♯) is not a morphism of coherent doctrines, because not all the squares for the

left adjoints in the square (1) commute. Denote by ! the unique function from N to 1.

We claim that the following square does not commute:

P(N)δ P(1)δ

P(N) P(1).

∃Pδ

!

u
♯
N u

♯
1

∃P
!

Let F be the collection of co-finite subsets of N, and write x :=
∧

F for the infimum

of F, computed in P(N)δ. Now, using that u♯
N is a complete morphism extending the

identity on P(N), we have

u♯
N(x) =

⋂
a∈F

u♯
N(a) =

⋂
F = ∅ .

Thus, ∃P
! u

♯
N(x) = ∅, since ∃P

! , being a left adjoint, preserves the minimum.

On the other hand, we will now prove that u♯
1(∃Pδ

! x) ̸= ∅. By Remark 2.9, u♯
1 = u1,

the identity on P(1), so it is equivalent to show that ∃Pδ

! x ̸= ∅. Since ∅ = Pδ!(∅),

applying the fact that ∃Pδ

! is left adjoint to Pδ!, we see that this is in turn equivalent

to x ̸= ∅ in P(N)δ. The latter holds by compactness, since any finite subset of F has a

non-empty intersection. Thus, u♯
1 ◦ ∃Pδ

! ̸= ∃P
! ◦ u♯

N as desired.
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Example 2.21 prompts us to pose the question: for which morphisms from a coherent

doctrine to a DL+-doctrine is the lifting still a morphism? We will provide an answer

in Section 3.

3 Extensible morphisms of coherent doctrines

The main result of this section is the following characterisation of morphisms from a

coherent doctrine to a DL+-doctrine that admit liftings; we will call such morphisms

extensible (see Definition 3.3 below).

Theorem 3.1. Let P : Cop → DL be a coherent doctrine, let Q : Dop → DL+ be a

DL+-doctrine, and let (M,α) : P → Q be a coherent morphism. The following are

equivalent:

(i) there exists a morphism P δ → Q in CohDoc+ whose restriction to P is (M,α);

(ii) the pair (M,α♯) : P δ → Q is a morphism in CohDoc+;

(iii) for any objects c1, c2 of C, and π1 : c1 × c2 → c1 the left projection, the following

diagram lax commutes:

P δ(c1 × c2) P δc1

QM(c1 × c2) QMc1.

α
♯
c1×c2

(∃P
π1

)σ

α♯
c1⩾

∃Q
Mπ1

In (i) of Theorem 3.1, by the restriction of a morphism (N, β) : P δ → Q in CohDoc+,

we mean the pair (N, β′) : P → Q, where the component of β′ at an object c of C is

the restriction of the complete morphism βc : P δc→ QNc to the sublattice Pc ⊆ P δc.

In the remainder of this section, let P : Cop → DL be a coherent doctrine, let

Q : Dop → DL+ be a DL+-doctrine, and let (M,α) : P → Q be a coherent morphism.

The crucial step towards proving Theorem 3.1 is the following lemma.

Lemma 3.2. For any arrow f : c→ c′ in C, the following diagram lax commutes:

P δc P δc′

QMc QMc′.

α♯
c

∃σ
f

α
♯

c′⩽

∃Mf

If, moreover, f is a monomorphism, then the diagram strictly commutes.

Proof. Essentially, the first statement of the lemma is appealing to the categorical mate.

Explicitly, since ∃σ
f is left adjoint to P δf by Remark 2.14, we have idPδc ⩽ P δf ◦ ∃σ

f .

Therefore, α♯
c ⩽ α♯

c ◦ P δf ◦ ∃σ
f . By naturality of α♯ (Proposition 2.18), α♯

c ◦ P δf =

QMf ◦ α♯
c′ , so α♯

c ⩽ QMf ◦ α♯
c′ ◦ ∃σ

f . Since ∃Mf is left adjoint to QMf , the desired

inequality ∃Mf ◦ α♯
c ⩽ α♯

c′ ◦ ∃
σ
f now follows.

If f is a monomorphism, then so is Mf , since M preserves finite limits. Thus, by

Remark 2.3, we obtain QMf ◦ ∃Mf = idMc. By Lemma 2.17, ∃Mf thus preserves all

non-empty meets. Now note that it suffices to prove the equality α♯
c′(∃

σ
fx) = ∃Mf (α♯

cx)

for a filter element x ∈ F(Pc), since any element of P δc is a join of such elements, and

both α♯
c′ ◦ ∃

σ
f and ∃Mf ◦ α♯

c preserve arbitrary joins.

Let x ∈ F(Pc) be arbitrary. We have x =
∧
{a ∈ Pc, x ⩽Pδc a}, and this meet is
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non-empty since ⊤Pc is in the set on the right hand side. Now

α♯
c′(∃

σ
fx) = α♯

c′

(∧
{∃fa | a ∈ Pc, x ⩽ a}

)
(definition of ∃σ

f )

=
∧

{αc′(∃fa) | a ∈ Pc, x ⩽ a} (α♯
c′ preserves meets and lifts αc′)

=
∧

{∃Mf (αca) | a ∈ Pc, x ⩽ a} ((M,α) is a morphism of doctrines)

= ∃Mf (α♯
cx). (∃Mf ◦ α♯

c preserves non-empty meets),

which is the required equality.

Proof of Theorem 3.1. (i) ⇐⇒ (ii). If there exists a morphism of DL+-doctrines

(M,β) : P δ → Q ◦Mop whose restriction to P is (M,α), then β must be natural, and

thus equal to α♯ by Proposition 2.18. Conversely, if (M,α♯) is a morphism, then its

restriction is clearly (M,α).

(ii) ⇐⇒ (iii). Since α♯ is always a natural transformation from P δ to Q ◦Mop

(Proposition 2.18), (ii) is equivalent to the condition that all squares as in (1) commute

for α♯. By Lemma 3.2, this is in turn equivalent to the statement that, for every

f : c→ c′, the following square lax commutes:

P δc P δc′

QMc QMc′.

∃σ
f

α♯
c

α
♯

c′⩾

∃Mf

(3)

It is thus clear that (ii) ⇒ (iii). Assume (iii) holds, and let f : c → c′ be an arbitrary

arrow in C. Since C has products, we can take the graph Gf of f , i.e. the universally

induced arrow
c

c′ c′ × c c.

f
Gf

π1

The graph of any arrow is a monomorphism, so the equality α♯
c′×c ◦ ∃

σ
Gf

= ∃M(Gf ) ◦α♯
c

holds by Lemma 3.2. Moreover, the inequality α♯
c′ ◦ ∃σ

π1
⩽ ∃Mπ1 ◦ α♯

c′×c holds by

assumption. Therefore, using that left adjoints are functorial, we obtain

α♯
c′ ◦ ∃

σ
f = α♯

c′ ◦ ∃
σ
π1

◦ ∃σ
Gf

⩽ ∃Mπ1 ◦ α♯
c′×c ◦ ∃

σ
Gf

= ∃Mπ1 ◦ ∃M(Gf ) ◦ α♯
c = ∃Mf ◦ α♯

c,

which is the required inequality.

Definition 3.3. We say that a morphism (M,α) : P → Q, with P a coherent doc-

trine and Q a DL+-doctrine, is extensible if it satisfies the equivalent properties of

Theorem 3.1.

We record an immediate consequence of Theorem 3.1 for future reference.

Corollary 3.4. Let P : Cop → DL be a coherent doctrine, Q : Dop → DL+ a DL+-

doctrine, and (M,α) : P → Q a morphism. Suppose that, for each object c of C, X(c)

is a subset of P δ(c) which join-generates P δ(c). Then (M,α) is extensible if and only

if for any objects c1, c2 of C and any x ∈ X(c1 × c2),

α♯
c1(∃σ

π1
(x)) ⩽ ∃Mπ1(α♯

c1×c2
(x)). (4)

Proof. Since all maps involved preserve arbitrary joins, the stated condition is equiva-

lent to (iii) in Theorem 3.1.

Note that Corollary 3.4 applies when X(c) ⊆ P δ(c) is taken to be the subset of filter

elements F(Pc), or, assuming a choice principle, the subset of of completely join-prime

elements J∞(P δc).
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Remark 3.5. We explain how our notion of extensibility is a doctrinal version of the

notion of p-model that figures in [28] and [5]. In light of the equivalence between

completely join-prime elements and prime filters and of the definitions of (−)σ and

(−)♯ given in Section 2, using Corollary 3.4, we see that (M,α) is extensible if and only

if, for any objects c1, c2 of C and any prime filter ρ in P (c1×c2), we have the inequality

∧
a∈ρ

αc1∃π1(a) ⩽ ∃Mπ1

(∧
a∈ρ

αc1×c2(a)

)
.

In [4, Definition 5.2.7], following [28, Section 1], a p-model is defined as a coherent

functor F : C → D between coherent categories such that, for any morphism f : c → c′

in C and any prime filter ρ in SubC(c), we have the equality

∧
a∈ρ

∃Ff (Fa) = ∃Ff

(∧
a∈ρ

Fa

)
.

As also noted there, this equality is equivalent to the left-to-right inequality, as the

other inequality always holds. Since F is coherent, the left-hand-side can be rewritten

as
∧

a∈ρ F∃f (a). From this and our work earlier in this section, we can conclude that

our notion of extensibility is a doctrinal version of the definition of p-model of [28] and

[5].

Example 3.6. Let DLf ⊆ DL denote the subcategory of finite distributive lattices, and

let Posetf denote the category whose objects are finite posets and whose morphisms

are monotone functions. Consider the functor [−,2] : Posetopf → DLf ⊆ DL, where a

finite poset P is sent to the distributive lattice of monotone functions from P into 2

equipped with the pointwise ordering (equivalently, the lattice of up-sets of P ; recall

that this is the functor that witnesses Birkhoff duality). This functor describes a

coherent doctrine, where the left adjoint to − ◦ f : [Q,2] → [P,2], for a monotone map

f : P → Q, sends g ∈ [P,2] to the map ∃f (g) : Q→ 2 given by

∃fg(q) =
∨

{ g(p) | p ∈ P such thatf(p) ⩽ q },

=

{
⊤ if there is p ∈ P with f(p) ⩽ q and g(p) = ⊤,

⊥ otherwise.

In an analogous fashion, for any distributive lattice A, the functor [−, A] : Posetopf →
DL is a coherent doctrine.

Let us consider morphisms of the form (idPosetf , α) : [−, A] → [−,2]. Note that

[−,2] is a DL+-doctrine (indeed, each fibre is finite), and so it makes sense to ask what

it means for (idPosetf , α) to be extensible. By Corollary 3.4, it suffices to check that,

for any pair of finite posets P,Q and a filter element x ∈ F([P ×Q,A]), we have that

α♯
P (∃σ

π1
(x)) ⩽ ∃π1(α♯

P×Q(x)), i.e. there is an inclusion of the corresponding up-sets.

Recall, from the proof of Lemma 3.2, that

α♯
P (∃σ

π1
(x)) =

∧
{ ∃π1αP×Q(g) | g ∈ [P ×Q,A], x ⩽ g } .

Thus, an element p ∈ P is contained in the up-set α♯
P (∃σ

π1
(x)) ⊆ P if and only if, for

all g ∈ [P × Q,A] with g ⩾ x, there exists some qg ∈ Q such that the pair (p, qg) is

contained in the up-set αP×Q(g) ⊆ P × Q. Conversely, we readily calculate that p is

contained in ∃π1(α♯
P×Q(x)) if and only if there exists some q ∈ Q such that, for all

g ⩾ x, the pair (p, q) is contained in αP×Q(g). Thus, if we are given a family of qg’s

that depend on g for which (p, qg) ∈ αP×Q(g), we must find a single q′ ∈ Q for which

(p, q′) ∈ αP×Q(g). In particular, if Q were a join-semilattice, then we can ensure the

existence of such a q′ by taking the join q′ :=
∨

g⩾x qg since, by monotonicity, we arrive
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at

(p, qg) ∈ αP×Q(g) =⇒ (p, q′) ∈ αP×Q(g).

This pattern of seeking a uniform witness from a dependent choice prefigures the in-

troduction of model-theoretic saturation in the next section.

4 Points

In this section, we give a model-theoretic interpretation to the notion of extensible

morphism, and in Theorem 4.8 we establish its close connection with ω-saturation.

To this end, we first recall the different notions of point of a doctrine, and how they

correspond to models of a theory.

For L a distributive lattice, we call a morphism from L to the two-element distribu-

tive lattice 2 a coherent point of L. A coherent point h : L→ 2 uniquely determines a

prime filter xh := h−1(1) of L. For C a DL+, we call a complete morphism from C to

2 a complete point of C. A complete point h : C → 2 uniquely determines a completely

join prime element xh :=
∧
h−1(1) of C. By the universal property (2), the complete

points of Lδ are in bijection with the coherent points of L.

When defining points in the context of coherent and DL+ doctrines, the distribu-

tive lattice 2 is replaced by the power set doctrines P and P+ (see Definition 2.19),

respectively.

Definition 4.1. Let P be a coherent doctrine. A coherent point of P is a morphism

(M,α) : P → P in CohDoc. We denote the category of points of P and their trans-

formations by Pt(P ).

Let Q be a DL+-doctrine. A complete point of Q is a morphism (M,α) : Q→ P+ in

CohDoc+. We denote the category of complete points of Q and their transformations

by Pt+(Q).

Let P be a coherent doctrine. Instantiating Definition 3.3 with Q := P+, we see

that the complete points of P δ are in bijection with the extensible coherent points of

P .

Let us now briefly recall the connection between coherent points and models of a

coherent theory. For simplicity, we restrict ourselves to the case of coherent theories

that are single-sorted and relational, i.e., having no function symbols. A coherent

formula is built from atomic predicates using logical operators ∧, ∨, ⊥, ⊤ and ∃, and

a coherent theory is then formulated using appropriate sequent derivation rules of the

form φ(x) ⊢ ψ(x), which should be read as “for all x, if φ(x) then ψ(x)” (for more on

the syntax of coherent logic, see [20, §D1]). A model M of a coherent theory T is a

set, together with an interpretation of each symbol of the signature of T, such that all

sequents in T are interpreted in M as true statements.

In Definition 4.2, we recall how to build a syntactic doctrine for coherent theory,

which is a coherent doctrine on base category FinSetop, and in Remark 4.4 we recall

how coherent points of this doctrine correspond to models of the coherent theory. For

further details and proofs, see, e.g., [29, § 8] or [4, § 5].

Definition 4.2. Let T be a (single-sorted, relational) coherent theory. The syntactic

doctrine of T is the functor DT : FinSet → DL which sends a finite set X to the

distributive lattice of T-equivalence classes of T-formulae whose free variables are in

X, and which sends a function r : X → Y to the homomorphism DTr : DTX → DTY

induced by the substitution function φ(x1, . . . , xn) 7→ φ(r(x1), . . . , r(xn)).

In what follows, by a common abuse of notation, we will treat elements of DTX as

formulae, rather than as T-equivalence classes of formulae. This abuse of notation will

be harmless since all our arguments can be done modulo T-equivalence.
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Remark 4.3. The functor DT : FinSet → DL defines a coherent doctrine. For a func-

tion r : X → Y , the left adjoint to DTr is the map ∃DT
r : DTY → DTX given by

ψ(y1, . . . , ym) 7→ ∃y1, . . . , ym. ψ(y1, . . . ym) ∧ x1 = yr(1) ∧ · · · ∧ xn = yr(n),

where yr(i) denotes the image of xi ∈ X under r. In particular, for a coproduct

inclusion iX : X → X + Y , we have ∃DT
iX

(ψ(x, y)) ≡ ∃y. ψ(x, y) (where x and y now

denote tuples of variables), and for the co-diagonal map ∇X : X + X → X, we have

∃DT
∇X

(φ(x)) ≡ φ(x) ∧ x = x′. For further details that this satisfies the Beck-Chevalley

condition, etc., see [36].

Remark 4.4. When T is a coherent theory and DT its syntactic doctrine, the coherent

points of DT correspond to the models of T: if M is a model with underlying set M , then

we can define a morphism (M, J− KM) : DT → P as follows. Let M : FinSetop → Set

be the functor defined on objects by sending a finite set X to the set MX of X-tuples

in M , and defined on morphisms by sending a function r : X → Y to the function

Mr : MY →MX , which associates any Y -tuple m ∈MY with the X-tuple m◦r ∈MX .

For any formula φ with free variables in X, let Jφ KMX := {m ∈ MX | M |= φ(m)},

i.e. the interpretation of φ in M. Since M |= T is a model, this assignment is well-

defined on T-equivalence classes of formulae, and the pair (M, J− KM) thus defined is

a morphism in CohDoc. We call (M, J− KM) the associated point of M. When M
is clear from the context, we will write J− K instead of J− KM. Note that the model

M can be recovered from its associated point: the underlying set is the value of M

at a singleton set and J− KM in particular records the interpretation of all predicate

symbols. This assignment M 7→ (M, J− KM) is the object part of an isomorphism

between the category of models of T and the category of points of DT (where the

morphisms of points are the transformations of Definition 2.1). See, e.g., [40, § 1] for

more details.

In Theorem 4.8, we will instantiate Corollary 3.4 to the specific case of a point

associated to a model of a coherent theory, in the sense of Remark 4.4. Working

towards this, let us calculate what the two sides of the inequality (4) in Corollary 3.4

look like in this specific case.

Let M be a model of a coherent theory T, with associated point (M, J− K) : DT → P.

For any finite sets X,Y , their product in FinSetop can be realized as the disjoint union

X+Y and the left projection is then realized as the left inclusion iX : X → X+Y . The

homomorphism DTiX : DTX → DT(X+Y ) includes the formulae with free variables in

X as a sublattice of the formulae with free variables in X+Y . Recall from Remark 4.3

that its left adjoint ∃iX : DT(X + Y ) → DTX sends a formula φ(x, y) to ∃y. φ(x, y),

where ‘x’ denotes the tuple of variables in X and ‘y’ denotes the tuple of variables in

Y . Let t be a filter element of Dδ
T(X + Y ), and write τ := {φ ∈ DT(X + Y ) | t ⩽ φ}.

The σ-extension map ∃σ
iX

sends t to
∧
{∃y. φ | φ ∈ τ}, a filter element in Dδ

TX. Since

J− K♯X preserves meets, we thus obtain the following expression for the left-hand-side

of (4):

J∃σ
iX (t) K♯X =

{
m ∈MX

∣∣∣ for all φ ∈ τ,M |= ∃y. φ(m, y)
}
. (5)

For the right-hand-side of (4), first note, using that J− K♯X+Y preserves meets,

J t K♯X+Y =
{

(m,n) ∈MX+Y
∣∣∣ for all φ ∈ τ,M |= φ(m,n)

}
.

The function MiX : MX+Y → MX sends an (X + Y )-tuple (m,n) to the X-tuple m,

and ∃MiX : P(MX+Y ) → P(MX) takes the direct image under MiX . Therefore,

∃MiX (J t K♯X+Y ) =
{
m ∈MX

∣∣∣ there exists n ∈MY such that for all φ ∈ τ,M |= φ(m,n)
}
.

(6)

We will now use the equalities (5) and (6) to give a new perspective on the following
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notions from positive model theory; cf. [24, §3.3] for instance.

Definition 4.5. Let M be a model of a coherent theory T and let X,Y be disjoint

sets of variables. A Y -type with X-parameters in M is a pair (τ,m), where τ is a set of

formulae with free variables in X ∪ Y , and m ∈MX is an X-tuple of elements of M.

Let (τ,m) be a Y -type with X-parameters in M. We say that (τ,m) is:

(i) consistent if, for every φ ∈ τ , there exists n ∈MY such that M |= φ(m,n);

(ii) realised if there exists n ∈MY such that, for every φ ∈ τ , M |= φ(m,n).

The model M is ω-saturated if, for any finite X,Y , any consistent Y -type with X-

parameters in M is realised.

Remark 4.6. We have deliberately omitted the word ‘positively’ from our notion of

ω-saturation, since it is clear by context. See Remark 4.11 for further discussion of our

choice of terminology.

Remark 4.7. Note that our notion of type is often called a partial type by others (e.g.,

[24, Definition 2.2.3]). Classically, partial types in context Y are distinguished from

complete types, the maximal (with respect to inclusion) consistent subsets of DT(Y ),

which are more commonly abbreviated to just ‘types’. Note again that our types are

with respect to positive logic, and so will in general be different from the types found

in classical model theory (cf. [17]).

Later, in addition to partial and complete types, we will wish to speak of prime

types. In classical logic, i.e., where every formula has a negation, we are motivated to

consider complete types since a type τ is complete if and only if there is a model M
and some m ∈MY such that

τ = {φ classical |M ⊨ φ(m) } .

However, in positive logic, this equivalence breaks down. Instead, for a filter τ of

coherent formulae with free variables in Y , we have the following equivalence (also see

Subsection 5.3 below):

(i) τ is of the form tpM(m) = {φ |M ⊨ φ(m) } for some model M and tuplem ∈MY

(note that this is the positive type of m), which we call the type of m;

(ii) τ is prime in the sense that ⊥ ̸∈ τ and if φ ∨ ψ ∈ τ , then either φ ∈ τ or ψ ∈ τ .

For our purposes, it is more fitting to speak of partial types and prime types. Nonethe-

less, complete (positive) types play an important role in positive model theory – they

are precisely the types realised by elements of a positively closed model ([24, Proposition

2.2.2]).

Theorem 4.8. Let M be a model of a coherent theory T, with the associated point

(M, J− K) : DT → P. The following are equivalent:

(i) the point (M, J− K) is extensible;

(ii) the model M is ω-saturated.

In particular, the ω-saturated models of T correspond to the complete points of Dδ
T.

Proof. By Corollary 3.4 instantiated for the morphism (M, J− K), (i) is equivalent to

the statement that J∃σ
iX

(t) K♯X ⊆ ∃MiX (J t K♯X+Y ) holds for any finite sets X,Y , with

iX : X → X + Y the left inclusion, and any t ∈ F(Dδ
T(X)). By the equalities (5)

and (6), this is in turn equivalent to the statement that M is ω-saturated. The ‘in

particular’ statement now follows in light of Remark 4.4.

Remark 4.9. For the reader familiar with the theory of polyadic spaces developed

in [15], we explain how Theorem 4.8 relates to the definition of ‘ω-saturated model’

given there.
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Let T be a single-sorted relational coherent theory4, with associated syntactic doc-

trine DT : FinSet → DL. In [15], the authors consider the polyadic Priestley space

dual to DT, which is defined as the functor ST : FinSetop → Priestley obtained by

post-composing Dop
T with the Priestley duality functor DLop → Priestley. Thus, for

any finite set n, the poset underlying ST(n) is J∞Dδ
T(n), or alternatively, the prime

filters of DT(n) under inclusion. It follows that the canonical extension doctrine Dδ
T

is isomorphic to the doctrine Up ◦ ST, where Up: Priestleyop → DL+ is the functor

that sends a Priestley space to the DL+ of up-sets of its underlying poset.

In this context, a model of T, i.e., a point of DT, yields, via duality, a set X to-

gether with a natural transformation from X(−) to ST, where X(−) denotes the functor

FinSetop → Set that sends a finite set n to Xn and acts on morphisms by precomposi-

tion. Among all natural transformations X(−) ⇒ ST, those which correspond to models

are precisely those satisfying a certain exactness condition called the weak interpolation

property [15, Proposition 5.6]. In this setting, ω-saturated models are then defined as

those for which a stronger exactness property called the interpolation property holds

[15, Definition 5.7].

Given a natural transformation τ : X(−) ⇒ ST, we can take its inverse image

component-wise and obtain a natural transformation τ−1 : Up ◦ ST ⇒ P ◦ X(−). Un-

der the isomorphism Dδ
T

∼= Up ◦ ST, τ−1 may be seen as a natural transformation

Dδ
T ⇒ P◦X(−). Now, τ has the interpolation property if and only if the pair (X(−), τ−1)

is a CohDoc+-morphism Dδ
T → P. Thus, ω-saturated models in the sense of [15] corre-

spond precisely to CohDoc+-morphisms Dδ
T → P. By Theorem 3.1, these are precisely

the extensible points of DT. In conclusion, the ω-saturated models in the sense of [15]

are the same as ours, by Theorem 4.8.

Example 4.10. Suppose that DT : FinSet → DLf ⊆ DL factors through the sub-

category of finite distributive lattices. Since the canonical extension is inert on finite

distributive lattices, and so Dδ
T = DT, it follows that every point of DT is extensible.

Thus, if T is a coherent theory such that, for any n, there are a finite number of formulae

in n free variables up to T-equivalence, every model is ω-saturated (cf. [18, Corollary

12.2.13]). Note that if T is a classical theory, then there are finitely many formulae in n

free variables up to equivalence, for any n, if and only if T is ω-categorical, meaning that

there is a unique (up to isomorphism) countable model of T (see also Example 5.20).

Remark 4.11. We feel that to a select group of readers the correspondence between

extensible points and ω-saturation may be already known (cf. [2]), but perhaps not as

publicised as it ought to be, and so we conclude this section with a few bibliographic

remarks. As discussed in Remark 3.5, the notion of extensible point we have been

discussing is called p-model in Makkai’s terminology ([28, §1]), which is also the termi-

nology used by Coumans in [4, 5]. Makkai writes in [28] that the notion of p-model is a

generalisation of the notion of (classical) ω-saturation, a sentiment that is echoed in [8,

§6.3], and in [28, §1.4] it is proved that a classically ω-saturated model is a p-model (i.e.,

a positively ω-saturated model in the sense we have used here). The correspondence is

more explicit with Butz’s work [2], for instance in Proposition 7.10 op. cit., which when

combined with the observations from [5] expresses that Dδ
T is (positively) ω-saturated

in an internal sense.

5 Presheaves of points

Having studied individual models of a coherent theory T, it is natural to next study

categories of models, i.e., subcategories K ↪→ Mod(T) ∼= Pt(DT). In fact, it will be more

convenient to consider arbitrary functors K → Pt(DT). This is because, as we shall see

4The definitions in [15] are given at a greater level of generality, but for simplicity we specialize to the
setting of single-sorted relational coherent theories here.
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in Construction 5.1, functors K → Pt(DT) bijectively correspond to presheaf-valued

points of DT, i.e., morphisms of coherent doctrines DT → SubSetK , where SubSetK is

the doctrine of subpresheaves. This correspondence can be summarised in the slogan

‘models internal to SetK are K-indexed models’.

Inspired by [5, §6], we wish to identify conditions on a class of models K so that

K fully describes ‘all the types’ of the theory T, in a way that will be made precise in

Theorem 5.15 below.

5.1 Presheaf-valued points and presheaves of points

Let K be a small category. We denote by SetK the category of (covariant) presheaves

on K, i.e., the objects are functors K → Set, and the morphisms are natural trans-

formations between such functors. First, we give the necessary details to justify our

slogan: ‘models internal to SetK are K-indexed models’. In Definition 4.1, we defined

a coherent point of a doctrine D to be a coherent doctrine morphism from D to P.

Generalizing this definition, a presheaf-valued coherent point of D is, by definition, a

coherent doctrine morphism from D to SubSetK . Here, note that, since SetK is a co-

herent category (see, e.g., [20, p. 34]), SubSetK is a coherent doctrine by Example 2.4;

we return to the structure of the doctrine SubSetK in more detail in Subsection 5.2,

where we will show in particular that SubSetK is a DL+-doctrine.

The main interest of presheaf-valued coherent points of D is that they correspond

to presheaves of points. Below, we explicitly show how to obtain a presheaf of points

out of a presheaf-valued point. In essence, this is a currying argument. We will first

give the explicit construction, and then explain (cf. Remark 5.2) how one might arrive

at it in a more principled way using the adjunction between coherent doctrines and

coherent categories.

Construction 5.1. Let D : Cop → DL be a coherent doctrine, and let K be a small

category. Let (M,α) : D → SubSetK be a coherent doctrine morphism.

The associated presheaf of points is the following functor M : K → Pt(D). For k an

object of K, we define a point Mk := (Mk, αk) : D → P, as follows:

• the functor Mk : Cop → Set is defined by sending c ∈ ob C to the set (Mc)k, and

a morphism f : c→ c′ of C to the function (Mf)k : (Mc)k → (Mc′)k;

• the natural transformation αk : D ⇒ P ◦ (Mk)op has its component at c ∈ ob C
defined to be the function αk,c : Dc→ P(Mkc) that sends φ ∈ Dc to

αk,c(φ) := (αcφ)k ,

i.e., αk,c(φ) is the subset of (Mc)k obtained by evaluating at the object k the

subpresheaf αcφ of Mc.

For r : k → k′ a morphism of K, we define Mr : Mk → Mk′ to be the natural transfor-

mation from Mk to Mk′ whose component at c ∈ ob C is the function (Mc)r : (Mc)k →
(Mc)k′.

We omit the proof that M is indeed a well-defined functor M : K → Pt(D), and that

the data of a morphism (M,α) can be entirely recovered from its associated presheaf of

points, so that we in fact have a bijective correspondence between presheaves of points

of D and presheaf-valued points of D. The following remark justifies this omission.

Remark 5.2. We explain how the theory of coherent categories can be used to clarify

and justify Construction 5.1. To do so, and only for the purposes of this remark, we will

make use of the 2-category Coh of coherent categories, coherent functors, and natural

transformations, and the fact that the functor Sub(−) : Coh → CohDoc has a fully

faithful left pseudo-adjoint A : CohDoc → Coh, cf., e.g., [33, § 1] or [4, § 5.1.3]. In

essence, the category A(D) is the ‘syntactic category’ of functional predicates in the

internal language of D.
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Let D : Cop → DL be a coherent doctrine, let K be a small category, and write A :=

A(D). By the pseudo-adjunction A ⊣ Sub(−), we have an equivalence of categories,

CohDoc(D, SubSetK) ≃ Coh(A,SetK) . (7)

The category Coh(A,SetK) is a subcategory of the functor category [A,SetK]. The

universal property of the functor category construction Set(−) gives an isomorphism

of categories

[A,SetK] ∼= [K ×A,Set] ∼= [K,SetA] .

Since finite limits, existential quantification, and finite joins are all computed point-wise

in the coherent category SetK, the above isomorphism restricts to an isomorphism

Coh(A,SetK) ∼= [K,Coh(A,Set)] . (8)

Applying the pseudo-adjunction A ⊣ Sub(−) once more, and noting that SubSet = P,

we have

Coh(A,Set) ≃ CohDoc(D,P) = Pt(D) . (9)

Putting (7), (8), (9) together, we obtain an equivalence

CohDoc(D, SubSetK) ≃ [K,Pt(D)] ,

and the object part of this equivalence functor was made explicit in Construction 5.1.

We will give another viewpoint on morphisms D → SubSetK in Section 7, where

we will see that they also correspond to geometric morphisms from the presheaf topos

SetK to a topos Ecoh
D defined there.

Remark 5.3. Recall from Section 4 that, if D is the syntactic doctrine of a coherent

theory T, then coherent points of D can be seen as models of T. In this case, if

(M,α) : D → SubSetK is a coherent morphism, then Construction 5.1 yields a functor

from K to models of T.

5.2 Subpresheaves and orbits of elements

We now examine the coherent doctrine SubSetK in more detail. Recall that subobjects

in SetK can be described explicitly as follows: for any presheaf X : K → Set, a sub-

presheaf of X is a functor Y : K → Set such that Y k ⊆ Xk for every object k of K,

and, for any morphism f : k → k′ of K, the function Y f is the restriction of Xf to

Y k. In other words, a subobject of the presheaf X is uniquely determined by a family

of subsets (Y k)k∈obK of (Xk)k∈obK which has the property of being stable under the

action of X on morphisms. From this description, it follows that SubSetK(X) is a

complete lattice, in which joins and meets are computed by taking object-wise unions

and intersections, respectively. It follows that SubSetK(X) is a completely distributive

lattice.

For any presheaf X : K → Set, an element of X is a pair (k, x), where k ∈ obK
and x ∈ Xk. The category of elements of X, which we denote by elX, has as its

objects the elements of X, and as its morphisms (k, x) → (k′, x′) those morphisms

f : k → k′ in K such that (Xf)(x) = x′. The assignment X 7→ elX is the object part

of an equivalence between SetK and a category of (discrete) fibrations over Kop (see,

e.g., [26, Theorem 2.1.2]), but we will only use the object part here.

Note that any element (k, x) of X defines a subpresheaf

ok,x : K → Set

k′ 7→ {x′ ∈ Xk′ | there exists f : k → k′ such that (Xf)x = x′}

of X, which we call the orbit of the element (k, x) in the presheaf X.
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Example 5.4. Taking K to be a group G, viewed as a one-object category, a presheaf

is then simply a set X equipped with a G-action. In this setting, our notion of orbit is

precisely the usual sense of the word.

Lemma 5.5. For any element (k, x) of X, ok,x is the smallest subpresheaf Y of X

such that x ∈ Y k.

Proof. We have x ∈ ok,xk, and if Y is any subpresheaf of X such that x ∈ Y k, then

the definition of subpresheaves implies that ok,xk′ ⊆ Y k′ for any object k′ of K.

Lemma 5.5 in particular yields that, for any subpresheaf Y of X, we have

Y =
∨

(k,x)∈ob elY ok,x . (10)

Proposition 5.6. For any small category K, and any presheaf X : K → Set, the

completely join-prime elements of SubSetK(X) are precisely the orbits of elements of

X. Moreover, the functor SubSetK : SetK → DL+ is a DL+-doctrine.

Proof. Let X ∈ SetK. We show that the completely join-prime elements of SubSetK(X)

are precisely the orbits of elements of X. If (Yi)i∈I is a family of subpresheaves of X

and ok,x ⩽
∨

i∈I Yi, then, since x ∈ ok,xk, there exists i ∈ I such that x ∈ Yik, and thus

ok,x ⩽ Yi. Conversely, if J is completely join-prime in SubSetK(X), then (10) implies

J = ok,x for some element (k, x) of J . The equality (10) shows that SubSetK(X) is

join-generated by the orbits, which are completely join-prime elements, and hence is a

DL+ for any presheaf X.

Remark 5.7. Let X : K → Set be a presheaf. The restriction of the partial order ⩽ on

SubSetK(X) to the set J∞(SubSetK(X)) of orbits of elements of X can be described as

follows, using Lemma 5.5: for any elements (k, x) and (k′, x′) of X, we have

ok′,x′ ⩽ ok,x ⇐⇒ x′ ∈ ok,xk
′ ⇐⇒ there exists f : (k, x) → (k′, x′) in elX .

Thus, the poset J∞(SubSetK(X)) is the poset reflection of the category (elX)op.

5.3 Types in a doctrine

As we already saw in Section 4 above, the extensibility of a point (M, J− K) of a doc-

trine DT is closely related to the types realised by the model M of T that (M, J− K)
corresponds to. We now study types in the setting of a general coherent doctrine.

Definition 5.8. Let D : Cop → DL be a coherent doctrine and (M,α) : D → P a point

of D. For c ∈ ob C and x ∈Mc, the type of the element x in (M,α) is

tpM,α(x) := {φ ∈ Dc | x ∈ αcφ} .

Remark 5.9. Note that tpM,α(x) is a prime filter of Dc. Although we will not expand

upon this point here, it follows from the completeness theorem for coherent logic that

every prime filter of Dc is of the form tpM,α(x) for some point (M,α) : D → P and

x ∈Mc.

We can characterise types of elements abstractly in terms of the canonical extension

and the lifting α♯
c. Indeed, let βc : P(Mc) → Dδc be the left adjoint of the lifting

α♯
c : Dδc → P(Mc). Then, applying Lemma 2.10 in the context of Definition 5.8, we

see that, for any x ∈ Mc, βc({x}) is the infimum of tpM,α(x) in Dδc. We will now

generalize this observation to presheaf-valued points.

Notation 5.10. Throughout the rest of this section, let D : Cop → DL be a coherent

doctrine, K a small category, (M,α) : D → SubSetK a presheaf-valued point of D, and

M : K → Pt(D) the associated presheaf of points in the sense of Construction 5.1. For

any c ∈ ob C, we write α♯
c : Dδc→ SubSetK(Mc) for the lifting of αc, and βc for its left

adjoint.
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Lemma 5.11. For any c ∈ ob C and any element (k, x) of Mc,

βc(ok,x) =
∧

tpMk,αk
(x) , (11)

where the infimum is taken in Dδc. Moreover, βc(ok,x) ∈ J∞(Dδc).

Proof. Let (k, x) be an element of Mc. By Proposition 5.6, ok,x is completely join-

prime, and so, applying Lemma 2.10, we have

βc(ok,x) =
∧

{φ ∈ Dc | ok,x ⩽ αcφ} ,

where the infimum is taken in Dδc, and this element is completely join-prime in Dδc.

By Lemma 5.5, ok,x ⩽ αcφ if and only if x ∈ (αcφ)k, and the latter is equal to

αk,c(φ) by Construction 5.1. The desired equality (11) now follows from the definition

of tpMk,αk
(x).

5.4 Plentiful categories of models

By Proposition 5.6, each presheaf valued point (M,α) : D → SubSetK induces a natural

transformation α♯ : Dδ ⇒ SubSetK ◦ Mop. Using Lemma 5.11, we can characterise

when α♯ is pointwise injective and surjective in terms of model-theoretic properties,

namely, realisation of types and homogeneity, respectively. In this way, we justify these

properties in a purely categorical way. This will also immediately yield a streamlined

proof of Theorem 5.15, the main result of this section. This result is analogous to [5,

Theorem 40] due to Coumans, as we will explain in more depth in Section 7.

Proposition 5.12. The following are equivalent:

(i) the natural transformation α♯ : Dδ → SubSetK ◦Mop is a monomorphism;

(ii) for any c ∈ ob C, βc : SubSetK(Mc) → Dδc is surjective;

(iii) for any c ∈ ob C and t ∈ J∞Dδc, there exist k ∈ obK and x ∈ Mkc such that

t =
∧

tpMk,αk
(x).

Proof. The equivalence of (i) and (ii) follows from the fact that α♯ is monomorphic

if and only if it is component-wise injective, if and only if the left adjoints βc are all

surjective.

In view of Lemma 5.11, property (iii) asserts that, for any c ∈ ob C, the restriction of

βc to a function J∞SubSetK(Mc) → J∞Dδc is surjective. Since completely join-prime

elements join-generate Dδc and βc preserves joins, this yields (iii) ⇒ (ii). For (ii) ⇒
(iii), if βc is surjective, then in particular J∞Dδc is contained in the image of βc. Then,

if t = βc(Y ) for some subpresheaf Y ⩽ Mc, writing Y as in (10) and using that βc is

join-preserving yields some element (k, x) of Y such that t = βc(ok,x), as required.

Proposition 5.13. The following are equivalent:

(i) the natural transformation α♯ : Dδ → SubSetK ◦Mop is an epimorphism;

(ii) for any c ∈ ob C, βc : SubSetK(Mc) → Dδc is an order embedding;

(iii) for any c ∈ ob C, k, k′ ∈ obK, x ∈Mkc and x′ ∈Mk′c, if

tpMk,αk
(x) ⊆ tpMk′ ,αk′ (x

′) ,

then there exists a morphism r : k → k′ in K such that ((Mc)r)(x) = x′.

Proof. In view of Lemma 5.11, property (iii) asserts that, for any c ∈ ob C, if βc(ok′,x′) ⩽
βc(ok,x), then x′ ∈ ok,xk′. By Remark 5.7, the latter is equivalent to ok′,x′ ⩽ ok,x. Thus,

property (iii) is equivalent to property (ii). The equivalence of (i) and (ii) follows from

the fact that α♯ is epimorphic if and only if each α♯
c is surjective, if and only if each βc

is an order embedding.

20



Definition 5.14. (i) We say that (M,α) strictly realises all prime types if the equiv-

alent conditions of Propostion 5.12 hold.

(ii) We say that (M,α) is homogeneous if the equivalent conditions of Proposition 5.13

hold.

(iii) We say that (M,α) is plentiful if it is homogeneous and strictly realises all prime

types.

We remark on the appropriateness of our terminology in Remark 5.16. Proposi-

tion 5.12 and 5.13 together yield the following theorem.

Theorem 5.15 (cf. [5, Theorem 40]). Let (M,α) : D → SubSetK be a presheaf-valued

point of a doctrine D. Then α♯ : Dδ ⇒ SubSetK ◦Mop is a natural isomorphism if and

only if (M,α) is plentiful.

Remark 5.16. (i) Let T be a coherent theory, and let τ be a prime X-type (without

parameters). Recall from Definition 4.5 we say that τ is realised by a tuple

m⃗ ∈ M|X|, in a model M |= T, if M |= φ(m⃗) for each φ ∈ τ , or in other words

τ ⊆ tpM(m⃗). In Definition 5.14, to say that m⃗ strictly realises τ , we instead ask

for an equality τ = tpM(m⃗).

(ii) Our terminology of ‘homogeneous’ agrees with (one of) the standard use(s) of

the term in model theory when in the following special case. Let T be a classical

theory and consider the automorphism group Aut(M) of a single model M ⊨ T,

which can be viewed as a presheaf of points Aut(M) → Pt(DT) in the obvious

way. Recall that M is called homogeneous if every partial isomorphism m⃗ ∼= m⃗′

between finite subsets m⃗, m⃗′ ⊆ M admits an extension to a total isomorphism of

M, as in the diagram

m⃗ m⃗′

M M.

∼

∼

There is a partial isomorphism m⃗ ∼= m⃗′ if and only if tpM(m⃗) = tpM(m⃗′).

Thus, since the types of a classical theory are discretely ordered, Aut(M) is

homogeneous as in Definition 5.14 if and only if M is homogeneous in the above

sense.

Remark 5.17. It follows that if (M,α) : D → Sub[K,Set] is plentiful, then it is also

extensible in the sense of Definition 3.3 (cf. [5, Lemma 39]). In [5, §6], Coumans’s

version of the statement of Theorem 5.15 asked for the further condition that each

evaluation (Mk, αk) is extensible (equivalently, if D is taken as the syntactic doctrine

of a coherent theory T, each evaluation is ω-saturated). We have observed that this

assumption is not necessary; the extensiblity of each (Mk, αk) follows automatically

from the other two conditions.

Proposition 5.18. Let (M,α) : D → SubSetK be a plentiful presheaf-valued point of

D. Then for each object k ∈ K, the associated point (Mk, αk) : D → P (see Construc-

tion 5.1) is extensible.

In particular, if K ⊆ Mod(T) is a subcategory of models for a coherent theory T that

strictly realises all prime types and is homogeneous, then each model in K is ω-saturated.

Proof. Let evk : SubSetK → P be the morphism of doctrines that evaluates subpresheaves

at the object k ∈ K, i.e., the underlying functor SetK → Set of evk sends a presheaf X

to the set Xk, and a subpresheaf Y ⊆ X to the subset Y k ⊆ Xk. Thus, evk ◦ (M,α) =

(Mk, αk). Since arbitrary meets, joins and images are computed pointwise in SetK, it

follows that evk : SubSetK → P is a complete morphism of DL+-doctrines.

As α♯ is a natural isomorphism, by Remark 2.5, (M,α♯) : Dδ → SubSetK is a

morphism of DL+ doctrines. By taking the composite evk ◦ (M,α♯), we obtain our

desired extension of (Mk, αk).
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Example 5.19 (Decidable objects). Consider the theory O̸= of decidable objects, i.e.,

the theory with one binary relation symbol ̸= and the axioms

(x = y) ∧ (x ̸= y) ⊢x,y ⊥ and ⊤ ⊢x,y (x = y) ∨ (x ̸= y).

The category of models of this theory is Set↪→, the category of sets and injections. We

will show in this example that there are (full) subcategories K ⊆ Set↪→ that strictly

realise all prime types but are not homogeneous, that are homogeneous but do not

strictly realise all prime types, and conclude with a complete characterisation of the

plentiful categories of models for O̸=.

Let us first describe the prime X-types of O̸=, i.e., the prime filters of DT(X).

For each natural number n, we use the shorthand En to denote the regular formula

expressing that there are at least n elements in the model,

En := ∃y1. . . . .∃yn

 ∧
k,ℓ⩽n, k ̸=ℓ

yk ̸= yℓ

 .

Using [20, Lemma D1.3.8] and the axioms of O ̸=, it follows that every coherent formula

in a context X is equivalent, modulo the theory O ̸=, to a disjunction of formulae of the

form  ∧
(xi,xi′ )∈I

xi = xi′

 ∧

 ∧
(xj ,xj′ )∈J

xj = xj′

 ∧ En ,

for some n ∈ N and subsets I, J ⊆ X2 (where I, J can moreover be chosen to be

disjoint). For any equivalence relation ∼ on X, we write

S∼ :=

( ∧
x,y∈X,x∼y

x = y

)
∧

 ∧
x,y∈X,x ̸∼y

x ̸= y

 .

The axioms of the theory O̸= imply that a prime X-type contains exactly one of (x = y)

and (x ̸= y), for each x, y ∈ X. Thus, a prime type τ contains the formula S∼ for some

equivalence relation ∼ of the context X. By our above analysis of the coherent formulae

of O̸=, it follows that τ can be of one of the two species:

τ(∼,n) = ↑(S∼ ∧ En) or τ(∼,∞) =
⋃

n∈N ↑(S∼ ∧ En) ,

where, for the former species, we require that n is greater than or equal to the number

of equivalence classes of ∼. That is to say, a prime X-type of O ̸= expresses which

variables in X are equal, which variables are not, and expresses that the underlying

cardinality of the model has at least n elements or is infinite. Note that there is an

inclusion of types τ(∼,a) ⊆ τ(∼′,b) if and only if the equivalence relations ∼ and ∼′ are

identical and a ⩽ b, where a, b denote elements of N ∪ {∞} with the usual ordering.

Therefore, for a subcategory of models K ⊆ Set↪→ to strictly realise all prime types,

K must contain a finite set of cardinality n, for each n ∈ N, and at least one infinite

set.

Now let us consider homogeneity. Let Y, Y ′ ∈ K ⊆ Set↪→ be sets that are included

in the chosen subcategory K, and suppose that the type of some tuple (y1, . . . , yn) ∈ Y n

is included in the type of (y′1, . . . , y
′
n) ∈ Y ′n, which, as we have just seen, entails that,

for any 1 ⩽ i, j ⩽ n,

(i) yi = yj if, and only if, y′i = y′j , and

(ii) either Y is finite and |Y ′| ⩾ |Y |, or both Y and Y ′ are infinite.

If |Y | ⩽ |Y ′|, then there exists an injection Y ↪→ Y ′ that sends yi to y′i for each

1 ⩽ i ⩽ n. However, if |Y | > |Y ′|, then there can be no injection Y ↪→ Y ′. Thus, as
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soon as K contains two infinite sets of differing cardinality, K is not homogeneous.

Let Set⩽κ
↪→ (respectively, Set<κ

↪→ ) denote the full subcategory of Set↪→ consisting

of all sets of cardinality less than or equal to κ (resp., strictly less than κ). By our

above analysis, we conclude the following: the subcategory Set<ω
↪→ of finite sets is a

homogeneous category of models for O ̸=, but does not realise all prime types; Set⩽2ω

↪→

realises all types but is not homogeneous; the category Set⩽ω
↪→ of all countable sets is,

by contrast, homogeneous and realises all types. Indeed, a full subcategory K ⊆ Set↪→
is plentiful if and only if K contains sets of all finite cardinalities and sets of exactly

one infinite cardinality.

Example 5.20 (Reconstructing ω-categorical theories). Recall that a classical (single-

sorted) theory T is said to be ω-categorical if one of the following equivalent conditions

is satisfied:

(i) for each natural number n, there are finitely many n-types;

(ii) for each n, there are finitely many formulae with n free variables up to T-provable

equivalence, or equivalently the associated doctrine DT factors through finite

Boolean algebras;

(iii) each type is isolated, i.e., each ultrafilter of DT(n) is principal;

(iv) the theory T has, up to isomorphism, a unique countable model.

(Of course, the equivalence of conditions (i), (ii) and (iii) is a direct consequence of

Stone duality for Boolean algebras, while it is the final condition (iv) that gives ω-

categorical theories their name.) There is a well-established sense in which an ω-

categorical (classical) theory can be reconstructed from the automorphism group of

any countable model [1, §1], and more generally from any homogeneous model [3].

The salient steps of the assertion that an ω-categorical theory can be reconstructed

from the automorphism group of homogeneous model can essentially be deduced from

Theorem 5.15. Given a classical, ω-coherent theory T, since DT factors through fi-

nite Boolean algebras, we have that DT = Dδ
T, and as T is a complete theory with

isolated types, any model (strictly) realises all types. Thus, given a model M ⊨ T,

viewed as a functor M : Aut(M) → Pt(DT), the associated interpretation transfor-

mation J− KM : DT ⇒ SubAut(M) ◦Mop is a natural isomorphism if and only if M is

homogeneous. In particular, the unique countable model of an ω-categorical theory is

homogeneous ([18, §10]), and so T can be recovered from the automorphism group of

its (unique) countable model (cf. [1, §1]). We mention, for interest, that recent work

also explores homogeneity in the context of endomorphism monoids of models [35].

6 Recovering the canonical extension for ω-stable

theories

In this final section, as an application of Theorem 5.15, we will show that the canonical

extension Dδ
T of the syntactic doctrine for an ω-stable theory can be recovered from

a subcategory of models of T equipped only with knowledge of the underlying sets

of these models (but not, for instance, knowledge of the definable subsets, etc.). To

express “knowledge of the underlying sets”, we employ the following formalism.

Definition 6.1. Let C and D be categories equipped with functors A : C → E and

B : D → E . We say that C and D are equivalent over E , and write C ≃E D, if there

are functors F : C ⇆ D : G witnessing an equivalence C ≃ D which moreover commute
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with the functors A and B, as in the diagram:

C D

E .

F

A

G

B

In other words, A and B are equivalent as objects of the slice category CAT/E .

In our setting, C ⊆ Str(Σ) and D ⊆ Str(Σ′) will be subcategories of structures, where

Σ,Σ′ are a pair of single-sorted signatures, and so are both equipped with forgetful

functors U : C → Set, U ′ : D → Set that send a structure to its underlying set. Thus,

C,D are equivalent over Set if, in addition to there being an equivalence C ≃ D, this

equivalence preserves the underlying set of each structure.

We are motivated to consider equivalences of categories over a third category since

it is precisely the notion of equivalence that arises when considering isomorphisms of

doctrines.

Lemma 6.2. Let D,D′ : Cop → DL be coherent doctrines (respectively, DL+-doctrines)

over the same base category. If D ∼= D′, then Pt(D) ≃Lex[C,Set] Pt(D′) (resp.,

Pt+(D) ≃Lex[C,Set] Pt+(D′)).

Proof. The category of points Pt(D) of D lives over the category Lex[C,Set] by sending

a morphism (M,α) : D → P to the functor M : C → Set. Using β : D ⇒ D′ to denote

the natural isomorphism, the equivalence Pt(D) ≃Lex[C,Set] Pt(D′) is witnessed by

sending a morphism (M,α) ∈ Pt(D) to (M,α ◦ β) ∈ Pt(D′), and in reverse sending

(M,γ) ∈ Pt(D′) to (M,γ ◦ β−1) ∈ Pt(D).

Definition 6.3. Recall that a model M is ω-saturated if, for any finite X,Y , every

consistent Y -type with X-parameters in M is realised. We say that M is countable

and saturated if the underlying set of M is countable and M is ω-saturated. We

use Satω(T) to denote the category of countable, saturated models of T and model

homomorphisms between these.

Lemma 6.4 (cf. [18, Lemma 10.1.3]). Let M and M′ be models of a coherent theory

T with m⃗ ∈ Mn and m⃗′ ∈ M ′n such that tpM(m⃗) ⊆ tpM′(m⃗′). Suppose also that

M is countable and M′ is ω-saturated. Then there exists a homomorphism of models

f : M → M′ sending m⃗ pointwise to m⃗′.

Proof. Since M is countable, fix an enumeration of M = (m1,m2, . . . ) where the initial

segment (m1, . . . ,mn) is the given tuple m⃗ ∈Mn. We will construct the homomorphism

f : M → M′ inductively by building partial structure homomorphisms fk : M ⇁ M′

whose domain at each stage is given by (m1, . . . ,mk). As a base case, take fn : M⇁M′

to be the partial structure homomorphism that sends m⃗ = (m1, . . . ,mn) pointwise to

m⃗′ = (m′
1, . . . ,m

′
n) ⊆ M ′. This is indeed a partial structure homomorphism since

tp(m⃗) ⊆ tp(m⃗′).

Suppose we have built fk : (m1, . . . ,mk) → M′ for k ⩾ n. We obtain fk+1 as

follows. Firstly, we set fk+1(mi) = fk(mi) for i ⩽ k. Turning to fk+1(mk+1), let

t(x1, . . . , xk, xk+1) denote the type of (m1, . . . ,mk+1) ⊆Mk+1. The type with (finitely

many) parameters t(fk(m1), . . . , fk(mk), xk+1) is consistent with M′ since, for each

φ ∈ t, we have that ∃xk+1 φ ∈ tp(m1, . . . ,mk), from which we deduce that M ⊨
∃xk+1 φ(m1, . . . ,mk) and so M′ ⊨ ∃xk+1 φ(fk(m1), . . . , fk(mk)) by the fact that fk is

a structure homomorphism. Hence, since M′ is ω-saturated, there is some m′
k+1 ∈

M ′ that realises t(fk(m1), . . . , fk(mk), xk+1), and we set fk+1(mk+1) as m′
k+1. The

function fk+1 : (m1, . . . ,mk+1) → M′ is a partial structure homomorphism since, by

design, tp(m1, . . . ,mk+1) ⊆ tp(f(m1), . . . , f(mk+1)).
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The structure morphism f : M → M′ is defined as the union
⋃

k⩽ω fk, which is

total since (m1,m2, . . . ) enumerated the whole of M . This is clearly a structure ho-

momorphism, i.e., if M ⊨ φ(m⃗′′) then M′ ⊨ φ(f(m⃗′′)), since we can always restrict to

the partial structure homomorphism fk for some k large enough that each m′′ ∈ m⃗′′ is

contained in (m1, . . . ,mk).

Corollary 6.5. The category Satω(T) of countable, saturated models of T is a homo-

geneous category of models in the sense of Definition 5.14.

Theorem 6.6. Let T and T′ be coherent theories. If every prime type of T (respectively,

T′) is strictly realised in a countable, saturated model, then the canonical extensions

of their associated syntactic doctrines are isomorphic if and only if their countable,

saturated models are equivalent over Set, i.e.,

Dδ
T
∼= Dδ

T′ ⇐⇒ Satω(T) ≃Set Satω(T′).

Proof. Let us write K := Satω(T) and K′ := Satω(T′). Suppose first that K ≃Set K′.

Then it is easily seen that there is a natural isomorphism SubSetK ◦ Uop ∼= SubSetK′ ◦
U ′op, where U and U ′ denote the respective forgetful functors U : K → Set, U ′ : K′ →
Set. By assumption, K strictly realises all prime types, and by Corollary 6.5 it is also

homogeneous (and similarly for K′). Thus, by Theorem 5.15, there is a chain of natural

isomorphism

Dδ
T
∼= SubSetK ◦ Uop ∼= SubSetK′ ◦ U ′op ∼= Dδ

T′ .

Conversely, suppose that Dδ
T
∼= Dδ

T′ . By Lemma 6.2, we have

Pt+(DT) ≃Lex[FinSet,Set] Pt+(DT′).

Since the equivalence Pt+(DT) ≃ Pt+(DT′) occurs over Lex[FinSet,Set], we can

restrict this equivalence to C ≃Lex[FinSet,Set] C′, where C ⊆ Pt+(DT) is the full sub-

category of those complete points (M,α) where M takes values in countable sets, and

similarly for C′ ⊆ Pt+(DT′). Now recall, from Theorem 4.8, that an object (M,α) ∈ C
is just the datum of a countable, ω-saturated model of T, and moreover this equivalence

commutes with the canonical forgetful functors in the sense that there is a commuting

square

Pt+(DT) Satω(T)

Lex[FinSet,Set] Set.

∼

∼

The same analysis holds for T′, and so from C ≃Lex[FinSet,Set] C′ we deduce that

Satω(T) ≃Set Satω(T′) as desired.

Thus, we obtain a reconstruction result for the canonical extension of the syntactic

doctrine associated with any theory that has enough countable, saturated models. The

existence of countable, saturated models is, in general, a hard problem, but a sufficient

condition is found in the model-theoretic notion of ω-stability, which imposes a bound

on the complexity of models as parameters are introduced.

Definition 6.7. A coherent theory T is said to be ω-stable if, given any model M ⊨ T
and a countable subset A ⊆M , there are countably many prime types with parameters

in A.

Proposition 6.8 ([18], Theorem 10.2.7). If T is ω-stable, every prime type of a coherent

theory is strictly realised in a countable, saturated model.

While the reader is directed to [18] for a detailed proof in the classical setting (from

which a version for coherent logic can be derived), we give some intuition about why

ω-stable theories have enough countable, saturated models: suppose we started with a
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countable model M0. If there are types with finitely many parameters from M0 that

are not realised in M0, we find, using standard model-theoretic techniques, a larger,

countable model M1 ⊇ M0 that does realises those types. If M1 is not ω-saturated,

we repeat to find M2 ⊇ M1, and so on. The bound on complexity of models imposed

by ω-stability ensures that after ω-many steps, in the limit
⋃

n<ω Mn, the process

terminates and we are left with a countable, saturated model as desired.

Thus, by specialising Theorem 6.6 we arrive at our reconstruction result for ω-stable

theories.

Corollary 6.9. Let T and T′ be ω-stable coherent theories. The canonical extensions

of their associated syntactic doctrines are isomorphic if and only if their countable,

saturated models are equivalent over Set.

That is to say, for ω-stable theories, the data of their (prime) types are entirely

determined by the underlying sets and functions of their countable, saturated models

and homomorphisms thereof. This hints that the correct notion of Galois types (cf.,

e.g. [16, §6]), in the case of a coherent theory, ought to involve homomorphisms of

models, not only isomorphisms as in the classical case.

Example 6.10. The assumption that T is ω-stable is not necessary in order to have

enough countable, saturated models. For instance, the theory of the Rado (or random)

graph gives a counterexample. To encode this theory in coherent logic, we take three

binary relation symbols ̸=,∼, ̸∼, and the axioms

(x = y) ∧ (x ̸= y) ⊢ ⊥, ⊤ ⊢ (x = y) ∨ (x ̸= y),

(x ∼ y) ∧ (x ̸∼ y) ⊢ ⊥, ⊤ ⊢ (x ∼ y) ∨ (x ̸∼ y),

expressing that =, ̸= and ∼, ̸∼ are complements, x ∼ y ⊢ y ∼ x making ∼ symmetric,

i.e., the edge relation of a graph, and for all n,m ∈ N the axiom

⊤ ⊢ ∃y.

 ∧
i⩽n+m

y ̸= xi ∧
∧
i⩽n

y ∼ xi ∧
∧

n<j⩽m

y ̸∼ xj


expressing that for any two finite subsets of vertices, there is another distinct vertex

that is joined to all the vertices in the first set, but none of the latter. This theory

is not ω-stable ([30, Example 4]) but it is an ω-categorical theory ([18, §7.4]), and so

every model is ω-saturated (via Example 4.10).

7 A tale of two topoi

Motivating Coumans’s work [4, 5] on the canonical extension of doctrines was the

connection to topos theory, which we have so far mostly omitted. In this conclud-

ing section, we describe the topos-theoretic counterparts to the results contained in

this paper, which in particular lets us compare our results in more depth to those by

Makkai [28] and Coumans. We will therefore assume some knowledge of topos theory

for this discussion, as can be found in [27] or [20].

Given a coherent theory T, there are two topoi5 we can naturally associate with

the theory T: its classifying topos and its topos of types. We begin by briefly recalling

these constructions.

Classifying topoi. The classifying topos of a coherent theory T, which we denote

by ET, is characterised by the property that, for any topos F , geometric morphisms

F → ET correspond to models of T internal to F . Similarly, each coherentD : Cop → DL

has a ‘classifying topos’ too. Denote by Ecoh
D the topos of sheaves on the site consisting

5Throughout this section, ‘topos’ is used as shorthand for ‘Grothendieck topos’.
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of the category A(D) equipped with the coherent topology, where A is the ‘syntactic

category’ functor from Remark 5.2. Then the topos Ecoh
D classifies D, in the sense that,

for any topos F , we have an equivalence Geom(F , Ecoh
D ) ≃ CohDoc(D,SubF ). In

particular, for T a coherent theory, the classifying topos Ecoh
DT

of the syntactic doctrine

DT is the usual classifying topos of T.

We have used the superscript coh to emphasise the fact that Ecoh
D classifies the

coherent morphisms D → SubF . If the coherent doctrine D takes values in the sub-

category of frames Frm ⊆ DL, we may also wish to classify morphisms of coherent

doctrines (M,α) : D → SubF where α : D ⇒ SubF ◦Mop is a natural transformation

of Frm-valued functors. We call D a geometric doctrine and (M,α) a morphism of ge-

ometric doctrines ([38, Definition III.43]). In this case, there is a topos Egeom
D for which

Geom(F , Egeom
D ) ≃ GeomDoc(D, SubF ), which can be obtained by taking sheaves on

the geometric category A(D) with the geometric topology. Note that, in particular,

the canonical extension Dδ of any coherent doctrine is a geometric doctrine.

Topoi of types. In addition to the classifying topos, a coherent theory T also has

a corresponding topos of types TT, as introduced by Makkai [28]. A key contribution of

Coumans ([5, Proposition 24]) was to show that there is an equivalence

TT ≃ Egeom

Dδ
T
.

Generalising, we write TD for Egeom

Dδ and refer to it as the topos of types for a coherent

doctrine D. Thus, for any topos F , geometric morphisms F → TD correspond to

morphisms of geometric doctrines Dδ → SubF .

If F is a topos such that each subobject lattice of F is a DL+, i.e., SubF is a DL+-

doctrine, then we can restrict Geom(F , TD) ≃ Geom(Dδ,SubF ) to an equivalence

Geom+(F , TD) ≃ CohDoc+(Dδ,SubF ),

where Geom+(F , TD) is defined as the class of geometric morphisms f : F → TD such

that the inverse image f∗ preserves arbitrary meets of subobjects. This is the original

universal property of TD that Makkai used to characterise the topos of types ([28,

Theorem 1.1]). Thus, our Theorem 4.8 is equivalent to the following corollary:

Corollary 7.1. For T a coherent theory, Geom+(Set, TT) is equivalent to the category

of (set-based) ω-saturated models of T.

Note that in general Egeom

Dδ ̸≃ Ecoh
Dδ , and also Geom+(F , TD) is strictly contained in

Geom(F , TD) – we must specify with respect to which syntax we are classifying Dδ!

Internal locales. Here is another perspective on the topos of types: the geometric

doctrine Dδ : Cop → DL+ describes an internal frame, or equivalently an internal locale,

of the presheaf topos SetC
op

(see [21, §VI.2]). As an internal locale, we can take the

topos ShSetCop (Dδ) of internal sheaves on Dδ, generalising the usual notion of sheaves

on a locale. The topos ShSetCop (Dδ) is equivalent to TD (compare the constructions of

ShSetCop (D) in [31, Example 1.3(c)] and Egeom

Dδ in [38, §III]). As a consequence, there

is a canonical localic geometric morphism v : TD ≃ ShSetCop (Dδ) → SetC
op

(see [19,

Lemma 1.2]).

In fact, for any coherent doctrine D : Cop → DL, there is a corresponding canonical

localic geometric morphism uD : Ecoh
D → SetC

op

([38, §IV.1]).

Hyperconnected-localic factorisations. Every geometric morphism f : F → G be-

tween toposes can be factorised uniquely up to equivalence as

F
fhyp−−→ L(f)

floc−−→ G,

where fhyp is hyperconnected and floc is localic (and thus the factoring topos L(f) is the

topos of sheaves on an internal locale of G; see [20, §A.4.6.5]).
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Let D : Cop → DL be a coherent doctrine, K a small category, and let p : SetK →
Ecoh
D be a geometric morphism. By the characteristic property of Ecoh

D , p is uniquely

induced by some morphism of coherent doctrines (M,α) : D → SubSetK . Consider

the hyperconnected-localic factorisation (phyp, ploc). Since the geometric morphism

uD : Ecoh
D → SetC

op

is localic, the factorisation of the composite uD ◦ p is given by

((uD ◦ p)hyp, (uD ◦ p)loc) = (phyp, uD ◦ ploc), as in the following diagram:

SetK Ecoh
D SetC

op

.

L(p)

p

phyp

uD

ploc

The internal locale of SetC
op

corresponding to the localic morphism uD ◦ ploc is

easy to calculate: it is given by the (geometric) doctrine SubK ◦ Mop : Cop → Frm

(see, for instance, [39, §3]). Thus, since there are equivalences TD ≃ ShSetCop (Dδ) and

L(p) ≃ ShSetCop (SubK ◦Mop), Theorem 5.15 can also be expressed as follows:

Corollary 7.2. The morphism (M,α) : D → SubSetK is plentiful if and only if there

is an equivalence of topoi TD ≃ L(p).

The left-to-right direction of this corollary is how Coumans originally expressed [5,

Theorem 40].

Comparing internal locales. We end by describing the topos-theoretic intuition

behind the constructions in Section 6.

Let D,D′ : Cop → DL be a pair of coherent doctrines over the same base category,

and let K ⊆ Pt(D) and K′ ⊆ Pt(D′) be subcategories of points, which we recall

from Remark 5.2 can be alternatively viewed as a pair (M,α) : D → SubSetK and

(M ′, α′) : D′ → SubSetK′ of presheaf-valued points, or, as above, as a pair of geometric

morphisms p : SetK → Ecoh
D and p′ : SetK

′
→ Ecoh

D′ . Now suppose there is an equivalence

K ≃Lex[C,Set] K′ over Lex[C,Set], where the functor K → Lex[C,Set] is the restriction

of the canonical forgetful functor Pt(D) → Lex[C,Set], and similarly for K′. It follows

that there is an equivalence of topoi SetK ≃SetCop SetK
′

over SetC
op

, i.e., there is an

equivalence SetK ≃ SetK
′

that commutes with the geometric morphisms uD ◦ p and

uD′ ◦ p′, as in the diagram

SetK ≃ SetK
′

Ecoh
D Ecoh

D′

SetC
op

.

p p′

uD uD′

Hence, by the above analysis, if there is an equivalence K ≃Lex[C,Set] K′, then there

is a chain of equivalences of topoi L(p) ≃ L(uD ◦ p) ≃ L(uD′ ◦ p′) ≃ L(p′). Thus, we

obtain the following corollary:

Corollary 7.3. Suppose that K and K′ are plentiful for T, respectively, T′, and that

K ≃Lex[C,Set] K′. Then TD ≃SetCop TD′ .
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